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Preface 


During my experience of teaching aircraft structures, I have felt the need for a textbook written specif- 
ically for students of aeronautical engineering. Although there have been a number of excellent books 
written on the subject, they are now either out of date or too specialized in content to fulfill the require- 
ments of an undergraduate textbook. With that in mind, I wrote Aircraft Structures for Engineering 
Students, the text on which this one is based. Users of that text have supplied many useful comments to 
the publisher, including comments that a briefer version of the book might be desirable, particularly for 
programs that do not have the time to cover all the material in the “big” book. That feedback, along with 
a survey done by the publisher, resulted in this book, An Introduction to Aircraft Structural Analysis, 
designed to meet the needs of more time-constrained courses. 

Much of the content of this book is similar to that of Aircraft Structures for Engineering Students, but 
the chapter on “Vibration of Structures” has been removed since this is most often covered in a separate 
standalone course. The topic of Aeroelasticity has also been removed, leaving detailed treatment to the 
graduate-level curriculum. The section on “Structural Loading and Discontinuities” remains in the big 
book but not this “intro” one. While these topics help develop a deeper understanding of load transfer 
and constraint effects in aircraft structures, they are often outside the scope of an undergraduate text. 
The reader interested in learning more on those topics should refer to the “big” book. In the interest of 
saving space, the appendix on “Design of a Rear Fuselage” is available for download from the book’s 
companion Web site. Please visit www.elsevierdirect.com and search on “Megson” to find the Web site 
and the downloadable content. 

Supplementary materials, including solutions to end-of-chapter problems, are available for registered 
instructors who adopt this book as a course text. Please visit www.textbooks.elsevier.com for information 
and to register for access to these resources. 

The help of Tom Lacy, Associate Professor of Mechanical and Aerospace Engineering at Missis- 
sippi State University, is gratefully acknowledged in the development of this book. 


T.H.G. Megson 


Supporting material accompanying this book 


A full set of worked solutions for this book are available for teaching purposes. 


Please visit www.textbooks.elsevier.com and follow the registration instructions to access this 
material, which is intended for use by lecturers and tutors. 
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Basic Elasticity 


We shall consider, in this chapter, the basic ideas and relationships of the theory of elasticity. The 
treatment is divided into three broad sections: stress, strain, and stress-strain relationships. The third 
section is deferred until the end of the chapter to emphasize that the analysis of stress and strain—for 
example, the equations of equilibrium and compatibility—does not assume a particular stress—strain 
law. In other words, the relationships derived in Sections 1.1 through 1.14 inclusive are applicable to 
nonlinear as well as linear elastic bodies. 


1.1 STRESS 


Consider the arbitrarily shaped, three-dimensional body shown in Fig. 1.1. The body is in equilibrium 
under the action of externally applied forces P), P2,..., and is assumed to comprise a continuous and 
deformable material so that the forces are transmitted throughout its volume. It follows that at any 
internal point O, there is a resultant force 5P. The particle of material at O subjected to the force 5P is 
in equilibrium so that there must be an equal but opposite force ôP (shown dotted in Fig. 1.1) acting on 
the particle at the same time. If we now divide the body by any plane mn containing O, then these two 





Fig. 1.1 


Internal force at a point in an arbitrarily shaped body. 
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P3 


Fig. 1.2 


Internal force components at the point O. 





forces 5P may be considered uniformly distributed over a small area 5A of each face of the plane at the 
corresponding point O, as in Fig. 1.2. The stress at O is then defined by the equation 


. OP 
Stress = lim — (1.1) 
54-0 5A 


The directions of the forces ôP in Fig. 1.2 are such that they produce tensile stresses on the faces 
of the plane nn. It must be realized here that while the direction of ôP is absolute, the choice of plane 
is arbitrary so that although the direction of the stress at O will always be in the direction of ôP, its 
magnitude depends on the actual plane chosen, since a different plane will have a different inclination 
and therefore a different value for the area 5A. This may be more easily understood by reference to the 
bar in simple tension in Fig. 1.3. On the cross-sectional plane mm, the uniform stress is given by P/A, 
while on the inclined plane m’m’, the stress is of magnitude P/A’. In both cases, the stresses are parallel 
to the direction of P. 

Generally, the direction of ôP is not normal to the area 5A, in which case it is usual to resolve 6P 
into two components: one, 5P,,, normal to the plane and the other, 5P,, acting in the plane itself (see 
Fig. 1.2). Note that in Fig. 1.2 the plane containing ôP is perpendicular to ôA. The stresses associated 
with these components are a normal or direct stress defined as 


ôPn 


o = lim 
54-0 6A 





(1.2) 
and a shear stress defined as 


. OPs 
t= lim — 
6A>0 5A 


(1.3) 
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Fig. 1.3 





Values of stress on different planes in a uniform bar. 


The resultant stress is computed from its components by the normal rules of vector addition, namely 


Resultant stress = V o2 + t? 


Generally, however, as just indicated, we are interested in the separate effects of o and t. 

However, to be strictly accurate, stress is not a vector quantity, for, in addition to magnitude and 
direction, we must specify the plane on which the stress acts. Stress is therefore a tensor, with its 
complete description depending on the two vectors of force and surface of action. 





1.2 NOTATION FOR FORCES AND STRESSES 


It is usually convenient to refer the state of stress at a point in a body to an orthogonal set of axes 
Oxyz. In this case, we cut the body by planes parallel to the direction of the axes. The resultant force 
ôP acting at the point O on one of these planes may then be resolved into a normal component and two 
in-plane components as shown in Fig. 1.4, thereby producing one component of direct stress and two 
components of shear stress. 

The direct stress component is specified by reference to the plane on which it acts, but the stress 
components require a specification of direction in addition to the plane. We therefore allocate a single 
subscript to direct stress to denote the plane on which it acts and two subscripts to shear stress, the 
first specifying the plane and the second direction. Therefore, in Fig. 1.4, the shear stress components 
are Tz, and Tz, acting on the z plane and in the x and y directions, respectively, while the direct stress 
component is 0z. 

We may now completely describe the state of stress at a point O in a body by specifying components 
of shear and direct stresses on the faces of an element of side 5x, 5y, and 6z, formed at O by the cutting 
planes as indicated in Fig. 1.5. 
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Cutting plane 


Resultant stress 


Fig. 1.4 





Components of stress at a point in a body. 


The sides of the element are infinitesimally small so that the stresses may be assumed to be uni- 
formly distributed over the surface of each face. On each of the opposite faces, there will be, to a first 
simplification, equal but opposite stresses. 

We shall now define the directions of the stresses in Fig. 1.5 as positive so that normal stresses 
directed away from their related surfaces are tensile and positive, and opposite compressive stresses 
are negative. Shear stresses are positive when they act in the positive direction of the relevant axis in a 
plane on which the direct tensile stress is in the positive direction of the axis. If the tensile stress is in 
the opposite direction, then positive shear stresses are in directions opposite to the positive directions 
of the appropriate axes. 

Two types of external forces may act on a body to produce the internal stress system we have already 
discussed. Of these, surface forces such as P},P2,..., or hydrostatic pressure are distributed over the 
surface area of the body. The surface force per unit area may be resolved into components parallel to 
our orthogonal system of axes, and these are generally given the symbols X, Y, and Z. The second force 
system derives from gravitational and inertia effects, and the forces are known as body forces. These 
are distributed over the volume of the body, and the components of body force per unit volume are 
designated X, Y, and Z. 
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Fig. 1.5 





Sign conventions and notation for stresses at a point in a body. 





1.3 EQUATIONS OF EQUILIBRIUM 


Generally, except in cases of uniform stress, the direct and shear stresses on opposite faces of an element 
are not equal as indicated in Fig. 1.5 but differ by small amounts. Therefore if, say, the direct stress 
acting on the z plane is o;, then the direct stress acting on the z+ 6z plane is, from the first two terms of 
a Taylor’s series expansion, 0, + (d0,/0z)5z. We now investigate the equilibrium of an element at some 
internal point in an elastic body where the stress system is obtained by the method just described. 

In Fig. 1.6, the element is in equilibrium under forces corresponding to the stresses shown and the 
components of body forces (not shown). Surface forces acting on the boundary of the body, although 
contributing to the production of the internal stress system, do not directly feature in the equilibrium 
equations. 

Taking moments about an axis through the center of the element parallel to the z axis 


ge Had as Vip eae 
tr, —+[u+— —-t z= 
APE TE EN RE e S ERRE g 


ITyx dy 
— (ox + ay iy) aes =0 
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Fig. 1.6 


Stresses on the faces of an element at a point in an elastic body. 





which simplifies to 





OT xy (5x)? dt, (Sy)? 
TxydydZOx + ye a — Tyxdxdzby — 7 bx 52 =0 
Dividing by ôxôyôz and taking the limit as ôx and ôy approach zero. 
Txy = Tyx 
Similarly, Tiz = Tzk (1.4) 
Tyz = Tzy 


We see, therefore, that a shear stress acting on a given plane (Ty), Txz, Tyz) is always accompanied by 
an equal complementary shear stress (Tyx,Tzx,Tzy) acting on a plane perpendicular to the given plane 
and in the opposite sense. 

Now considering the equilibrium of the element in the x direction 


dox OTyx 
Ox + ——6x ] by dz — 0,6ydz + | Tyx + =— dy ] dxdz 
ox oy 


ð 
ae sz) bxdy 
Oz 





= Ty bX5Z + (t + 


— Tzxôxôy +X ôxôyôz = 0 
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which gives 


dox OTyx i OTx 


— X=0 
ox oy Oz t 


Or, writing Ty =Tyx and Tz = Tx from Eq. (1.4). 


dox OTxy OT xz 




















— X=0 
ox oy a oz E 
ə OT, OTy, 
Similarly, a ete ty a0 (1.5) 
doz | Otx i ðw z0 
Oz ox oy 


The equations of equilibrium must be satisfied at all interior points in a deformable body under a 
three-dimensional force system. 





1.4 PLANE STRESS 


Most aircraft structural components are fabricated from thin metal sheet so that stresses across the 
thickness of the sheet are usually negligible. Assuming, say, that the z axis is in the direction of the 
thickness, then the three-dimensional case of Section 1.3 reduces to a two-dimensional case in which 
Oz, Txz, and T,z are all zero. This condition is known as plane stress; the equilibrium equations then 
simplify to 


00, OTxy 











+X=0 
ox oy (1.6) 
F a PT a ` 
dy ax 5 


1.5 BOUNDARY CONDITIONS 


The equations ofequilibrium (1.5) (and also (1.6) for a two-dimensional system) satisfy the requirements 
of equilibrium at all internal points of the body. Equilibrium must also be satisfied at all positions on 
the boundary of the body where the components of the surface force per unit area are X, Y, and Z. The 
triangular element of Fig. 1.7 at the boundary of a two-dimensional body of unit thickness is then in 
equilibrium under the action of surface forces on the elemental length AB of the boundary and internal 
forces on internal faces AC and CB. 

Summation of forces in the x direction gives 


= 1 
X58 — 0,5) — Tx dX Pe bay =0 
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Fig. 1.7 


Stresses on the faces of an element at the boundary of a two-dimensional body. 


which, by taking the limit as ôx approaches zero, becomes 


= dy dx 
X= Mig Xia 
” ds Ty ds 


The derivatives dy/ds and dx/ds are the direction cosines / and m of the angles that a normal to AB 
makes with the x and y axes, respectively. It follows that 


X = orl + Gx 
and in a similar manner, 
Y = oym + tyl 


A relatively simple extension of this analysis produces the boundary conditions for a three- 
dimensional body, namely 


= Oyl + TyxM + Tayn 


= Oym + Tyl + Tayn (1.7) 


NI SI | 


= ont tm + Tel 


where /, m, and n become the direction cosines of the angles that a normal to the surface of the body 
makes with the x,y, and z axes, respectively. 





1.6 DETERMINATION OF STRESSES ON INCLINED PLANES 


The complex stress system of Fig. 1.6 is derived from a consideration of the actual loads applied to a 
body and is referred to a predetermined, though arbitrary, system of axes. The values of these stresses 
may not give a true picture of the severity of stress at that point, so it is necessary to investigate the 
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E 
AN a 
Ox 
Try T 
C D 
Txy 
ay 





Fig. 1.8 


(a) Stresses on a two-dimensional element; (b) stresses on an inclined plane at the point. 





state of stress on other planes on which the direct and shear stresses may be greater. We shall restrict 
the analysis to the two-dimensional system of plane stress defined in Section 1.4. 

Figure 1.8(a) shows a complex stress system at a point in a body referred to axes Ox, Oy. All 
stresses are positive as defined in Section 1.2. The shear stresses t,, and Tyy were shown to be equal in 
Section 1.3. We now, therefore, designate them both tyy. The element of side ôx, ôy and of unit thickness 
is small, so stress distributions over the sides of the element may be assumed to be uniform. Body forces 
are ignored, since their contribution is a second-order term. 

Suppose that we want to find the state of stress on a plane AB inclined at an angle @ to the vertical. 
The triangular element EDC formed by the plane and the vertical through E is in equilibrium under the 
action of the forces corresponding to the stresses shown in Fig. 1.8(b), where on and t are the direct 
and shear components of the resultant stress on AB. Then, resolving forces in a direction perpendicular 
to ED, we have 


onED = 0,ECcosé + oyCDsin6é + tyyEC sin @ + tyCDcosé 
Dividing by ED and simplifying 
On = 0x C08" 0 + Oy sin? 0 + Ty Sin 20 (1.8) 
Now resolving forces parallel to ED, 
TED = o,ECsin6 — oyCDcos 6 — tyECcosé + tryCDsin@ 
Again dividing by ED and simplifying, 


T= oes oy) sin20 — T,cos20 (1.9) 
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Example 1.1 

A cylindrical pressure vessel has an internal diameter of 2 m and is fabricated from plates 20 mm thick. 
If the pressure inside the vessel is 1.5 N/mm? and, in addition, the vessel is subjected to an axial tensile 
load of 2500KN, calculate the direct and shear stresses on a plane inclined at an angle of 60° to the axis 
of the vessel. Calculate also the maximum shear stress. = 


The expressions for the longitudinal and circumferential stresses produced by the internal pressure 
may be found in any text on stress analysis and are 


d 
Longitudinal stress (ox) = P = 1.5 x 2 x 10°/4 x 20 = 37.5 N/mm? 


d 
Circumferential stress (0) = a =15x2x 10° /2 x 20 = 75 N/mm? 


The direct stress due to the axial load contributes to ox and is given by 
ox (axial load) = 2500 x 10°/ x 2 x 10° x 20 = 19.9N/mm? 


A rectangular element in the wall of the pressure vessel is then subjected to the stress system shown in 
Fig. 1.9. Note that there are no shear stresses acting on the x and y planes; in this case, oy and o, then 
form a biaxial stress system. 

The direct stress, on, and shear stress, T, on the plane AB that makes an angle of 60° with the axis of 
the vessel may be found from first principles by considering the equilibrium of the triangular element 
ABC or by direct substitution in Eqs. (1.8) and (1.9). Note that in the latter case, 9 =30° and Txy =0. 
Then, 


On = 57Acos* 30° + 75 sin? 30° = 61.8N/mm 
t = (57.4—75)(sin(2 x 30°))/2 = —7.6N/mm” 


oy = 75 N/mm2 






57.4 N/mm? 


57.4 N/mm? «<—_——_ }____» go, = 37.5+19.9 = 57.4 N/mm? 











Fig. 1.9 





Element of Example 1.1. 
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The negative sign for t indicates that the shear stress is in the direction BA and not in AB. 
From Eq. (1.9) when ty, =0, 


T = (oy — oy) Gin26) /2 (i) 


The maximum value of t therefore occurs when sin20 is a maximum—that is, when sin26=1 and 
6 =45°. Then, substituting the values of oy and o, in Eq. (i), 


Tmax = (57.4 — 75)/2 = —8.8 N/mm? 


EM 
Example 1.2 

A cantilever beam of solid, circular cross section supports a compressive load of 50kN applied to its 
free end at a point 1.5mm below a horizontal diameter in the vertical plane of symmetry together with 
a torque of 1200 Nm (Fig. 1.10). Calculate the direct and shear stresses on a plane inclined at 60° to the 
axis of the cantilever at a point on the lower edge of the vertical plane of symmetry. = 


The direct loading system is equivalent to an axial load of 50KN together with a bending moment 
of 50 x 10° x 1.5=75000N/mm in a vertical plane. Therefore, at any point on the lower edge of the 
vertical plane of symmetry, there are compressive stresses due to the axial load and bending moment 
which act on planes perpendicular to the axis of the beam and are given, respectively, by Eqs. (1.2) and 
(15.9): 


oy (axial load) = 50 x 10°/z x (607/4) = 17.7N/mm? 
ox (bending moment) = 75000 x 30/7 x (604/64) = 3.5N/mm? 


The shear stress, t,y, at the same point due to the torque is obtained from Eq. (iv) in Example 3.1, 
that is, 


Try = 1200 x 10° x 30/m x (604/32) = 28.3 N/mm? 






60 mm diameter 


1.5mm 


oc Nm 
50 kN 


Fig. 1.10 


Cantilever beam of Example 1.2. 
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28.3 N/mm? 
A 
28.3 N/mm? 
o 
21.2 N/mm? a oy = 17.7 + 3.5 = 21.2 N/mm? 

21.2 Nimm2 

T: 

60 Txy = 28.3 N/mm? 
C B 
28.3 N/mm2 


Fig. 1.11 


Stress system on two-dimensional element of the beam of Example 1.2. 





The stress system acting on a two-dimensional rectangular element at the point is shown in Fig. 1.11. 
Note that since the element is positioned at the bottom of the beam, the shear stress due to the torque is 
in the direction shown and is negative (see Fig. 1.8). 

Again o,, and t may be found from first principles or by direct substitution in Eqs. (1.8) and (1.9). 
Note that 6 =30°, o,=0, and t= —28.3 N/mm”, the negative sign is arising from the fact that it is in 
the opposite direction to T,y as in Fig. 1.8. 

Then, 


On = —21.2cos* 30° — 28.3 sin60° = —40.4N/mm* (compression) 
t = (—21.2/2) sin 60° + 28.3cos60° = 5.0N/mm/? (acting in the direction AB) 


Different answers would have been obtained if the plane AB had been chosen on the opposite side 
of AC. 





1.7 PRINCIPAL STRESSES 


For given values of oy,0,, and T,,, in other words given loading conditions, o,, varies with the angle 0 
and attains a maximum or minimum value when do;,/d@ =0. From Eq. (1.8), 


doy, 


dé 





= —2o, cos 6 sind + 20, sin cosé + 2T,cos26 = 0 


Hence, 
— (Ox — oy) sin 20 + 2Txycos20 = 0 


or 


tyy 
tan29 = (1.10) 


Ox — Oy 
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Two solutions, 0 and 0+ 7/2, are obtained from Eq. (1.10) so that there are two mutually perpen- 
dicular planes on which the direct stress is either a maximum or a minimum. Further, by comparing 
Eqs. (1.9) and (1.10), it will be observed that these planes correspond to those on which there is no 
shear stress. The direct stresses on these planes are called principal stresses, and the planes themselves 
are called principal planes. 

From Eq. (1.10), 


2 V = V 
sin26 = w cos20 = oe ESE 
(0, — oy)? + 4x2, (Oox — 0y)? + 4x2, 
and 
iO 4aD) 2—— beg —— 
(Ox — 0y)? + 4T, (ox — 0y)? +472, 
Rewriting Eq. (1.8) as 
Ox Oy 7 
On = at +cos20) + 50 — cos20) + Txy sin20 


and substituting for {sin20,cos20} and {sin2 (0 + 7 /2),cos2(0 +7 /2)} in turn gives 


1 
asit (ox — 0)? +412, (1.11) 


and 





+o 1 
oe > oy 5 V(x — oy)? +43, (1.12) 


where oj is the maximum or major principal stress and oy is the minimum or minor principal stress. 
Note that oj is algebraically the greatest direct stress at the point, while oy is algebraically the least. 
Therefore, when oy is negative—that is, compressive—it is possible for oy to be numerically greater 
than oy. 

The maximum shear stress at this point in the body may be determined in an identical manner. From 
Eq. (1.9), 


d 
Fp = (Ox ~ Fy) C0820 + 2t sin28 = 0 
giving 


(0x — Oy) 
2Txy 


tan26 = — (1.13) 
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It follows that 
Pan) a 2 s 
sin20 = (Ox = Oy) cos26 = ee 
(0, — oy)? ate 4c (ox — oy)? + Ate, 
= —2Try 
sin2(0 +7¢/2) = 2 cos 2(0 + 1/2) = ———— 
(ox — oy)” + 4r, (0x — o)? + 4r, 


Substituting these values in Eq. (1.9) gives 


1 
Tmax,min = Ez | (0x — oy)? + 442, (1.14) 


Here, as in the case of principal stresses, we take the maximum value as being the greater algebraic 
value. 
Comparing Eq. (1.14) with Eqs. (1.11) and (1.12), we see that 





OJ — OT] 


2 





Tmax = (1.15) 
Equations (1.14) and (1.15) give the maximum shear stress at the point in the body in the plane of 
the given stresses. For a three-dimensional body supporting a two-dimensional stress system, this is not 
necessarily the maximum shear stress at the point. 
Since Eq. (1.13) is the negative reciprocal of Eq. (1.10), then the angles 20 given by these two 
equations differ by 90°, or the planes of maximum shear stress are inclined at 45° to the principal 
planes. 





1.8 MOHR’S CIRCLE OF STRESS 


The state of stress at a point in a deformable body may be determined graphically by Mohr’s circle of 
stress. 
In Section 1.6, the direct and shear stresses on an inclined plane were given by 


On = oy cos? 0 + Oy sin? 0 + Txy Sin 20 (Eq. (1.8)) 
and 


t= =e) sin 20 — T,cos20 (Eq. (1.9)) 


respectively. The positive directions of these stresses and the angle 6 are defined in Fig. 1.12(a). 
Equation (1.8) may be rewritten in the form 


Ox Oy š 
On = aM +cos20) + a —cos26) + Txy sin 20 


pe 
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Ox 


Thy 


Oy 





(a) (b) 
Fig. 1.12 


(a) Stresses on a triangular element; (b) Mohr’s circle of stress for stress system shown in (a). 





or 
1 1 
on — zO + oy) = 5 (Ox — oy) cos20 + Ty sin 20 


Squaring and adding this equation to Eq. (1.9), we obtain 
1 4 1 z 
2 2 
[ox 5 (oy + a) +T = Ee — o) + Tiy 


which represents the equation of a circle of radius 5 | (Ox — oy)? + 4T, and having its center at the point 
((ox — oy)/2, 0). 

The circle is constructed by locating the points Q1 (0x, Txy) and Q2(0y, —Txy) referred to axes Oot as 
shown in Fig. 1.12(b). The center of the circle then lies at C the intersection of Q;Q2 and the Oo axis; 


clearly C is the point ((o, — o,)/2, 0), and the radius of the circle is 54 (ox — ay)? +413, as required. 
CQ’ is now set off at an angle 20 (positive clockwise) to CQ), and Q’ is then the point (o,,—T) as 
demonstrated in the following. From Fig. 1.12(b), we see that 

ON = OC + CN 


or since OC = (ox + 0y) /2, CN = CQ’ cos( 8 — 26), and CQ’ =CQ,, we have 


Ox + Oy : i 
On = Se + CQ (cos B cos 26 + sin 6 sin26) 
But 
CP — Oy 
Q;=——~ and CP; = (ox — dy) 


A 
18 CHAPTER 1 Basic Elasticity 


Hence, 





= HF (AS 
a 2 


7 Jeos20 + CP; tan £ sin20 


On 


which, on rearranging, becomes 
— 2 n2 ; 
On = Ox COS" 0 + oy sin 0 + Tyy sin 20 


as in Eq. (1.8). Similarly, it may be shown that 
Q'N = 1%, 00820 — (728) sin2e =r 


as in Eq. (1.9). Note that the construction of Fig. 1.12(b) corresponds to the stress system of Fig. 1.12(a) 
so that any sign reversal must be allowed for. Also, the Oo and Ort axes must be constructed to the 
same scale, or the equation of the circle is not represented. 

The maximum and minimum values of the direct stress—that is, the major and minor principal 
stresses oy and oyj—occur when N and Q’ coincide with B and A, respectively. Thus, 


0, = OC + radius of circle 


Ox + oy 
= Fey) (CP? + P1Q? 
(ox +o0,) 1 
13 is | (0x — 0y)? + 472, 
(ox+0o) 1 
o = =- = aV (Ox — oy)? +42, 


The principal planes are then given by 20 = £ (o1) and 20 = 6 + 7 (on). 

Also the maximum and minimum values of shear stress occur when Q’ coincides with D and E at 
the upper and lower extremities of the circle. 

At these points, Q’N is equal to the radius of the circle which is given by 


or 


and in the same fashion 


(ox — oy)? 


CQ, = 7 


2 
+ Ty 





Hence tmax,min = +5 | (0x — oy)? + 4x2, as before. The planes of maximum and minimum shear stresses 
are given by 20=6+27/2 and 20=6+3z/2, these being inclined at 45° to the principal planes. 





Example 1.3 
Direct stresses of 160 N/mm? (tension) and 120 N/mm? (compression) are applied at a particular point in 
an elastic material on two mutually perpendicular planes. The principal stress in the material is limited 
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to 200 N/mm? (tension). Calculate the allowable value of shear stress at the point on the given planes. 
Determine also the value of the other principal stress and the maximum value of shear stress at the point. 
Verify your answer using Mohr’s circle. = 


The stress system at the point in the material may be represented as shown in Fig. 1.13 by considering 
the stresses to act uniformly over the sides of a triangular element ABC of unit thickness. Suppose 
that the direct stress on the principal plane AB is ø. For horizontal equilibrium of the element, 


oABcosé = oxBC + tryAC 
which simplifies to 
Txy tan = o — ox (1) 
Considering vertical equilibrium gives 
o ABsiné = oyAC + TyBC 
or 
Txy COLO = 0 — Oy (ii) 
Hence, from the product of Eqs. (i) and (ii), 
a = (0 —0x)(o — oy) 
Now substituting the values o, = 160 N/mm, oy=—120 N/mm?, and o = 01 = 200 N/mm, we have 


Ty =+113 N/mm? 





Replacing cot0 in Eq. (ii) by 1/tan@ from Eq. (i) yields a quadratic equation in o 


0? — 0 (Ox — 0y) + 0x0 — T, = 0 (iii) 


B 






o (200 N/mm?) 


O; 


(160 N/mm?) 


a, (-120N/mm’) 
Fig. 1.13 


Stress system for Example 1.3. 
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T max = 180 N/mm? 


A ~~ 
o 
(ou =—160 N/mm?) 
Q2 
(—120 N/mm?, —113 N/mm?) 


(0, =200 N/mm?) 
Fig. 1.14 









Solution of Example 1.3 using Mohr’s circle of stress. 


The numerical solutions of Eq. (iii) corresponding to the given values of oy, 0y, and T,, are the principal 
stresses at the point, namely 


01 = 200N/mm? (given) oy = —160N/mm? 


Having obtained the principal stresses, we now use Eq. (1.15) to find the maximum shear stress, 
thus, 


Tmax = — = 180N/mm? 

The solution is rapidly verified from Mohr’s circle of stress (Fig. 1.14). From the arbitrary origin O, 
OP and OP? are drawn to represent oy = 160 N/mm? and oy=—120 N/mm?. The midpoint C of P;P2 
is then located. OB =o) =200 N/mm? is marked out, and the radius of the circle is then CB. OA is the 
required principal stress. Perpendiculars P,Q ; and P2Q> to the circumference of the circle are equal to 
+Tyy (to scale), and the radius of the circle is the maximum shear stress. 








1.9 STRAIN 


The external and internal forces described in the previous sections cause linear and angular displace- 
ments in a deformable body. These displacements are generally defined in terms of strain. Longitudinal 
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or direct strains are associated with direct stresses o and relate to changes in length, while shear 
strains define changes in angle produced by shear stresses. These strains are designated, with appro- 
priate suffixes, by the symbols ¢ and y, respectively, and have the same sign as the associated 
stresses. 

Consider three mutually perpendicular line elements OA, OB, and OC at a point O in a deformable 
body. Their original or unstrained lengths are 5x, dy, and 6z, respectively. If, now, the body is subjected 
to forces that produce a complex system of direct and shear stresses at O, such as that in Fig. 1.6, then 
the line elements deform to the positions O’A’, O’B’, and O’C’ as shown in Fig. 1.15. 

The coordinates of O in the unstrained body are (x,y,z) so that those of A, B, and C are (x + 6x, y,z), 
(x,y +dy,z), and (x,y,z+6z). The components of the displacement of O to O’ parallel to the x,y, and 
z axes are u,v, and w. These symbols are used to designate these displacements throughout the book 
and are defined as positive in the positive directions of the axes. We again use the first two terms of a 
Taylor’s series expansion to determine the components of the displacements of A, B, and C. Thus, the 
displacement of A in a direction parallel to the x axis is u+ (du/dx)5x. The remaining components are 
found in an identical manner and are shown in Fig. 1.15. 

We now define direct strain in more quantitative terms. If a line element of length Z at a point in a 
body suffers a change in length AZ, then the longitudinal strain at that point in the body in the direction 





Fig. 1.15 





Displacement of line elements OA, OB, and OC. 
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of the line element is 


The change in length of the element OA is (O’A’ — OA) so that the direct strain at O in the x direction 
is obtained from the equation 


_ O'A’-OA _ OVA’ — bx 


= 1.16 
~= OA ôx ae 
Now, 
a ð > a 
(O'A’)? = ôx +ut+t M exu +{vt+ pay + wk bey 
ox ox ox 
or 
au\? av\? aw\? 
O'A' =ô 1+ — — — 
0a) +E) +C) 
which may be written when second-order terms are neglected 
ai 
O'A’ = (1 +22) 
ox 
Applying the binomial expansion to this expression, we have 
ae ou 
OYA’ = 6x{ 14+ — (1.17) 
ox 


in which squares and higher powers of du/dx are ignored. Substituting for O’A’ in Eq. (1.16), we have 


ðu 

CE 

“ax 

ðv 

It follows that ey = — (1.18) 

dy 

5 ðw 

oe 0z 


The shear strain at a point in a body is defined as the change in the angle between two mutually 
perpendicular lines at the point. Therefore, if the shear strain in the xz plane is j,,, then the angle 
between the displaced line elements O’A’ and O’C’ in Fig. 1.15 is 2/2 — yx- radians. 
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Now cos A/O’'C! =cos(z/2 — yz) =sin yz, and as yz is small, then cos A’O/C’=},;. From the 
trigonometrical relationships for a triangle, 
(O'A’)? as (O'C’)? = (a'c? 


2(O'A’)(O'C’) te 


cos A’O’C’ = 


We have previously shown, in Eq. (1.17), that 


O'A’ = a(i + e) 
ox 


Similarly, 


O/C’ = (i + 2) 
Oz 


But for small displacements, the derivatives of u, v, and w are small compared with | so that, as we are 
concerned here with actual length rather than change in length, we may use the approximations 


OA’ dx OC ~ êz 


Again to a first approximation, 


PARÀ aw. \? du. \? 
(A'C’)* = | ôz — — ôx | + {ôx— —ôz 
ox Oz 


Substituting for O’A’, O’C’, and A’C’ in Eq. (1.19), we have 


(6x7) + (5z)? — [6z — (@w/dx)dx]° — [5x — (Ou/dz)6z]* 
2ôxôz 





cos A’O'C' = 


Expanding and neglecting fourth-order powers give 


2(9ə9w/əx)ôxőôz +2(ðu/ðz)xőz 





AN’ Io = 
cosA'O'C Skiz 
ðw ðu 
eee 
dv ð 
Similarly, i ae bees (1.20) 
” ax oy 
= Ow ðv 
WES Bg Bg 


It must be emphasized that Eqs. (1.18) and (1.20) are derived on the assumption that the displacements 
involved are small. Normally, these linearized equations are adequate for most types of structural 
problem, but in cases where deflections are large—for example, types of suspension cable, and so on— 
the full, nonlinear, large deflection equations, given in many books on elasticity, must be used. 
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1.10 COMPATIBILITY EQUATIONS 


In Section 1.9, we expressed the six components of strain at a point in a deformable body in terms of the 
three components of displacement at that point, u, v, and w. We have supposed that the body remains 
continuous during the deformation so that no voids are formed. It follows that each component, u, v, 
and w, must be a continuous, single-valued function or, in quantitative terms, 


If voids were formed, then displacements in regions of the body separated by the voids would be 
expressed as different functions of x, y, and z. The existence, therefore, of just three single-valued 
functions for displacement is an expression of the continuity or compatibility of displacement which 
we have presupposed. 

Since the six strains are defined in terms of three displacement functions, then they must bear some 
relationship to each other and cannot have arbitrary values. These relationships are found as follows. 
Differentiating y,,, from Eq. (1.20) with respect to x and y gives 


dYyy 3? dv a du 
dxdy  dxdydx Ax dy dy 











or since the functions of u and v are continuous, 
yy — 0 av $ a? du 
dx dy dx? Ay 3y? əðx 





which may be written, using Eq. (1.18) 


Pyry ey ex 





























= 1.21 
əxəð3y əx? əy? S 
In a similar manner, 
OV os dey 076, a 22) 
aydz əz? əy? i 
3? Yyz a 3e, 3e (1.23) 


axdz  Ox2 0z2 


If we now differentiate y,,, with respect to x and z and add the result to y-,, differentiated with respect 


to y and x, we obtain 
3? Yyy T 32 ykz _ a> (du 3 ) r a2 (= ts r) 
oxdz ðyðx  ðxəðz \ðy ax ðyðx \ax az 


0 (9% OY) 2? au a? (zæ) a du 
ax \ az dy J) dzdy ax əx? (əz ay dy dz Ox 





or 
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Substituting from Eqs. (1.18) and (1.21) and rearranging, 











32 9 a a ð 
Ex 2 Yyz + Yxz + Vay (1.24) 
dydz ax ax dy dz 
Sunilarly, 
aey 8 (AY _ IY Ole (1.25) 
dxdz dy \ dx dy dz 
and 
5 026, A (= A OYxz Oxy (1.26) 
axdy ðz\ əx ay oz 


Equations (1.21) through (1.26) are the six equations of strain compatibility which must be satisfied in 
the solution of three-dimensional problems in elasticity. 


1.11 PLANE STRAIN 


Although we have derived the compatibility equations and the expressions for strain for the general 
three-dimensional state of strain, we shall be mainly concerned with the two-dimensional case described 
in Section 1.4. The corresponding state of strain, in which it is assumed that particles of the body suffer 
displacements in one plane only, is known as plane strain. We shall suppose that this plane is, as for 
plane stress, the xy plane. Then, £z, xz, and yz become zero, and Eqs. (1.18) and (1.20) reduce to 


ðu ðv 


Ey = — Ey = — 
“ax re oy 


(1.27) 


and 


dv ðu 


Yx ax | ay ( ) 


Further, by substituting ez = yz = Yyz =0 in the six equations of compatibility and noting that £x, £y, 
and yy are now purely functions of x and y, we are left with Eq. (1.21), namely 


Pyy Pey Oey 


ðxðy əx? Ay 








as the only equation of compatibility in the two-dimensional or plane strain case. 





1.12 DETERMINATION OF STRAINS ON INCLINED PLANES 


Having defined the strain at a point in a deformable body with reference to an arbitrary system of 
coordinate axes, we may calculate direct strains in any given direction and the change in the angle 
(shear strain) between any two originally perpendicular directions at that point. We shall consider the 
two-dimensional case of plane strain described in Section 1.11. 
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(b) 


Fig. 1.16 


(a) Stress system on rectangular element; (b) distorted shape of element due to stress system in (a). 





An element in a two-dimensional body subjected to the complex stress system of Fig. 1.16(a) distorts 
into the shape shown in Fig. 1.16(b). In particular, the triangular element ECD suffers distortion to the 
shape E’C'D’ with corresponding changes in the length FC and angle EFC. Suppose that the known 
direct and shear strains associated with the given stress system are £y, €y, and yyy (the actual relationships 
will be investigated later) and that we want to find the direct strain ¢, in a direction normal to the plane 
ED and the shear strain y produced by the shear stress acting on the plane ED. 

To a first order of approximation, 


C’D! = CD(1 + ex) 
CE! = CE(1 +8) (1.29) 
E'D' = ED(1 + €n42/2) 


where €4,/2 is the direct strain in the direction ED. From the geometry of the triangle E’C’D’ in which 
angle E'C'D' =x /2— Yyy, 


(E'D’)? = (C'D’)? + (C'E)? — 2(C'D')(C'E’) cos(r /2 — yxy) 
or substituting from Eqs. (1.29), 


(ŒD)? (1 + £n47/2)7 = (CD)? (1 + £x)? + (CE)? (1 + £)? 
— 2 (CD) (CE) (1 + €x) (1 + éy)sin Vey 


Noting that (ED)? = (CD)? + (CE)? and neglecting squares and higher powers of small quantities, this 
equation may be rewritten as 


2(ED) én 42/2 = 2(CD)?¢, + 2(CE)*ey — 2(CE)(CD) yy, 
Dividing by 2(ED)* gives 


Enta/2 = Ex sin? 6 + Ey cos* @ — cos sin 0 Yyy (1.30) 
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The strain £, in the direction normal to the plane ED is found by replacing the angle 6 in Eq. (1.30) by 
0 — x /2. Hence, 





En = eycos? 8 + esin” 0 + > sin20 (1.31) 
Turning our attention now to the triangle C’F’E’, we have 
(C'EN? = (CF)? + ŒE'EN? — 2(C'F')ŒE'E’) cos /2— y) (1.32) 


in which 
CE’ = CE (1 +£) 
C'F' =CF(1 + £n) 
F'E' = FE(1 + €n427/2) 
Substituting for C’E’, C’F’, and F'F' in Eq. (1.32) and writing cos(x /2 — y) = sin y, we find 
(CE)? (1 + £y)? = (CF)? (1 + £n)? + (FE)? (1 + &n-n/2) 


i (1.33) 
— 2(CF)(FE)( + €n) (1 + En+7/2) sin y 


All the strains are assumed to be small so that their squares and higher powers may be ignored. Further, 
siny ~y and Eq. (1.33) becomes 


(CE) (1 + 2ey) = (CF)(1 + 2en) + (FE)? (1 + 26n42/2) — 2(CF)(FE)y 
From Fig. 1.16(a), (CE)? =(CF)* +(FE)” and the preceding equation simplifies to 
2(CE) ey = 2(CF)*én + 2(FE)*En4/2 — 2(CF)(FE)y 
Dividing by 2(CE)? and transposing, 


En sin? 9 + Entn/2 cos? 6 — Ey 
7 sin cos 
Substitution of £n+7/2 and £; from Eqs. (1.30) and (1.31) yields 


f= CD i — Y2 cos20 (1.34) 
2 2 2 





1.13 PRINCIPAL STRAINS 


Ifwe compare Eqs. (1.31) and (1.34) with Eqs. (1.8) and (1.9), we observe that they may be obtained from 
Eqs. (1.8) and (1.9) by replacing on by £n, Ox bY Ex, 0y bY Ey, try DY Yxy/2, and t by y /2. Therefore, for 
each deduction made from Eqs. (1.8) and (1.9) concerning o,, and q, there is a corresponding deduction 
from Eqs. (1.31) and (1.34) regarding ¢, and y /2. 
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Therefore, at a point in a deformable body, there are two mutually perpendicular planes on which 
the shear strain y is zero and normal to which the direct strain is a maximum or minimum. These strains 
are the principal strains at that point and are given (from comparison with Eqs. (1.11) and (1.12)) by 


Ex HE 1 
= + ex — 9 P +H (39) 
2 2 
Sey lL ae 
ey = = 7 -3 (€x — &y)? +3, (1.36) 


If the shear strain is zero on these planes, it follows that the shear stress must also be zero, and we 
deduce, from Section 1.7, that the directions of the principal strains and principal stresses coincide. The 
related planes are then determined from Eq. (1.10) or from 


and 





tina = — (1.37) 
Ex — Ey 


In addition, the maximum shear strain at the point is 


Y _ 1 
(Z) =ayer-e +8 (1.38) 


aS as 


or 





(cf: Eqs. (1.14) and (1.15)). 





1.14 MOHR’S CIRCLE OF STRAIN 


We now apply the arguments of Section 1.13 to the Mohr’s circle of stress described in Section 1.8. 
A circle of strain, analogous to that shown in Fig. 1.12(b), may be drawn when ox, oy, and so on are 
replaced by £x, €y, and so on, as specified in Section 1.13. The horizontal extremities of the circle 
represent the principal strains, the radius of the circle, half the maximum shear strain, and so on. 





1.15 STRESS—-STRAIN RELATIONSHIPS 


In the preceding sections, we have developed, for a three-dimensional deformable body, three equations 
of equilibrium (Eqs. (1.5)) and six strain—displacement relationships (Eqs. (1.18) and (1.20)). From 
the latter, we eliminated displacements, thereby deriving six auxiliary equations relating strains. These 
compatibility equations are an expression of the continuity of displacement which we have assumed 
as a prerequisite of the analysis. At this stage, therefore, we have obtained nine independent equations 
toward the solution of the three-dimensional stress problem. However, the number of unknowns totals 
15, comprising six stresses, six strains, and three displacements. An additional six equations are therefore 
necessary to obtain a solution. 
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So far we have made no assumptions regarding the force—displacement or stress-strain relationship 
in the body. This will, in fact, provide us with the required six equations, but before these are derived, 
it is worthwhile to consider some general aspects of the analysis. 

The derivation of the equilibrium, strain—displacement, and compatibility equations does not involve 
any assumption as to the stress-strain behavior of the material of the body. It follows that these basic 
equations are applicable to any type of continuous, deformable body no matter how complex its behavior 
under stress. In fact, we shall consider only the simple case of linearly elastic isotropic materials for 
which stress is directly proportional to strain and whose elastic properties are the same in all directions. 
A material possessing the same properties at all points is said to be homogeneous. 

Particular cases arise where some of the stress components are known to be zero, and the number 
of unknowns may then be no greater than the remaining equilibrium equations that have not identically 
vanished. The unknown stresses are then found from the conditions of equilibrium alone, and the 
problem is said to be statically determinate. For example, the uniform stress in the member supporting 
a tensile load P in Fig. 1.3 is found by applying one equation of equilibrium and a boundary condition. 
This system is therefore statically determinate. 

Statically indeterminate systems require the use of some, if not all, of the other equations involving 
strain—displacement and stress-strain relationships. However, whether the system is statically deter- 
minate or not, stress-strain relationships are necessary to determine deflections. The role of the six 
auxiliary compatibility equations will be discussed when actual elasticity problems are formulated in 
Chapter 2. 

We now proceed to investigate the relationship of stress and strain in a three-dimensional, linearly 
elastic, isotropic body. 

Experiments show that the application of a uniform direct stress, say oy, does not produce any shear 
distortion of the material and that the direct strain £x is given by the equation 

Ox 
& = 


z (1.40) 


where E is a constant known as the modulus of elasticity or Young’s modulus. Equation (1.40) is an 
expression of Hooke’s law. Further, ¢, is accompanied by lateral strains 


o. 0 
fy = & = VS (1.41) 


in which v is a constant termed Poisson’s ratio. 
For a body subjected to direct stresses o,,0,, and oz, the direct strains are from Eqs. (1.40) and 
(1.41) and the principle of superposition (see Chapter 5, Section 5.9) 


er = Glo — v(0) +03) 
ey = Flo) — v(x + )] (1.42) 


1 
Ez = g” — v (ox + oy)] 
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Equations (1.42) may be transposed to obtain expressions for each stress in terms of the strains. The 
procedure adopted may be any of the standard mathematical approaches and gives 


vE E 
Oy = Ganda? Tr” (1.43) 
vE E 
o = amoa wit Gan” (1.44) 
vE E 
TST Pa 
in which 
e= & +£ +E (see Eq. (1.53)) 
For the case of plane stress in which oz =0, Eqs. (1.43) and (1.44) reduce to 
E 
o= etve) (1.46) 
E 
oy = iw (€y + vex) (1.47) 


Suppose now that at some arbitrary point in a material, there are principal strains £g and £y cor- 
responding to principal stresses oy and oy. If these stresses (and strains) are in the direction of the 
coordinate axes x and y, respectively, then Txy = yxy =0, and from Eq. (1.34), the shear strain on an 
arbitrary plane at the point inclined at an angle 6 to the principal planes is 


y = (e1 — em) sin20 (1.48) 


Using the relationships of Eqs. (1.42) and substituting in Eq. (1.48), we have 


1 . 
y= zo — von) — (on — vor) ]sin20 


or 
1 
pa ~ (oy — oy) sin20 (1.49) 


Using Eq. (1.9) and noting that for this particular case Tt, =0,0,=01, and 0, =oj1, 





2t = (oj — og) sin20 
from which we may rewrite Eq. (1.49) in terms of t as 


y= t Hy (1.50) 


The term £/2(1+ v) is a constant known as the modulus of rigidity G. Hence, 





y=t/G 
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and the shear strains Yyy, 7x2, and yy, are expressed in terms of their associated shear stresses as follows: 


Txy Txz Tyz 


Yxy = G Yxz = G Yyz = G (1.51) 


Equations (1.51), together with Eqs. (1.42), provide the additional six equations required to determine 
the 15 unknowns in a general three-dimensional problem in elasticity. They are, however, limited in use 
to a linearly elastic isotropic body. 

For the case of plane stress, they simplify to 


Ex = ze — voy) 


1 
& = FO — vox) 


(1.52) 
=P, 
Ez = Eo = dy) 
Txy 
t= 


It may be seen from the third of Eqs. (1.52) that the conditions of plane stress and plane strain do not 
necessarily describe identical situations. 

Changes in the linear dimensions of a strained body may lead to a change in volume. Suppose that 
a small element of a body has dimensions 6x, dy, and 6z. When subjected to a three-dimensional stress 
system, the element sustains a volumetric strain e (change in volume/unit volume) equal to 


_ (1 + €x)dx(1 + €y)dyC1 + €2)5z — dxdydz 
nS dxdydz 





Neglecting products of small quantities in the expansion of the right-hand side of the preceding equation 
yields 


e = Ex + Ey + Ez (1.53) 


Substituting for £x, £, and £; from Eqs. (1.42), we find for a linearly elastic, isotropic body 


1 
e= gl ty toz = vlos + oy + oz)] 


or 
(1 —2v) 
e= E (0x + oy + oz) 


In the case of a uniform hydrostatic pressure, 0, =o, =o, = —p and 





e= 


3(1— 2v) 
z” 


The constant £/3(1 —2v) is knownas the bulk modulus or modulus of volume expansion and is often 
given the symbol K. 


(1.54) 
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An examination of Eq. (1.54) shows that v <0.5, since a body cannot increase in volume under 
pressure. Also, the lateral dimensions of a body subjected to uniaxial tension cannot increase so that 
v >Q. Therefore, for an isotropic material 0 < v <0.5 and for most isotropic materials, v is in the range 
0.25 to 0.33 below the elastic limit. Above the limit of proportionality, v increases and approaches 0.5. 


E 
Example 1.4 

A rectangular element in a linearly elastic isotropic material is subjected to tensile stresses of 83 and 
65 N/mm? on mutually perpendicular planes. Determine the strain in the direction of each stress and in 
the direction perpendicular to both stresses. Find also the principal strains, the maximum shear stress, 
the maximum shear strain, and their directions at the point. Take E = 200 000 N/mm? and v=0.3. E 


If we assume that oy = 83 N/mm? and oy =65 N/mm”, then from Eqs. (1.52) 





5) =3.175 x 1074 
&x = 559909 83 — 0:3 x 05) = 3.175 x 
1 
£, = ——— (65 — 0.3 x 83) = 2.005 x 1074 
~~ 200000 
= (83 + 65) = —2.220 x 1074 
“= = 500000 = G 


In this case, since there are no shear stresses on the given planes, o, and oy are principal stresses so 
that ¢, and ¢, are the principal strains and are in the directions of o, and oy. It follows from Eq. (1.15) 
that the maximum shear stress (in the plane of the stresses) is 


83 — 65 
2 





= 9N/mm? 


Tmax = 


acting on planes at 45° to the principal planes. 
Further, using Eq. (1.50), the maximum shear strain is 


_ 2x (+03) x9 
Ymax = “499 000 


so that ymax = 1.17 x 1074 on the planes of maximum shear stress. 


E- 
Example 1.5 

At a particular point in a structural member, a two-dimensional stress system exists where 
ox =60 N/mm?, oy=—40 N/mm, and Try = 50 N/mm?. If Young’s modulus £ =200 000 N/mm? and 
Poisson’s ratio v =0.3, calculate the direct strain in the x and y directions and the shear strain at the 
point. Also calculate the principal strains at the point and their inclination to the plane on which øx acts; 
verify these answers using a graphical method. m 
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From Eggs. (1.52), 


1 
= ——__(60 + 0.3 x 40) = 1076 
Ex 300000 É + 0.3 x 40) = 360 x 


= ———_(—40 — 0.3 x 60) = —290 x 10~° 
© = 590000 | x60) E 


From Eq. (1.50), the shear modulus, G, is given by 





E 200000 5 
= = —— = 76923N/mm 
2(1+v) 2(+0.3) 
Hence, from Eqs. (1.52), 
Txy 50 2% 
, = — = —— = 650 x 10 
TG 96093 . 


Now substituting in Eq. (1.35) for ex, éy, and pry, 


360—290 1 
er = 107° as + 5v (360 + 290)? + 650| 


which gives 
ej = 495 x 107° 
Similarly, from Eq. (1.36), 
en = —425 x 107° 


From Eq. (1.37), 





650 x 1076 
tan20 = =1 
360 x 1076 +290 x 1076 
Therefore, 
20 = 45° or 225° 
so that 


@ = 22.5° or 112.5° 


The values of £1, €n, and 9 are verified using Mohr’s circle of strain (Fig. 1.17). Axes Oe and Oy 
are set up, and the points Q; (360 x 1076, 4 x 650 x 1076) and Q2 (—290 x 1076, —4 x 650 x 1076) 
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YA 
Q; (360x1076, 4x 650x1078) 
A B 
(Eu) E) £ 


Q2 
(290x 1076, -x650 x 1076) 





Fig. 1.17 


Mohr’s circle of strain for Example 1.5. 





are located. The center C of the circle is the intersection of Q;Q2 and the Oe axis. The circle is then 
drawn with radius CQ, and the points B(£ņ) and A(en) are located. Finally, angle Qı CB =29 and angle 
QıCA=20 +x. 


1.15.1 Temperature Effects 


The stress-strain relationships of Eqs. (1.43) through (1.47) apply to a body or structural member 
at a constant uniform temperature. A temperature rise (or fall) generally results in an expansion (or 
contraction) of the body or structural member so that there is a change in size—that is, a strain. 
Consider a bar of uniform section, of original length Lo, and suppose that it is subjected to a 
temperature change AT along its length; AT can be a rise (+ve) or fall (—ve). If the coefficient of linear 
expansion of the material of the bar is «œ, the final length of the bar is, from elementary physics, 


L=L.(1+aAT) 
so that the strain, £, is given by 


L—Lo 


o 





e= =aAT (1.55) 

Suppose now that a compressive axial force is applied to each end of the bar such that the bar 
returns to its original length. The mechanical strain produced by the axial force is therefore just large 
enough to offset the thermal strain due to the temperature change making the foal strain zero. In general 
terms, the total strain, £, is the sum of the mechanical and thermal strains. Therefore, from Eqs. (1.40) 
and (1.55), 


e= +0AT (1.56) 
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In the case where the bar is returned to its original length or if the bar had not been allowed to expand 
at all, the total strain is zero, and from Eq. (1.56), 


o = —EaAT (1.57) 


Equations (1.42) may now be modified to include the contribution of thermal strain. Therefore, by 
comparing Eq. (1.56), 


1 
Ex = ple = Voy +o;)]+aAT 
1 
by = Sloy = vlos +0:)]+ 0AT A108) 


1 
Ez = ge — v(ox +0)] +AT 


Equations (1.58) may be transposed in the same way as Eqs. (1.42) to give stress-strain relationships 
rather than strain-stress relationships: 











vE y E E A 
= a — Ey — a 
me ieee. U+ A-2) 
as pA Eok (1.59) 
Oy = E Q ‘i 
= AFD- w) A (—20) 
vE s E E up 
= E a 
"f= apy Gea) = 2 
For the case of plane stress in which o, =0, these equations reduce to 
= (€x + vey) 2 AT 
OY = ——_ (E VEy) — ——a 
(hav) * ad=») 
z P (1.60) 
Oy = =v + Pex) = aan 


FS aaaaaaaaaauasasaasaaasasasasasasssusssaiasasasssssssts 
Example 1.6 

A composite bar of length L has a central core of copper loosely inserted in a sleeve of steel; the ends 
of the steel and copper are attached to each other by rigid plates. If the bar is subjected to a temperature 
rise AT, determine the stress in the steel and copper and the extension of the composite bar. The copper 
core has a Young’s modulus £,, a cross-sectional area A,, and a coefficient of linear expansion œc; the 
corresponding values for the steel are Es, As, and œs. Assume that œc > as. 


If the copper core and steel sleeve were allowed to expand freely, their final lengths would be 
different, since they have different values of the coefficient of linear expansion. However, since they 
are rigidly attached at their ends, one restrains the other and an axial stress is induced in each. Suppose 
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that this stress is o,. Then in Eqs. (1.58), 0, =o, or o; and oy =o, =0; the total strain in the copper and 
steel is then, respectively, 


Oc 


e= HAAT (i) 
es = +asAT (ii) 


The total strain in the copper and steel is the same, since their ends are rigidly attached to each other. 
Therefore, from compatibility of displacement, 


Oc 


o, sae 
E. +a,AT = E +æ AT (iii) 


There is no external axial load applied to the bar so that 


OAc + o5As =0 
that is, Os = —— 0c (iv) 


Substituting for øs in Eq. (iii) gives 


l + Ae = AT( ) 
CEND ARS es 





AT (at, — a. )AsEsE 
from which fp es GOA Be a 
AsEs + AcEe 


Also, a, > 0, so that o, is negative and therefore compressive. Now substituting for o, in Eq. (iv), 


AT (as — te )AcEsE¢ 


vi 
AsEs + AcE¢ (vi) 


Os = 

which is positive and therefore tensile as would be expected by a physical appreciation of the situation. 

Finally, the extension of the compound bar, 6, is found by substituting for o, in Eq. (i) or for o; in 
Eq. (ii). Then, 

(vil) 


5= ATL (“Ss T ets) 


AsEs +AcEc 
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1.16 EXPERIMENTAL MEASUREMENT OF SURFACE STRAINS 


Stresses at a point on the surface of a piece of material may be determined by measuring the strains 
at the point, usually by electrical resistance strain gauges arranged in the form of a rosette, as shown 
in Fig. 1.18. Suppose that £y and £y are the principal strains at the point, then if eg, ¢,, and €, are the 
measured strains in the directions 0, (0 +œ), and (0 +æ + £) to £r, we have, from the general direct 
strain relationship of Eq. (1.31), 


£a = £1 cos? 0 + ensin? 0 (1.61) 


where £x becomes £1, €, becomes £r, and Yyy is zero, since the x and y directions have become principal 
directions. Rewriting Eq. (1.61), we have 


1 +cos20 1 — cos 20 
Ea = EI = + én S 


or 
e= 5 (EI + ey) + (er — £r) cos20 (1.62) 
Similarly, 
ep = 4 (e1 + en) + 4 (e1 — en) cos2(0 + œ) (1.63) 
and 
£c = 4 (e1 + E1) + $ (E1 — en) cos 2(0 +a + p) (1.64) 


Therefore, if £4, €b, and £c are measured in given directions—that is, given angles œ and 8—then £1, €n, 
and 6 are the only unknowns in Eqs. (1.62) to (1.64). 





Fig. 1.18 


Strain gauge rosette. 
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The principal stresses are now obtained by substitution of ey and eq in Eqs. (1.52). Thus, 


el = Zo — von) (1.65) 
and 
1 
ey = zo" — voy) (1.66) 
Solving Eqs. (1.65) and (1.66) gives 
E 
ol = Ty + ven) (1.67) 
and 
E 
o = A + ver) (1.68) 


A typical rosette would have œ = 8 =45°, in which case the principal strains are most conveniently 
found using the geometry of Mohr’s circle of strain. Suppose that the arm a of the rosette is inclined at 
some unknown angle 0 to the maximum principal strain as in Fig. 1.18. Then, Mohr’s circle of strain 
is as shown in Fig. 1.19; the shear strains y4, Yb, and yc do not feature in the analysis and are therefore 
ignored. From Fig. 1.19, we have 


OC = } (ea + £c) 


CN = ea — OC = } (£a — £c) 
QN = CM = ey — OC = ey — Ł (£4 + £c) 





Fig. 1.19 


Experimental values of principal strain using Mohr’s circle. 
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The radius of the circle is CQ and 
CQ = y CN2 + QN? 


Hence, 





2 2 
CQ = Jie = Ec) | + [e = 5 (Eq + Ec) | 

which simplifies to 

CQ= = (Ea — Ep)? + (£c — Ep)? 

V2 
Therefore, £r is given by 
er = OC + radius of circle 

is 

1 l 2 2 

E1 = 3 (€a + Ec) + Z (Ea — €b)* + (Ec — £b) (1.69) 

Also, 


erm = OC — radius of circle 


that is, 


1 
en = Zla +80) — ev Ca — 60)? + (ec — 8p) (1.70) 


Finally, the angle 0 is given by 


N e—d(egte 
CN 7 (Ea — Ec) 


that is, 


Dees = 
tan20 = E See (1.71) 


Ea — Ec 


A similar approach may be adopted for a 60° rosette. 


a _ 
Example 1.7 

A bar of solid circular cross section has a diameter of 50mm and carries a torque, 7, together 
with an axial tensile load, P. A rectangular strain gauge rosette attached to the surface of the bar 
gave the following strain readings: £4 = 1000 x 1076, £p = —200 x 1076, and £e = —300 x 1076, where 
the gauges ‘a’ and ‘c’ are in line with, and perpendicular to, the axis of the bar, respectively. If 
Young’s modulus, Æ, for the bar is 70000 N/mm/ and Poisson’s ratio, v, is 0.3, calculate the values of 
T and P. = 
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Substituting the values of £4, €p, and £c in Eq. (1.69), 


10% 
Fes 





1076 
EI (1000 — 300) + -yz V 1000+200)? + (—200 + 300)2 


which gives 

ey = 1202 x 107° 
Similarly, from Eq. (1.70), 

en = —502 x 107° 
Now substituting for ey and ey in Eq. (1.67), 


70000 x 10~° j 
o= Tee aa 0.3 x 1202) = —80.9N/mm 
Similarly, from Eq. (1.68), 

oy = —10.9N/mm? 


Since o, =0, Eqs. (1.11) and (1.12) reduce to 
a= Zi otag, () 
and 
Ox 
M5 5 
respectively. Adding Eqs. (i) and (ii), we obtain 


a2 +412, (ii) 


of + OT] = Ox 
Thus, 
oy = 80.9 — 10.9 = 70N/mm? 


For an axial load P, 


2 P P 
o, = 70N/mm* = — = ——_.— 
A 2x 502/4 
from which 
P=137.4kN 


Substituting for ox in either of Eq. (i) or of Eq. (ii) gives 
Try = 29.7N/mm? 
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From the theory of the torsion of circular section bars (see Eq. (iv) in Example 3.1), 


4 Te. TS 
Txy = 29.7 N/mm = a = x x 504/32 
from which 
T=0.7kNm 


Note that P could have been found directly in this particular case from the axial strain. Thus, from 
the first of Eqs. (1.52), 


ox = Esa = 70000 x 1000 x 10~° = 70N/mm? 


as before. 
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Problems 


P.1.1 A structural member supports loads that produce, at a particular point, a direct tensile stress of 80 N/mm? 
and a shear stress of 45 N/mm? on the same plane. Calculate the values and directions of the principal stresses at 
the point and also the maximum shear stress, stating on which planes this will act. 


Ans. oy=100.2N/mm? 6=24°11' 
on =—20.2N/mm? 6=114°11' 
Tmax =60.2N/mm2 at 45° to principal planes. 


P.1.2 Ata point in an elastic material, there are two mutually perpendicular planes, one of which carries a direct 
tensile stress of 50 N/mm? anda shear stress of 40 N/mm7, while the other plane is subjected to a direct compressive 
stress of 35N/mm2 and a complementary shear stress of 40N/mm/2. Determine the principal stresses at the point, 
the position of the planes on which they act, and the position of the planes on which there is no normal stress. 


Ans. 0, =65.9N/mm?2 6 =21°38’ 
oy =—50.9N/mm? @=111°38' 


No normal stress on planes at 70°21’ and —27°5’ to vertical. 


P.1.3 Listed here are varying combinations of stresses acting at a point and referred to axes x and y in an elastic 
material. Using Mohr’s circle of stress, determine the principal stresses at the point and their directions for each 
combination. 
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ox (N/mm?) oy(N/mm?) ty (N/mm?) 


(i) +54 +30 +5 
(ii) +30 +54 -5 
(iii)  —60 —36 +5 
(iv) +30 50 +30 


Ans. (i) of =+55 N/mm? = og} =+29N/mm? 7 at 11.5° to x axis. 
(ii) o1=+55N/mm? = oy} = +29N/mm? ogy at 11.5° to x axis. 
Gii) of =-34.5N/mm?2 oy, =—61 N/mm? 
(iv) oy=+40N/mm2 — oy =—60 N/mm? 


oy at 79.5° to x axis. 


oy at 18.5° to x axis. 


IO N/mm? 






1O N/mm? 1O N/mm? 


10 N/mm? IO N/mm? 





10 N/mm? 
Fig. P.1.4 


P.1.4 The state of stress at a point is caused by three separate actions, each of which produces a pure, unidirec- 
tional tension of 10N/mm/ individually but in three different directions, as shown in Fig. P.1.4. By transforming 
the individual stresses to a common set of axes (x,y), determine the principal stresses at the point and their 
directions. 


Ans.  o,=oy,=15N/mm”. All directions are principal directions. 


P.1.5 A shear stress Ty, acts in a two-dimensional field in which the maximum allowable shear stress is denoted 
by Tmax and the major principal stress by or. 

Derive, using the geometry of Mohr’s circle of stress, expressions for the maximum values of direct stress 
which may be applied to the x and y planes in terms of the three parameters just given. 


2 2 2 
AnS. 0, =O, — Tmax +,/ Tinax — Ty 


Oy =0] — Tmax — ,/ Trax — TA- 
P.1.6 A solid shaft of circular cross section supports a torque of 50kNm and a bending moment of 25kNm. If 
the diameter of the shaft is 150 mm, calculate the values of the principal stresses and their directions at a point on 


the surface of the shaft. 


Ans. 0,=121.4N/mm? 6 =31°43/ 
on =—46.4N/mm? 6 =121°43’. 
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P.1.7 An element of an elastic body is subjected to a three-dimensional stress system oy, 0,, and o,. Show that 
if the direct strains in the directions x,y, and z are £x, €y, and £z, then 


Oy =he+2Ge, oy=het+2Gey 0, =Ae+2GEz 


where 
vE 


A aa d = 
toa) and e= Ey + Ey + €z 


the volumetric strain. 


P.1.8 Show that the compatibility equation for the case of plane strain such that 


87 Yep = de, a2, 


axdy x2 əy? 





may be expressed in terms of direct stresses oy and o, in the form 
2 ə 


P.1.9 A bar of mild steel has a diameter of 75mm and is placed inside a hollow aluminum cylinder of internal 
diameter 75 mm and external diameter 100 mm; both bar and cylinder are the same length. The resulting composite 
bar is subjected to an axial compressive load of 1000KN. If the bar and cylinder contract by the same amount, 
calculate the stress in each. 

The temperature of the compressed composite bar is then reduced by 150°C, but no change in length is permitted. 
Calculate the final stress in the bar and in the cylinder if E (steel) =200 000 N/mm2, E (aluminum) = 80 000 N/mm, 
a (steel) =0.000012/°C, and «œ (aluminum) =0.000005/°C. 


Ans. Due to load: o (steel) = 172.6 N/mm? (compression) 
o (aluminum) = 69.1 N/mm? (compression). 


Final stress: o (steel) = 187.4N/mm/ (tension) 
o (aluminum) = 9.1 N/mm? (compression). 


P.1.10 In Fig. P.1.10, the direct strains in the directions a,b,c are —0.002, —0.002, and +0.002, respectively. If I 
and II denote principal directions, find ¢], ey, and 0. 


Ans. &j=+0.00283 ey =—0.00283 6 =—22.5° or +67.5°. 





Fig. P.1.10 
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P.1.11 The simply supported rectangular beam shown in Fig. P.1.11 is subjected to two symmetrically placed 
transverse loads each of magnitude Q. A rectangular strain gauge rosette located at a point P on the centroidal 
axis on one vertical face of the beam gave strain readings as follows: £4 = —222 x 1076, £p, =—213 x 1076, and 
£e=+45 x 1076. The longitudinal stress oy at the point P due to an external compressive force is 7N/mm?. 
Calculate the shear stress t at the point P in the vertical plane and hence the transverse load Q: 


(Q =2bdt/3 where b = breadth, d = depth of beam) 
E =31000N/mm? v=0.2 


Ans. t=3.17N/mm? Q=95.1kN. 


Equal distances 


— pmm 


_P 300 mm 





___ Centroidal 
axis 


L> | L> 


Fig. P.1.11 





l 








o C 


Two-Dimensional Problems 
In Elasticity 


Theoretically, we are now in a position to solve any three-dimensional problem in elasticity, having 
derived three equilibrium conditions, Eqs. (1.5); six strain-displacement equations, Eqs. (1.18) and 
(1.20); and six stress-strain relationships, Eqs. (1.42) and (1.46). These equations are sufficient, when 
supplemented by appropriate boundary conditions, to obtain unique solutions for the six stress, six 
strain, and three displacement functions. It has been found, however, that exact solutions are obtainable 
only for some simple problems. For bodies of arbitrary shape and loading, approximate solutions may be 
found by numerical methods (e.g., finite differences) or by the Rayleigh—Ritz method based on energy 
principles (Chapter 7). 

Two approaches are possible in the solution of elasticity problems. We may solve initially either for 
the three unknown displacements or for the six unknown stresses. In the former method the equilib- 
rium equations are written in terms of strain by expressing the six stresses as functions of strain (see 
Problem P.1.7). The strain—displacement relationships are then used to form three equations involv- 
ing the three displacements u, v, and w. The boundary conditions for this method of solution must 
be specified as displacements. Determination of u, v, and w enables the six strains to be computed 
from Eqs. (1.18) and (1.20); the six unknown stresses follow from the equations, expressing stress as 
functions of strain. It should be noted here that no use has been made of the compatibility equations. 
The fact that u, v, and w are determined directly ensures that they are single-valued functions, thereby 
satisfying the requirement of compatibility. 

In most structural problems, the object is usually to find the distribution of stress in an elastic body 
produced by an external loading system. It is, therefore, more convenient in this case to determine the 
six stresses before calculating any required strains or displacements. This is accomplished by using 
Eqs. (1.42) and (1.46) to rewrite the six equations of compatibility in terms of stress. The resulting 
equations, in turn, are simplified by making use of the stress relationships developed in the equations 
of equilibrium. The solution of these equations automatically satisfies the conditions of compatibility 
and equilibrium throughout the body. 


2.1 TWO-DIMENSIONAL PROBLEMS 


For the reasons discussed in Chapter 1 we shall confine our actual analysis to the two-dimensional 
cases of plane stress and plane strain. The appropriate equilibrium conditions for plane stress are given 
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by Eqs. (1.6): 
doy Tay +x = 0 
ox oy 
doy OT yx + Y=0 
dy ay 


and the required stress-strain relationships obtained from Eq. (1.47), namely, 
1 
Ex = ze — voy) 
z ( ) 
Ey = gO VO 


2(1 +v) 
Yy = E Txy 





We find that although €; exists, Eqs. (1.22) through (1.26) are identically satisfied, leaving Eq. (1.21) 
as the required compatibility condition. Substitution in Eq. (1.21) of the preceding strains gives 


a? a? 
(oy — vox) + ay? (dx — voy) (2.1) 





87 Ty 
2d 2 = 
CY) e Oe 


From Eqs. (1.6) 
Wty For 3X 














et ee 22 
dy Ox əx? ax 22) 
and 
3? Txy doy oY 
tee eee = Ty 2; 
ax ay aye ay (Ox Txy) (2.3) 
Adding Eqs. (2.2) and (2.3), then substituting in Eq. (2.1) for 23?Txy/ dxdy, we have 
aX 3Y) ox do, Hoa, do 
-a — y y x 
PRR ( ax F >) əx? əy? $ əx? ay? 
or 
ə ə? ax ƏY 
— )=-(1 —+— 2.4 


The alternative two-dimensional problem of plane strain may also be formulated in the same manner. 
We have seen in Section 1.11 that the six equations of compatibility reduce to the single equation (1.21) 
for the plane strain condition. Further, from the third of Eqs. (1.42) 


0, =V(o,+o,) (since ¢, = 0 for plane strain) 
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so that 
1 2 
& = zC —v*)o, —v+v)oy] 
and 
1 7 
Ey = lO — voy — v (1 + v)os] 
Also, 
2(1+v) 
Yay = E Txy 


Substituting as before in Eq. (1.21) and simplifying by using the equations of equilibrium, we have the 
compatibility equation for plane strain 


32 æ 1 (ax ƏY 
eee oon j= die 2.5 
(sat a) oto) —(F+5) Ge) 





The two equations of equilibrium together with the boundary conditions from Eq. (1.7) and one of 
the compatibility equations (2.4) or (2.5) are generally sufficient for the determination of the stress 
distribution in a two-dimensional problem. 





2.2 STRESS FUNCTIONS 


The solution of problems in elasticity presents difficulties, but the procedure may be simplified by the 
introduction of a stress function. For a particular two-dimensional case, the stresses are related to a single 
function of x and y such that the substitution for the stresses in terms of this function automatically 
satisfies the equations of equilibrium irrespective of what form the function may take. However, a 
large proportion of the infinite number of functions which fulfill this condition are eliminated by the 
requirement that the form of the stress function must also satisfy the two-dimensional equations of 
compatibility, (2.4) and (2.5), plus the appropriate boundary conditions. 

For simplicity, let us consider the two-dimensional case for which the body forces are zero. Now, the 
problem is to determine a stress—stress function relationship that satisfies the equilibrium conditions of 








00x OTxy ag 
ox oy (2.6) 
dy OT yx = i 


oy ox 


and a form for the stress function giving stresses, which satisfy the compatibility equation 


32 2? 
(= £ Z) Gapet (2.7) 
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The English mathematician Airy proposed a stress function ¢ defined by the equations 


2 2 2 
oe aoe Se (2.8) 


a DA AT gg O e ay 


Clearly, substitution of Eqs. (2.8) into Eqs. (2.6) verifies that the equations of equilibrium are satisfied 
by this particular stress—stress function relationship. Further substitution into Eq. (2.7) restricts the 
possible forms of the stress function to those satisfying the biharmonic equation 


ato atp atp 
— — =0 2.9 
ax4 F dx2 dy $ ay4 aa 
The final form of the stress function is then determined by the boundary conditions relating to the 
actual problem. Therefore, a two-dimensional problem in elasticity with zero body forces reduces to the 
determination of a function ¢ of x and y, which satisfies Eq. (2.9) at all points in the body and Eqs. (1.7) 
reduced to two dimensions at all points on the boundary of the body. 








2.3 INVERSE AND SEMI-INVERSE METHODS 


The task of finding a stress function satisfying the preceding conditions is extremely difficult in the 
majority of elasticity problems, although some important classical solutions have been obtained in this 
way. An alternative approach, known as the inverse method, is to specify a form of the function ¢ 
satisfying Eq. (2.9), assume an arbitrary boundary, and then to determine the loading conditions which 
fit the assumed stress function and chosen boundary. Obvious solutions arise in which ¢ is expressed as 
a polynomial. Timoshenko and Goodier [Ref. 1] consider a variety of polynomials for ¢ and determine 
the associated loading conditions for a variety of rectangular sheets. Some of these cases are quoted 
here. 


OO 
Example 2.1 
Consider the stress function 

b =Ax? + Bxy+ Cy” 
where A,B, and C are constants. Equation (2.9) is identically satisfied, since each term becomes zero 
on substituting for ¢. The stresses follow from 


a7@ 
eae 
a7o 
= aga = 
t= a6 = 
Y aəxðy © 


To produce these stresses at any point in a rectangular sheet, we require loading conditions providing 
the boundary stresses shown in Fig. 2.1. m 
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oy = 2A 


Ox =2C 
oO, =2C 


Ty =—-B 


oy=2A 
a ae 
Fig. 2.1 


Required loading conditions on rectangular sheet in Example 2.1. 








Example 2.2 
A more complex polynomial for the stress function is 


_ Ax} Bx*y Co? Dy? 


$ 6 2 2 6 








As before 


ae öp sp 
axt  ax2dy2 yt 





so that the compatibility equation (2.9) is identically satisfied. The stresses are given by 


ap 
x ay2 
ao 
Oy = aad = Áx + By 
ao 
, = ——— = —Bx- C 
w Ox dy me Tees 


We may choose any number of values for the coefficients A,B,C, and D to produce a variety of loading 
conditions on a rectangular plate. For example, if we assume A = B = C = 0, then o, = Dy, oy = 0, and 
Txy = 0, so that for axes referred to an origin at the mid-point of a vertical side of the plate, we obtain 


Ee 
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Fig. 2.2 





(a) Required loading conditions on rectangular sheet in Example 2.2 for A = B = C = 0; (b) as in (a) but 
A=C=D=0. 


the state of pure bending shown in Fig. 2.2(a). Alternatively, Fig. 2.2(b) shows the loading conditions 
corresponding to. A = C = D= 0 in which oy = 0, o, =By, and ty = —Bx. 

By assuming polynomials of the second or third degree for the stress function, we ensure that 
the compatibility equation is identically satisfied for any values of the coefficients. For polynomials 
of higher degrees, compatibility is satisfied only if the coefficients are related in a certain way. For 
example, for a stress function in the form of a polynomial of the fourth degree 


Ax Bey Cy. De? Eyt 











dee tee 2 6 12 
and 
a4 a4 a4 
a" =2A 2 $ =4 ae =2E 
3x4 dx2 dy ay4 
Substituting these values in Eq. (2.9) we have 
E=-—(2C+4) 
The stress components are then 
32 
PRE L E E 
ay? 
is 0° =A 2 B C 2 
o= 727 x” + Bxy + Cy 
ap Bx? Dy? 
= = 2C. 
aay 2 eg res 


The coefficients A, B, C, and D are arbitrary and may be chosen to produce various loading conditions 
as in the previous examples. 


po 
2.3 Inverse and Semi-Inverse Methods 51 


E 
Example 2.3 

A cantilever of length L and depth 24 is in a state of plane stress. The cantilever is of unit thickness, is 
rigidly supported at the end x = L, and is loaded as shown in Fig. 2.3. Show that the stress function 


$ = Ax? + Bx*y + Cy’ + D(Sx’y? — y’) 
is valid for the beam and evaluate the constants A, B, C, and D. |_| 


The stress function must satisfy Eq. (2.9). From the expression for 


a 
a = 2Ax + 2Bxy + 10Dxy* 
X 


























; (i) 
— =24+2By+ 10Dy =o, 
3x2 i 
Also, 
dp 2 2 Tan 4 
ane + 3Cy* + 15Dx“y* — SDy 
ig (ii) 
Pee ? A 
aay = 6Cy + 30Dx"y — 20Dy" = ox 
ay 
and 
ag 2 se 
sop 2Bx + 30Dxy* = —tyy (iti) 
g/unit area 
h 
- =x 
h 
L 
a z 
Y 
y 
Fig. 2.3 





Beam of Example 2.3. 
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Further, 


ae 


3x4 =a 


a4 a4 
Cian) ee 
ay4 dx? ay? 
Substituting in Eq. (2.9) gives 


arg +p = 4b 


—— + — =2 x 60Dy — 120Dy = 0 
3x4 F dx2dy2 K ay4 Fe 7 


Therefore, the biharmonic equation is satisfied, and the stress function is valid. 
From Fig. 2.3, o, = 0 at y = h so that, from Eq. (i) 


2A + 2BH + 10Dh? = 0 (iv) 
Also, from Fig. 2.3, oy = —q at y = —h so that, from Eq. (i) 


24 —2BH — 10Dh* = —q (v) 





Again, from Fig. 2.3, t, = 0 at y= +h giving, from Eq. (iii) 
2Bx + 30Dxh* = 0 


so that 
2B +30Dh" =0 (vi) 


At x = 0, there is no resultant moment applied to the beam; that is, 


h h 
Mai / ody = | (Cy? —20Dy*)dy =0 
—h —h 
that is, 
M= = [2O — 4Dy*}"_, = 0 
or 


C—2Dh? =0 (vii) 
Subtracting Eq. (v) from (iv) 
4Bh + 20Dh? = q 
or 


B+5Dh2 = a (viii) 


ae 
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From Eq. (vi) 


B+15Dh" =0 (ix) 
so that, subtracting Eq. (viii) from Eq. (ix) 
12 ee 
40h3 
Then 
po: gk, ee 
8h 4 20h 
and 
aS 3,2 230 2,3 2:35 = 25 
Caja xl + 15h x y — 2h y — (5x y —y)] 


The obvious disadvantage of the inverse method is that we are determining problems to fit assumed 
solutions, whereas in structural analysis the reverse is the case. However, in some problems the shape of 
the body and the applied loading allow simplifying assumptions to be made, thereby enabling a solution 
to be obtained. St. Venant suggested a semi-inverse method for the solution of this type of problem 
in which assumptions are made as to stress or displacement components. These assumptions may be 
based on experimental evidence or intuition. St. Venant first applied the method to the torsion of solid 
sections (Chapter 3) and to the problem of a beam supporting shear loads (Section 2.6). 


2.4 ST. VENANT’S PRINCIPLE 


In the examples of Section 2.3, we have seen that a particular stress function form may be applicable 
to a variety of problems. Different problems are deduced from a given stress function by specifying, in 
the first instance, the shape of the body and then assigning a variety of values to the coefficients. The 
resulting stress functions give stresses, which satisfy the equations of equilibrium and compatibility at 
all points within and on the boundary of the body. It follows that the applied loads must be distributed 
around the boundary of the body in the same manner as the internal stresses at the boundary. In the case 
of pure bending, for example (Fig. 2.2(a)), the applied bending moment must be produced by tensile and 
compressive forces on the ends of the plate, their magnitudes being dependent on their distance from 
the neutral axis. If this condition is invalidated by the application of loads in an arbitrary fashion or by 
preventing the free distortion of any section of the body, then the solution of the problem is no longer 
exact. As this is the case in practically every structural problem, it would appear that the usefulness of 
the theory is strictly limited. To surmount this obstacle, we turn to the important principle of St. Venant, 
which may be summarized as stating: 


that while statically equivalent systems of forces acting on a body produce substantially different 
local effects the stresses at sections distant from the surface of loading are essentially the same. 


Therefore, at a section AA close to the end of a beam supporting two point loads P, the stress 
distribution varies as shown in Fig. 2.4, while at the section BB, a distance usually taken to be greater 
than the dimension of the surface to which the load is applied, the stress distribution is uniform. 
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Fig. 2.4 





Stress distributions illustrating St. Venant’s principle. 


We may, therefore, apply the theory to sections of bodies away from points of applied loading 
or constraint. The determination of stresses in these regions requires, for some problems, separate 
calculation. 


2.5 DISPLACEMENTS 


Having found the components of stress, Eq. (1.47) (for the case of plane stress) is used to determine 
the components of strain. The displacements follow from Eqs. (1.27) and (1.28). The integration of 
Egs. (1.27) yields solutions of the form 


u = &x+a— by (2.10) 
v=&y+c+bx (2.11) 


in which a,b, and c are constants representing movement of the body as a whole or rigid body dis- 
placements. Of these, a and c represent pure translatory motions of the body, while b is a small angular 
rotation of the body in the xy plane. If we assume that b is positive in an anticlockwise sense, then in 
Fig. 2.5 the displacement v’ due to the rotation is given by 


v =P'Q'— PQ 
= OP sin (0 + b) — OP sin 0 
which, since b is a small angle, reduces to 
v =bx 
Similarly, 


u' = —by as stated 
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Fig. 2.5 





Displacements produced by rigid body rotation. 





2.6 BENDING OF AN END-LOADED CANTILEVER 


In his semi-inverse solution of this problem, St. Venant based his choice of stress function on the 
reasonable assumptions that the direct stress is directly proportional to bending moment (and therefore 
distance from the free end) and height above the neutral axis. The portion of the stress function giving 
shear stress follows from the equilibrium condition relating o, and t,y. The appropriate stress function 
for the cantilever beam shown in Fig. 2.6 is then 





Bxy> : 
b= Any + (i) 
where A and B are unknown constants. Hence 
ao 
= ay = Bxy 
ap E 
o= x2 =0 (ii) 
32 B 2 
E 
Ox dy 2 


Substitution for ¢ in the biharmonic equation shows that the form of the stress function satisfies com- 
patibility for all values of the constants A and B. The actual values of A and B are chosen to satisfy the 
boundary condition—that is, t,, = 0—along the upper and lower edges of the beam, and the resultant 
shear load over the free end is equal to P. 
From the first of these 
By? 


b 
C at y = E3 
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Fig. 2.6 


Bending of an end-loaded cantilever. 





giving 


From the second 


b/2 
— f Txyydy =P (see sign convention for Tyy) 
—b/2 








or 
b/2 Bb2 By2 
z i (= = =) ie 
-b2 \ 8 2 
from which 
12P 
= — r 
The stresses follow from Eqs. (ii) 
12Pxy Px 
aS pS 
oy=0 (iii) 
12P P 
= b? —4y’) = b? — 4y? 
Txy 353 ( y“) TA y“) 


where J = b3/12 the second moment of area of the beam cross section. 
We note from the discussion of Section 2.4 that Eqs. (iii) represents an exact solution subject to the 
following conditions that: 


(1) the shear force P is distributed over the free end in the same manner as the shear stress Tyy given 
by Eqs. (iii) 
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(2) the distribution of shear and direct stresses at the built-in end is the same as those given by 
Eqs. (iti) 

(3) all sections of the beam, including the built-in end, are free to distort 

In practical cases none of these conditions is satisfied, but by virtue of St. Venant’s principle we may 
assume that the solution is exact for regions of the beam away from the built-in end and the applied 
load. For many solid sections, the inaccuracies in these regions are small. However, for thin-walled 
structures, with which we are primarily concerned, significant changes occur. 

We now proceed to determine the displacements corresponding to the stress system of Eqs. (iii). 
Applying the strain—displacement and stress—strain relationships, Eqs. (1.27), (1.28), and (1.47), we 
have 


OU Oxy Pxy 
ox EO EL 
_ Ov vox _ vPxy 
S57 E H 


Gv) 


Ex 








(v) 


ðu ðv T P . 
Yxy — ay + = xy = (o? 4y*) (vi) 





ox G 8IG 


Integrating Eqs. (iv) and (v) and noting that £, and £, are partial derivatives of the displacements, we 
find 


Px?y vPxy? 


ee +0) v= JEI + fox (vii) 








where fi (y) and f2 (x) are unknown functions of x and y. Substituting these values of u and v in Eq. (vi) 


Px? i Ify) if vP? hO P 


=—9 a (b —4y’) 
2EI oy 2EI Ox 8IG 





Separating the terms containing x and y in this equation and writing 











P? dfa(x) vPy P — dafi(y) 
F\(x) = -—— Foy) = cap ee 
1@) =~ Fat ay 20) = Der UGT oy 
we have 
Fi) +F20) = EE 
Des BS a 


The term on the right-hand side of this equation is a constant, which means that F(x) and F2(y) 
must be constants, otherwise a variation of either x or y would destroy the equality. Denoting F1 (x) by 
C and F2 (y) by D gives 


Pb? aus 
C+D= -JIG (viii) 
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and 
Ih) Px? i afi(y) Py? vPy? 
əx 2ET əy  2IG 2EI 
so that 
Px? 
= — F 
hæ) anh Cx+ 
and 
P vP? 
= — — —— +Dy+H 
Sge a T 


Therefore, from Eqs. (vii) 


Px*y vP? Py A 
aže Lae yee, 
ue = ape GEE IG. TR (op 


vPxy? P% 
= —+Cx+F 
v JRI + Gat x+ (x) 
The constants C,D,F, and H are now determined from Eq. (viii) and the displacement boundary 
conditions imposed by the support system. Assuming that the support prevents movement of the point 
K in the beam cross section at the built-in end, then u = v = 0 atx = /, y = 0, and from Eqs. (ix) and (x) 











PP 
H=0 F=-—-Cl 
6EI 
If we now assume that the slope of the neutral plane is zero at the built-in end, then dv/dx = 0 at x = /, 


y =0, and from Eq. (x) 


z P 
2EI 
It follows immediately that 
PP 
~ 2EI 
and, from Eq. (viii) 
PF Pè 
~ 2EI 8IG 


Substitution for the constants C, D,F’, and H in Eggs. (ix) and (x) now produces the equations for the 
components of displacement at any point in the beam. Thus, 


Px*y vP Py PÊ Pb? ; 
u= + + y (xi) 
2EI 6EI 6IG \2EI 8IG 





vPxy? a Px? PPx i PP 
2EI 6EI 2EI EI 





(xii) 
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The deflection curve for the neutral plane is 


Px PPx PP 


Ne (xiii) 
6EI 2EI | 3El 


(v)y=0 = 
from which the tip deflection (x = 0) is P/°/3EI. This value is that predicted by simple beam theory 
(Chapter 15) and does not include the contribution to deflection of the shear strain. This was elim- 
inated when we assumed that the slope of the neutral plane at the built-in end was zero. A more 
detailed examination of this effect is instructive. The shear strain at any point in the beam is given 


by Eq. (vi) 
P ma 
TT. 


and is obviously independent of x. Therefore, at all points on the neutral plane the shear strain is constant 
and equal to 


Yy = 


Pb? 

81G’ 

which amounts to a rotation of the neutral plane as shown in Fig. 2.7. The deflection of the neutral plane 
due to this shear strain at any section of the beam is therefore equal to 


Vy = 


Pb G—z) 
8IG’ 


and Eq. (xiii) may be rewritten to include the effect of shear as 


w Py? PEEP ely ) (xiv) 
ee err «DET SEY SIG ” xav 





Let us now examine the distorted shape of the beam section, which the analysis assumes is free to 
take place. At the built-in end when x =/ the displacement of any point is, from Eq. (x1) 
vP Py Pb’y 


Wane BIG > RIG (xv) 





Neutral PIS’. 





Pb?/8IG 
Fig. 2.7 


Rotation of neutral plane due to shear in end-loaded cantilever. 
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(a) 


Fig. 2.8 


(a) Distortion of cross section due to shear; (b) effect on distortion of rotation due to shear. 





Therefore, if allowed, the cross section would take the shape of the shallow reversed S shown in 
Fig. 2.8(a). Eq. (xv) does not include the previously discussed effect of rotation of the neutral plane 
caused by shear. However, it merely rotates the beam section as indicated in Fig. 2.8(b). 

The distortion of the cross section is produced by the variation of shear stress over the depth of the 
beam. Thus, the basic assumption of simple beam theory that plane sections remain plane is not valid 
when shear loads are present, although for long, slender beams the bending stresses are much greater 
than shear stresses and the effect may be ignored. 

It will be observed from Fig. 2.8 that an additional direct stress system will be imposed on the beam 
at the support where the section is constrained to remain plane. For most engineering structures, this 
effect is small but, as mentioned previously, may be significant in thin-walled sections. 





Reference 
[1] Timoshenko, S., and Goodier, J.N., Theory of Elasticity, 2nd edition, McGraw-Hill, 1951. 





Problems 


P.2.1 A metal plate has rectangular axes Ox, Oy marked on its surface. The point O and the direction of Ox are 
fixed in space and the plate is subjected to the following uniform stresses: 

compressive, 3p, parallel to Ox 

tensile, 2p, parallel to Oy 

shearing, 4p, in planes parallel to Ox and Oy 

in a sense tending to decrease the angle xOy 

Determine the direction in which a certain point on the plate will be displaced; the coordinates of the point are 

(2, 3) before straining. Poisson’s ratio is 0.25. 


Ans. 19.73° to Ox. 


P.2.2 What do you understand by an Airy stress function in two dimensions? A beam of length /, with a thin 
rectangular cross section, is built-in at the end x =0 and loaded at the tip by a vertical force P (Fig. P.2.2). Show 
that the stress distribution, as calculated by simple beam theory, can be represented by the expression 


o= Ay + By>x + Cyx 
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am 


as an Airy stress function and determine the coefficients A, B, and C. 


Fig. P.2.2 


Ans. A=2Pl/td?, B=—2P/td?, C=3P/2td. 
P.2.3 The cantilever beam shown in Fig. P.2.3 is in a state of plane strain and is rigidly supported at x=L. 
Examine the following stress function in relation to this problem: 
w 


d= (15h?x2y — 5x25? — 2h2y? +-y°) 


y Wunit area 








rede ta dd | 


Wunit area 











Fig. P.2.3 


Show that the stresses acting on the boundaries satisfy the conditions except for a distributed direct stress at the 
free end of the beam which exerts no resultant force or bending moment. 


Ans. The stress function satisfies the biharmonic equation: 


* Aty=h, oy=w, and ty =0, boundary conditions satisfied. 
* Aty=—h, oy =—w, and tx, =0, boundary conditions satisfied. 


Direct stress at free end of beam is not zero, and there is no resultant force or bending moment at the free end. 


P.2.4 A thin rectangular plate of unit thickness (Fig. P.2.4) is loaded along the edge y= +d by a linearly varying 
distributed load of intensity w =px with corresponding equilibrating shears along the vertical edges at x =0 and /. 
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Fig. P.2.4 
As a solution to the stress analysis problem an Airy stress function ¢ is proposed, where 


o= [5003 — Px) (y+ dy? (y — 2d) — 3yx(" — d?)*] 





oon 
Show that @ satisfies the internal compatibility conditions and obtain the distribution of stresses within the 


plate. Determine also the extent to which the static boundary conditions are satisfied. 


Ans. 2 3 2 
Ox = sly (x? —I*)— 10y° + 6d*y] 


3 2 3 
= —,(v —3yd* —2d 
Oy ae y ) 


[58x — P)O? — d?) — 5y4 + 6 a? — a4}. 


Txy = 


ae 


The boundary stress function values of t,, do not agree with the assumed constant equilibrating shears at x =0 
and /. 


P.2.5 The cantilever beam shown in Fig. P.2.5 is rigidly fixed at x = and carries loading such that the Airy 
stress function relating to the problem is 


o= —10c7x? — 15¢7x7y + 2c*y? + 5x*y? —y°) 


oa ( 
40bc3 
Find the loading pattern corresponding to the function and check its validity with respect to the boundary conditions. 


yA 





























Fig. P.2.5 
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Ans. The stress function satisfies the biharmonic equation. The beam is a cantilever under a uniformly dis- 
tributed load of intensity w/unit area with a self-equilibrating stress application given by 0, =w(12c*y — 20y*)/40bc3 
at x=0. There is zero shear stress at y=-tc and x=0. At y=+ce, oy =—w/b, and at y=—c, oy =0. 


P.2.6 A two-dimensional isotropic sheet, having a Young’s modulus £ and linear coefficient of expansion œ, is 
heated nonuniformly, the temperature being T(x,v). Show that the Airy stress function ¢ satisfies the differential 
equation 


V7(V7¢ + EaT) =0 


where 


is the Laplace operator. 


P.2.7 Investigate the state of plane stress described by the following Airy stress function 


_ 30xy Oxy? 
— 4a 4a3 





$ 


over the square region x =—a to x=+a, y=—a to y=+a. Calculate the stress resultants per unit thickness over 
each boundary of the region. 


Ans. The stress function satisfies the biharmonic equation. Also, 





—3Qy 
when x=a, Ox = za? 

3 
when x =—a, Ox = 30y 

2a? 
and 
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Torsion of Solid Sections 


The elasticity solution of the torsion problem for bars of arbitrary but uniform cross section is accom- 
plished by the semi-inverse method (Section 2.3) in which assumptions are made regarding either stress 
or displacement components. The former method owes its derivation to Prandtl, the latter to St. Venant. 
Both methods are presented in this chapter together with the useful membrane analogy introduced by 
Prandtl. 





3.1 PRANDTL STRESS FUNCTION SOLUTION 


Consider the straight bar of uniform cross section shown in Fig. 3.1. It is subjected to equal but opposite 
torques 7 at each end, both of which are assumed to be free from restraint so that warping displacements 
w—that is, displacements of cross sections normal to and out of their original planes—are unrestrained. 
Further, we make the reasonable assumptions that since no direct loads are applied to the bar 


0, =0y=0,=0 
and that the torque is resisted solely by shear stresses in the plane of the cross section, giving 
Try = 0 


To verify these assumptions, we must show that the remaining stresses satisfy the conditions of equilib- 
rium and compatibility at all points throughout the bar and, in addition, fulfill the equilibrium boundary 
conditions at all points on the surface of the bar. 

If we ignore body forces, the equations of equilibrium (1.5) reduce as a result of our assumptions, to 





OT xz —0 OTyz —0 OTzx 4 OTyz 


=0 3.1 
Oz 0z ox oy Gil) 


The first two equations of Eqs. (3.1) show that the shear stresses t,z and t,z are functions of x and y 
only. Therefore, they are constant at all points along the length of the bar, which have the same x and 
y coordinates. At this stage, we turn to the stress function to simplify the process of solution. Prandtl 
introduced a stress function ¢ defined by 

ap ag 


ax = —Tzy ay = Tz (3.2) 
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Fig. 3.1 


Torsion of a bar of uniform, arbitrary cross section. 





which identically satisfies the third of the equilibrium equations (3.1) whatever form ¢ may take. 
Therefore, we have to find the possible forms of œ which satisfy the compatibility equations and the 
boundary conditions, the latter being, in fact, the requirement that distinguishes one torsion problem 
from another. 

From the assumed state of stress in the bar, we deduce that 


Ex = Ey = £z = Yyy = 0 (see Eqs. (1.42) and (1.46)) 


Further, since Tyz and T,z and hence jy, and yz are functions of x and y only, then the compatibility 
equations (1.21) through (1.23) are identically satisfied as is Eq. (1.26). The remaining compatibility 
equations, (1.24) and (1.25), are then reduced to 


o _ OVyz 4 OV xz =0 
ox ox oy 
3 OVyz i OVxz =0 
oy \ dx ay J 
Substituting initially for yz and yz from Eqs. (1.46) and then for t2,(=t,z) and Tzx(=Txz) from 


Eqs. (3.2) gives 
a 32 2 
ea a"o + ave =0 
əx (3x? 3y? 


a (a ? 
2 (6,28) ao 
dy \dx2 3y? 


a a 
—V’*¢=0 —-—V’¢=0, (3.3) 
ox oy 














or 
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where V? is the two-dimensional Laplacian operator 


2 8? 
— + —— 
(> za) 
Therefore, the parameter V?¢ is constant at any section of the bar so that the function ¢ must satisfy 
the equation 


rp a 
5 4 a = constant = F (say) ea 
x Y 


at all points within the bar. 

Finally, we must ensure that @ fulfills the boundary conditions specified by Eqs. (1.7). On the 
cylindrical surface of the bar, there are no externally applied forces so that ¥ = Y = Z = 0. The direction 
cosine n is also zero, and therefore the first two equations of Eqs. (1.7) are identically satisfied, leaving 
the third equation as the boundary condition; that is, 


TyzM + Txzl = 0 (3.5) 


The direction cosines / and m of the normal N to any point on the surface of the bar are, by reference 
to Fig. 3.2, 


i dy dx 
= — m = —— 
ds ds 
Substituting Eqs. (3.2) and (3.6) into Eq. (3.5), we have 
dpdx  dpdy _ 0 
əx ds dyds — 


(3.6) 


or 


ag 
“*_0 
ds 





Fig. 3.2 





Formation of the direction cosines / and m of the normal to the surface of the bar. 
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Thus, ¢ is constant on the surface of the bar, and since the actual value of this constant does not affect 
the stresses of Eq. (3.2), we may conveniently take the constant to be zero. Hence, on the cylindrical 
surface of the bar, we have the boundary condition 


o=0 (3.7) 


On the ends of the bar, the direction cosines of the normal to the surface have the values / = 0, m = 0, 
and n = 1. The related boundary conditions, from Eqs. (1.7), are then 


>I 
II 


Tzx 
Y = Tay 
Z=0 


We now observe that the forces on each end of the bar are shear forces which are distributed over the 
ends of the bar in the same manner as the shear stresses are distributed over the cross section. The 
resultant shear force in the positive direction of the x axis, which we shall call Sy, is then 


8.= [[Xavay= [f ade 


or, using the relationship of Eqs. (3.2), 


pa Sie al a 
oy oy 


as ¢ = 0 at the boundary. In a similar manner, S\,, the resultant shear force in the y direction, is 


ð 
S e 


It follows that there is no resultant shear force on the ends of the bar and the forces represent a torque 
of magnitude, referring to Fig. 3.3 


i (TzyX — Tzxy) dx dy 


in which we take the sign of T as being positive in the anticlockwise sense. 
Rewriting this equation in terms of the stress function @ 


r=- [f Pracar— ff yaro 
ox oy 


Integrating each term on the right-hand side of this equation by parts, and noting again that @ = 0 at all 
points on the boundary, we have 


r=2/ @ dx dy (3.8) 


ee 
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Fig. 3.3 


Derivation of torque on cross section of bar. 





Therefore, we are in a position to obtain an exact solution to a torsion problem if a stress function 
(x,y) can be found to satisfy Eq. (3.4) at all points within the bar and that vanishes on the surface 
of the bar, provided that the external torques are distributed over the ends of the bar in an identical 
manner to the distribution of internal stress over the cross section. Although the last proviso is generally 
impracticable, we know from St. Venant’s principle that only stresses in the end regions are affected; 
therefore, the solution is applicable to sections at distances from the ends usually taken to be greater than 
the largest cross-sectional dimension. We have now satisfied all the conditions of the problem without 
the use of stresses other than t,,, and t,,, demonstrating that our original assumptions were justified. 

Usually, in addition to the stress distribution in the bar, we must know the angle of twist and the 
warping displacement of the cross section. First, however, we shall investigate the mode of displacement 
of the cross section. We have seen that as a result of our assumed values of stress, 


Ex = £y = £z = Yy = 0 
It follows, from Eqs. (1.18) and the second of Eqs. (1.20), that 


ðu dv ðw ðv ðu 

== == +0 

ox oy oz əx oy 
which result leads to the conclusions that each cross section rotates as a rigid body in its own plane 
about a center of rotation or twist, and that although cross sections suffer warping displacements normal 
to their planes, the values of this displacement at points having the same coordinates along the length 
of the bar are equal. Therefore, each longitudinal fiber of the bar remains unstrained, as we have in fact 
assumed. 

Let us suppose that a cross section of the bar rotates through a small angle @ about its center of twist 

assumed coincident with the origin of the axes Oxy (see Fig. 3.4). Some point P(r, @) will be displaced 
to P’(r,a+@), the components of its displacement being 


u=—résina v=récosa 


ee 
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Fig. 3.4 





Rigid body displacement in the cross section of the bar. 


or 
u=—O0y v=0x (3.9) 
Referring to Eqs. (1.20) and (1.46) 


ðu ow _ Tex ðw ov _ ty 


Yen = a x G Vay) ae G 


Rearranging and substituting for u and v from Eqs. (3.9) 


Ow Try dO ðw Ty dé 
= + y = X 
ox G dz ay G dz 





(3.10) 


For a particular torsion problem Eqs. (3.10) enable the warping displacement w of the originally 
plane cross section to be determined. Note that since each cross section rotates as a rigid body, 6 is a 
function of z only. 

Differentiating the first of Eqs. (3.10) with respect to y, the second with respect to x, and subtracting, 


we have 
a 1 (= 7 <2) 49 
G\ oy ax dz 








Expressing Tz, and T,, in terms of ¢ gives 


Zo Io do 

Ste ae) nen et DG 

3x? A ay dz 
or, from Eq. (3.4) 

d 


6 
—2G D V* =F (constant) (3.11) 


VA 


ee 
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It is convenient to introduce a torsion constant J defined by the general torsion equation 


do 
T=GJ— (3.12) 
dz 


The product GJ is known as the torsional rigidity of the bar and may be written, from Eqs. (3.8) 
and (3.11), 


J=- [fear (3.13) 


Consider now the line of constant ¢ in Fig. 3.5. If s is the distance measured along this line from 
some arbitrary point, then 


OO gic: dpdy | dp dx 
ðs ay ds ax ds 


Using Eqs. (3.2) and (3.6), we may rewrite this equation as 
ð 
oe = Tal + Tym = 0 (3.14) 
Os 
From Fig. 3.5 the normal and tangential components of shear stress are 
Tzn = Taxl + TyM Tzs = Tzyl — Tx (3.15) 


Comparing the first of Eqs. (3.15) with Eq. (3.14), we see that the normal shear stress is zero so that 
the resultant shear stress at any point is tangential to a line of constant ¢. These are known as lines of 
shear stress or shear lines. 

Substituting ¢ in the second of Eqs. (3.15), we have 





$= Constant 


Fig. 3.5 





Lines of shear stress. 
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which may be written, from Fig. 3.5, as 


ea pals eng aoe ae 3.16 
zi əx dn Əy dn an ole) 
where, in this case, the direction cosines / and m are defined in terms of an elemental normal of 
length én. 
Therefore, we have shown that the resultant shear stress at any point is tangential to the line of shear 
stress through the point and has a value equal to minus the derivative of ¢ ina direction normal to the line. 


$$$ << 


Example 3.1 
Determine the rate of twist and the stress distribution in a circular section bar of radius R which is 
subjected to equal and opposite torques T at each of its free ends. E 


If we assume an origin of axes at the center of the bar, the equation of its surface is given by 
X+ =R? 
If we now choose a stress function of the form 
$ =C? +y- R?) (i) 


the boundary condition ¢ = 0 is satisfied at every point on the boundary of the bar and the constant C 
may be chosen to fulfill the remaining requirement of compatibility. Therefore, from Eqs. (3.11) and (i) 


4C = 2G! 
= dz 
so that 
G d0 
C=--— 
2 dz 
and 
dé 
$=-GEe +y—R))2 (ii) 
z 


Substituting for ¢ in Eq. (3.8) 


do 
a (Sew [fawr f avay) 
Z 


The first and second integrals in this equation both have the value 7R*/4, whereas the third integral is 
equal to 7 R?, the area of cross section of the bar. Then, 


do (aR*  xR* 
T =—G— (—_ + —_- 2 R' 
= 4 g ) 
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which gives 
Ri 
ra p 
2 dz 
that is, 
do ae 
T =GJ— (iii) 
dz 


in which J = x R4/2 = n D4 /32 (D is the diameter), the polar second moment of area of the bar’s cross 
section. 
Substituting for G(d0 /dz) in Eq. (ii) from (iii) 
TaD oo 8 
san -R 
p=- H ) 
and from Eqs. (3.2) 
ap Tx ð T 


Ty ==- ZT — t= = ——y 


əx J 


The resultant shear stress at any point on the surface of the bar is then given by 


4 fe 2. 2 
T= Ty t T 


that is, 
T 
t= 2 + 2 
pee 
that is, 
TR ; 
T= F7 (iv) 


The preceding argument may be applied to any annulus of radius r within the cross section of the 
bar so that the stress distribution is given by 


C= 


J 


and therefore increases linearly from zero at the center of the bar to a maximum 7R/J at the surface. 





Example 3.2 

A uniform bar has the elliptical cross section that is shown in Fig. 3.6 and is subjected to equal and 
opposite torques T at each of its free ends. Derive expressions for the rate of twist in the bar, the shear 
stress distribution, and the warping displacement of its cross section. m 
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Fig. 3.6 


Torsion of a bar of elliptical cross section. 





The semimajor and semiminor axes are a and b, respectively, so that the equation of its boundary is 


2 2 
x? y 
= e 1 
a i b 
If we choose a stress function of the form 
2 y ; 
o=c(5+5-1). (i) 


then the boundary condition ¢ = 0 is satisfied at every point on the boundary and the constant C may 
be chosen to fulfill the remaining requirement of compatibility. Thus, from Eqs. (3.11) and (1) 


2C Lyd = 2G% 
a bB) dz 


or 
dð ah’ o 
eSa (a2 +b?) © 

giving 
dð a&b? 2 y a 


Substituting this expression for ¢ in Eq. (3.8) establishes the relationship between the torque T and the 


rate of twist 
dð ab? 1 1 
PEG SS 2 nes 2 -f 
Cr GB) (= ffs ardyti ff» dx dy avay) 


The first and second integrals in this equation are the second moments of area J, = ma>b/4 and 
Lx = mab? /4, whereas the third integral is the area of the cross section A = xab. Replacing the integrals 


ee 
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by these values gives 


dð næb? 
T =G————- i 
dz (a? + b2) i) 
from which (see Eq. (3.12)) 
rab? 
= (v) 
(a+ + b*) 


The shear stress distribution is obtained in terms of the torque by substituting for the product 
G(d6 /dz) in Eq. (iii) from Eq. (iv) and then differentiating as indicated by the relationships of Eqs. (3.2). 
Thus, 

2Ty 2Tx 
Ege» LT ae 
mab ma’b 

So far we have solved for the stress distribution, Eqs. (vi), and the rate of twist, Eq. (iv). It remains 
to determine the warping distribution w over the cross section. For this we return to Eqs. (3.10) which 
become, on substituting from the preceding for tz,, tz), and d@/dz 


(vi) 








dw Ty T (a2 +b’) ðw 2Tx T (a2 +b?) 
ax mabG G nab > dy mabG G næb? x 
or 
ow T ðw T 
ore b2 7 en b2 tye ss 
Ox eG ay dy eG! ae 
Integrating both of Eqs. (vii) 
T(b* —a*) T(b* —a’*) 
Re ene en, eas ee 


The warping displacement given by each of these equations must have the same value at identical points 
(x, y). It follows that fi ~) = f2 (x) = 0. Hence, 

T(b? —a’) (viii) 

w= — x iii 
roba I ‘i 

Lines of constant w, therefore, describe hyperbolas with the major and minor axes of the elliptical cross 
section as asymptotes. Further, for a positive (anticlockwise) torque the warping is negative in the first 
and third quadrants (a > b) and positive in the second and fourth. 


3.2 ST. VENANT WARPING FUNCTION SOLUTION 


In formulating his stress function solution, Prandtl made assumptions concerned with the stress dis- 
tribution in the bar. The alternative approach presented by St. Venant involves assumptions as to the 
mode of displacement of the bar—namely, that cross sections of a bar subjected to torsion maintain 
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their original unloaded shape, although they may suffer warping displacements normal to their plane. 
The first of these assumptions leads to the conclusion that cross sections rotate as rigid bodies about 
a center of rotation or twist. This fact was also found to derive from the stress function approach of 
Section 3.1 so that, referring to Fig. 3.4 and Eq. (3.9), the components of displacement in the x and y 
directions of a point P in the cross section are 


u=—0y v=60x 


It is also reasonable to assume that the warping displacement w is proportional to the rate of twist and 
is therefore constant along the length of the bar. Hence, we may define w by the equation 


w= ya), 617 


where y (x,y) is the warping function. 

The assumed form of the displacements u, v, and w must satisfy the equilibrium and force boundary 
conditions of the bar. We note here that it is unnecessary to investigate compatibility, as we are concerned 
with displacement forms which are single-valued functions and therefore automatically satisfy the 
compatibility requirement. 

The components of strain corresponding to the assumed displacements are obtained from Eqs. (1.18) 
and (1.20) and are 


Ex = £y = Ez = Yy = 0 


dw ðu dO (> ) 


Vex = ZT ee 


ax az dz\ax > (3.18) 
aw | av X (Ptg) 

SS SS ae 

a əy oz dz \ oy 


The corresponding components of stress are, from Eqs. (1.42) and (1.46) 


Ox = Oy = 0z = Ty =0 


o2 (3t 
t= Nae (3.19) 


ag? LAR 
Tay = dz \ dy . 


Ignoring body forces, we see that these equations identically satisfy the first two of the equilibrium 
equations (1.5) and also that the third is fulfilled if the warping function satisfies the equation 
ry Py 2 
= he Vr = 0 3.20 
ae ay? y (3.20) 
The direction cosine n is zero on the cylindrical surface of the bar, and so the first two of the 
boundary conditions (Eqs. (1.7)) are identically satisfied by the stresses of Eqs. (3.19). The third equation 
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simplifies to 


(SH as)m4 (SM —y)i=0 6.21) 
oy ox 


It may be shown, but not as easily as in the stress function solution, that the shear stresses defined in 
terms of the warping function in Eqs. (3.19) produce zero resultant shear force over each end of the bar 
[Ref. 1]. The torque is found in a similar manner to that in Section 3.1 where, by reference to Fig. 3.3, 
we have 


p=) (TzyX — Tzxy) dx dy 


do av av 
r=6F [f +x)x- (> -»)»] vay (3.22) 


By comparison with Eq. (3.12) the torsion constant J is now, in terms of y 


[CeCe o 


The warping function solution to the torsion problem reduces to the determination of the warping 
function w which satisfies Eqs. (3.20) and (3.21). The torsion constant and the rate of twist follow from 
Eqs. (3.23) and (3.22); the stresses and strains from Eqs. (3.19) and (3.18); and, finally, the warping 
distribution from Eq. (3.17). 


or 





3.3. THE MEMBRANE ANALOGY 


Prandtl suggested an extremely useful analogy relating the torsion of an arbitrarily shaped bar to the 
deflected shape of a membrane. The latter is a thin sheet of material which relies for its resistance to 
transverse loads on internal in-plane or membrane forces. 

Suppose that amembrane has the same external shape as the cross section ofa torsion bar (Fig. 3.7(a)). 
It supports a transverse uniform pressure gq and is restrained along its edges by a uniform tensile force 
N/unit length as shown in Fig. 3.7(a) and (b). It is assumed that the transverse displacements of the 
membrane are small so that V remains unchanged as the membrane deflects. Consider the equilibrium 
of an element 5x6 of the membrane. Referring to Fig. 3.8 and summing forces in the z direction, we 
have 
2 


sot) + Sxdy = 0 
X X = 
r goxdy 





a a a? a a 
Ny oy ( X yer) Nx wor ( us 


ax əx ax? oy 
or 
3w 83w 


q 
pe phe = 3.24 
əx? 3y? N paa 


ee 
78 CHAPTER 3 Torsion of Solid Sections 


q O 





(a) (b) 
Fig. 3.7 





Membrane analogy: in-plane and transverse loading. 





Fig. 3.8 





Equilibrium of element of membrane. 


Equation (3.24) must be satisfied at all points within the boundary of the membrane. Furthermore, 
at all points on the boundary 


w=0 (3.25) 


and we see that by comparing Eqs. (3.24) and (3.25) with Eqs. (3.11) and (3.7), w is analogous to @ 
when q is constant. Thus, if the membrane has the same external shape as the cross section of the bar, 
then 


wx,y) = o(,y) 
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and 
q do 
= —F = 2G— 
N dz 

The analogy now being established, we may make several useful deductions relating the deflected 
form of the membrane to the state of stress in the bar. 

Contour lines or lines of constant w correspond to lines of constant ¢ or lines of shear stress in the 
bar. The resultant shear stress at any point is tangential to the membrane contour line and equal in value 
to the negative of the membrane slope, dw/0dn, at that point, the direction n being normal to the contour 
line (see Eq. (3.16)). The volume between the membrane and the xy plane is 


vol = [/ wavdy 


and we see that by comparison with Eq. (3.8) 


T = 2Vol 


The analogy therefore provides an extremely useful method of analyzing torsion bars possessing 
irregular cross sections for which stress function forms are not known. Hetényi [Ref. 2] describes 
experimental techniques for this approach. In addition to the strictly experimental use of the analogy, it 
is also helpful in the visual appreciation of a particular torsion problem. The contour lines often indicate 
a form for the stress function, enabling a solution to be obtained by the method of Section 3.1. Stress 
concentrations are made apparent by the closeness of contour lines, where the slope of the membrane 
is large. These are in evidence at sharp internal corners, cut-outs, discontinuities, and so on. 





3.4 TORSION OF A NARROW RECTANGULAR STRIP 


In Chapter 17, we shall investigate the torsion of thin-walled open section beams, the development of 
the theory being based on the analysis of a narrow rectangular strip subjected to torque. We now conve- 
niently apply the membrane analogy to the torsion of such a strip shown in Fig. 3.9. The corresponding 
membrane surface has the same cross-sectional shape at all points along its length except for small 
regions near its ends where it flattens out. If we ignore these regions and assume that the shape of the 
membrane is independent of y, then Eq. (3.11) simplifies to 
2 
CR Ge 
dx? dz 


Integrating twice 


do 
@ =—-G—x?+ Bx+C 
dz 





Substituting the boundary conditions ¢ = 0 at x = +¢/2, we have 


_ de}, ty) 
o=-o% | -(5) | (3.26) 
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Fig. 3.9 


Torsion of a narrow rectangular strip. 





Although ¢ does not disappear along the short edges of the strip and therefore does not give an exact 
solution, the actual volume of the membrane differs only slightly from the assumed volume so that 
the corresponding torque and shear stresses are reasonably accurate. Also, the maximum shear stress 
occurs along the long sides of the strip where the contours are closely spaced, indicating, in any case, 
that conditions in the end region of the strip are relatively unimportant. 

The stress distribution is obtained by substituting Eq. (3.26) in Eqs. (3.2), and then 





do 
Ty = 20x Tx =0 (3.27) 
the shear stress varying linearly across the thickness and attaining a maximum 
dé 
Tzy,max = EOT (3.28) 


at the outside of the long edges as predicted. The torsion constant J follows from the substitution of 
Eq. (3.26) into (3.13), giving 
_ st? 


Jaz (3.29) 


and 
3T 


Tzy, max = —37 
7 st? 


These equations represent exact solutions when the assumed shape of the deflected membrane is 
the actual shape. This condition arises only when the ratio s/t approaches infinity; however, for ratios 
in excess of 10, the error is of the order of only 6 percent. Obviously, the approximate nature of the 
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solution increases as s/t decreases. Therefore, in order to retain the usefulness of the analysis, a factor 
u is included in the torsion constant; that is, 


_ ust? 
ae 


Values of u for different types of section are found experimentally and quoted in various references 
[Refs. 3, 4]. We observe that as s/t approaches infinity, u approaches unity. 

The cross section of the narrow rectangular strip of Fig. 3.9 does not remain plane after loading 
but suffers warping displacements normal to its plane; this warping may be determined using either of 
Eqs. (3.10). From the first of these equations 


J 





ðw do 
— =y— 3.30 
aoe (3.30) 
since Tz, = 0 (see Eqs. (3.27)). Integrating Eq. (3.30), we obtain 
dé 
w= + constant (3.31) 


Since the cross section is doubly symmetrical w = 0 at x = y = 0, so that the constant in Eq. (3.31) is 
zero. Therefore 


0 
w =y (3.32) 


and the warping distribution at any cross section is as shown in Fig. 3.10. 


Warping of 


3 t 
cross section ~~s/ 





Fig. 3.10 


Warping of a thin rectangular strip. 
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We should not close this chapter without mentioning alternative methods of solution of the torsion 
problem. These in fact provide approximate solutions for the wide range of problems for which exact 
solutions are not known. Examples of this approach are the numerical finite difference method and the 
Rayleigh—Ritz method based on energy principles [Ref. 5]. 
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Problems 


P.3.1 Show that the stress function ¢ = k(r?—a’) is applicable to the solution of a solid circular section bar of 
radius a. Determine the stress distribution in the bar in terms of the applied torque, the rate of twist, and the warping 
of the cross section. 

Is it possible to use this stress function in the solution for a circular bar of hollow section? 


Ans. t=Tr/Iy, where Ip = nat /2, 
d0 /dz = 2T /Grat, w = 0 everywhere. 


P.3.2 Deduce a suitable warping function for the circular section bar of P.3.1 and hence derive the expressions 
for stress distribution and rate of twist. 
Ty Tx Tr dé T 
Ans. w=0, ER Ty = p T= T F ar 
P.3.3 Show that the warping function y = kxy, in which k is an unknown constant, may be used to solve the 
torsion problem for the elliptical section of Example 3.2. 


P.3.4 Show that the stress function 


0 
p=-62 


dz 


le aeae a lia a2 2 9 
[5 THe T3") - 571 


is the correct solution for a bar having a cross section in the form of the equilateral triangle shown in Fig. P.3.4. 
Determine the shear stress distribution, the rate of twist, and the warping of the cross section. Find the position and 
magnitude of the maximum shear stress. 


Ans. dé 3x? 3y? 
y= 6 (1-42) 


dé 3x 
ar oa (+ =) 
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: a _d0 
Tmax (at center of each side) = — zf E 
dð 15/3T 
dz Gat 
= —— (y -3 : 
WS ae 07 = 3x°y) 


Determine the maximum shear stress and the rate of twist in terms of the applied torque T for the section 


P.3.5 
comprising narrow rectangular strips shown in Fig. P.3.5. 


cee ie 
“RS 


Fig. P.3.5 


Ans. Tmax =3T/(Qa +b), d0/dz =3T/G(Qa+bť. 


This page intentionally left blank 


Virtual Work and Energy 
Methods 


Many structural problems are statically determinate; in other words, the support reactions and internal 
force systems may be found using simple statics where the number of unknowns is equal to the number of 
equations of equilibrium available. In cases where the number of unknowns exceeds the possible number 
of equations of equilibrium—for example, a propped cantilever beam—other methods of analysis are 
required. 

The methods fall into two categories and are based on two important concepts; the first, which is 
presented in this chapter, is the principle of virtual work. This is the most fundamental and powerful 
tool available for the analysis of statically indeterminate structures and has the advantage of being 
able to deal with conditions other than those in the elastic range. The second, based on strain energy, 
can provide approximate solutions of complex problems for which exact solutions do not exist and is 
discussed in Chapter 5. In some cases, the two methods are equivalent, since, although the governing 
equations differ, the equations themselves are identical. 

In modern structural analysis, computer-based techniques are widely used; these include the flexi- 
bility and stiffness methods (see Chapter 6). However, the formulation of, say, stiffness matrices for the 
elements of a complex structure is based on one of the preceding approaches so that a knowledge and 
understanding of their application is advantageous. 





4.1 WORK 


Before we consider the principle of virtual work in detail, it is important to clarify exactly what is meant 
by work. The basic definition of work in elementary mechanics is that “work is done when a force 
moves its point of application”. However, we shall require a more exact definition, since we shall be 
concerned with work done by both forces and moments and with the work done by a force when the 
body on which it acts is given a displacement, which is not coincident with the line of action of the 
force. 

Consider the force, F’, acting on a particle, A, in Fig. 4.1(a). If the particle is given a displacement, A, 
by some external agency so that it moves to A’ in a direction at an angle a to the line of action of F, the 
work, Wr, done by F is given by 


Wr = F(Acosqa) (4.1) 
or 


Wr = (F cosa)A (4.2) 


Copyright © 2010, T. H. G. Megson. Published by Elsevier Ltd. All rights reserved. 
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NID 


a 
NID 





(a) 


(c) 


Fig. 4.1 


Work done by a force and a moment. 





Therefore, we see that the work done by the force, F, as the particle moves from A to A’ may be regarded 
as either the product of F and the component of A in the direction of F (Eq. (4.1)) or as the product of 
the component of F in the direction of A and A (Eq. (4.2)). 

Now, consider the couple (pure moment) in Fig. 4.1(b) and suppose that the couple is given a small 
rotation of 8 radians. The work done by each force F is then F (a/2)0 so that the total work done, Wc, 
by the couple is 


Wo = F260 +F=6 = Fao 
OTRS JTRS 


It follows that the work done, Wm, by the pure moment, M, acting on the bar AB in Fig. 4.1(c) as it is 
given a small rotation, 0, is 


Wu =M9 (4.3) 


Note that in the preceding, the force, F, and moment, M, are in position before the displacements 
take place and are not the cause of them. Also, in Fig. 4.1(a), the component of A parallel to the 
direction of F is in the same direction as F; if it had been in the opposite direction, the work done would 
have been negative. The same argument applies to the work done by the moment, M, where we see in 
Fig. 4.1(c) that the rotation, 0, is in the same sense as M. Note also that if the displacement, A, had 
been perpendicular to the force, F, no work would have been done by F. 

Finally, it should be remembered that work is a scalar quantity since it is not associated with direction 
(in Fig. 4.1(a) the force F does work if the particle is moved in any direction). Thus, the work done by 
a series of forces is the algebraic sum of the work done by each force. 





4.2 PRINCIPLE OF VIRTUAL WORK 


The establishment of the principle will be carried out in stages. First we shall consider a particle, then a 
rigid body, and finally a deformable body, which is the practical application we require when analyzing 
structures. 
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4.2.1 Principle of Virtual Work for a Particle 


In Fig. 4.2, a particle, A, is acted on by a number of concurrent forces, F1, F2, ..., Fk,- . Fr; the resultant 
of these forces is R. Suppose that the particle is given a small arbitrary displacement, Ay, to A’ in some 
specified direction; Ay is an imaginary or virtual displacement and is sufficiently small so that the 
directions of F1,F2, and so on are unchanged. Let Op be the angle that the resultant, R, of the forces 
makes with the direction of Ay and 6), 62,...,0,,...,6, the angles that F),F',...,F%,...,/; make with 
the direction of A,, respectively. Then, from either of Eqs. (4.1) or (4.2), the total virtual work, Wr, 
done by the forces Fas the particle moves through the virtual displacement, Ay, is given by 


Wr = Fi Ay cos 01 + Fro Aycos62 +---+ FeAy cos; +---+ F;Ay cos 6, 


Thus, 


r 


Wr= >) Fi Av cos 9 
k=1 


or, since A, is a fixed, although imaginary displacement, 


r 


Wr = Ay > Fr cosg (4.4) 
k=1 


In Eq. (4.4), >"; Fx cos 0x is the sum of all the components of the forces, F, in the direction of 
Ay and therefore must be equal to the component of the resultant, R, of the forces, F, in the direction 
of Ay; that is, 


: 
Wr = Ay >| Fycos 0 = AyRoosOp (4.5) 
k=1 





Fig. 4.2 


Virtual work for a system of forces acting on a particle. 
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If the particle, A, is in equilibrium under the action of the forces, F1, F2,...,Fk,..., Fp, the resultant, R, 
of the forces is zero. It follows from Eq. (4.5) that the virtual work done by the forces, F, during the 
virtual displacement, Ay, is zero. 

We can, therefore, state the principle of virtual work for a particle as follows: 


Ifa particle is in equilibrium under the action of a number of forces, the total work done by the forces 
for a small arbitrary displacement of the particle is zero. 


It is possible for the total work done by the forces to be zero even though the particle is not in equilibrium 
if the virtual displacement is taken to be in a direction perpendicular to their resultant, R. We cannot, 
therefore, state the converse of the preceding principle unless we specify that the total work done must 
be zero for any arbitrary displacement. Thus: 


A particle is in equilibrium under the action of a system of forces if the total work done by the forces 
is zero for any virtual displacement of the particle. 


Note that in the preceding, Ay is a purely imaginary displacement and is not related in any way to the 
possible displacement of the particle under the action of the forces, F. Ay has been introduced purely as 
a device for setting up the work—equilibrium relationship of Eq. (4.5). The forces, F, therefore remain 
unchanged in magnitude and direction during this imaginary displacement; this would not be the case 
if the displacement were real. 


4.2.2 Principle of Virtual Work for a Rigid Body 


Consider the rigid body shown in Fig. 4.3, which is acted on by a system of external forces, 
F\,F»,...,F%,...,F. These external forces will induce internal forces in the body, which may be 
regarded as comprising an infinite number of particles; on adjacent particles, such as A; and Ag, these 


Fo 


Self-equilibrating internal forces 


F, Fk 
Fig. 4.3 





Virtual work for a rigid body. 
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internal forces will be equal and opposite, in other words self-equilibrating. Suppose now that the rigid 
body is given a small, imaginary—that is, virtual—displacement, A, (or a rotation or a combination of 
both), in some specified direction. The external and internal forces then do virtual work, and the total 
virtual work done, W+, is the sum of the virtual work, We, done by the external forces and the virtual 
work, W;, done by the internal forces. Thus, 


W, = Ws + Wi (4.6) 


Since the body is rigid, all the particles in the body move through the same displacement, Ay, so that the 
virtual work done on all the particles is numerically the same. However, for a pair of adjacent particles, 
such as A, and Az in Fig. 4.3, the self-equilibrating forces are in opposite directions, which means that 
the work done on A, is opposite in sign to the work done on A». Therefore, the sum of the virtual work 
done on A, and Az is zero. The argument can be extended to the infinite number of pairs of particles in 
the body from which we conclude that the internal virtual work produced by a virtual displacement in 
a rigid body is zero. Equation (4.6) then reduces to 


W= We (4.7) 


Since the body is rigid and the internal virtual work is therefore zero, we may regard the body as 
a large particle. It follows that if the body is in equilibrium under the action of a set of forces, 
Fı,F2,...,Fk,... Fp, the total virtual work done by the external forces during an arbitrary virtual 
displacement of the body is zero. 


E 
Example 4.1 
Calculate the support reactions in the simply supported beam shown in Fig. 4.4. E 


Only a vertical load is applied to the beam so that only vertical reactions, Ra and Rc, are produced. 

Suppose that the beam at C is given a small imaginary—that is, a virtual—displacement, Ay, c, in 
the direction of Rc as shown in Fig. 4.4(b). Since we are concerned here solely with the external forces 
acting on the beam, we may regard the beam as a rigid body. Therefore, the beam rotates about A so 
that C moves to C’ and B moves to B’. From similar triangles, we see that 


a ay (i) 

= 2 i 
a+b IS 

The total virtual work, W+, done by all the forces acting on the beam is then given by 


AvB Av.c = 
W; = RcAyc — W AvB (ii) 


Note that the work done by the load, W, is negative, since Ays is in the opposite direction to its line of 
action. Note also that the support reaction, Ra, does no work since the beam only rotates about A. Now 
substituting for Ayp in Eq. (ii) from Eq. (i), we have 


Wi = Rede — WF Ave (iii) 
Since the beam is in equilibrium, W+ is zero from the principal of virtual work. Hence, from Eq. (iii) 


Rc Ay,c — Ww Ay,c = 0 
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Ay + OyL 





Fig. 4.4 





Use of the principle of virtual work to calculate support reactions. 
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which gives 
a 
Rc=W- 
SRT 


which is the result that would have been obtained from a consideration of the moment equilibrium of 
the beam about A. Ra follows in a similar manner. Suppose now that instead of the single displacement 


Av c, the complete beam is given a vertical virtual displacement, Ay, together with a virtual rotation, 
6, about A as shown in Fig. 4.4(c). The total virtual work, W+, done by the forces acting on the beam 
is now given by 


Wi = Ra Ay — W(Ay +a6)) + Rc(Ay + L6y) = 0 (iv) 
since the beam is in equilibrium. Rearranging Eq. (iv) 
(Ra + Rc — W)Ay + (RcL — Wa), = 0 (v) 
Equation (v) is valid for all values of Ay and 6, so that 
Rat+Rkc-W=0 RcL—-Wa=0 


which are the equations of equilibrium we would have obtained by resolving forces vertically and taking 
moments about A. 

It is not being suggested here that the application of the principles of statics should be abandoned 
in favor of the principle of virtual work. The purpose of Example 4.1 is to illustrate the application of 
a virtual displacement and the manner in which the principle is used. 


4.2.3 Virtual Work in a Deformable Body 


In structural analysis, we are not generally concerned with forces acting on a rigid body. Structures 
and structural members deform under load, which means that if we assign a virtual displacement to a 
particular point in a structure, not all points in the structure will suffer the same virtual displacement as 
would be the case if the structure were rigid. This means that the virtual work produced by the internal 
forces is not zero as it is in the rigid body case since the virtual work produced by the self-equilibrating 
forces on adjacent particles does not cancel out. The total virtual work produced by applying a virtual 
displacement to a deformable body acted on by a system of external forces is therefore given by 
Eq. (4.6). 

If the body is in equilibrium under the action of the external force system, then every particle in the 
body is also in equilibrium. Therefore, from the principle of virtual work, the virtual work done by the 
forces acting on the particle is zero irrespective of whether the forces are external or internal. It follows 
that, since the virtual work is zero for all particles in the body, it is zero for the complete body and 
Eq. (4.6) becomes 

W.+W,=0 (4.8) 
Note that in the preceding argument, only the conditions of equilibrium and the concept of work are 
employed. Therefore, Eq. (4.8) does not require the deformable body to be linearly elastic (i.e., it need 
not obey Hooke’s law) so that the principle of virtual work may be applied to any body or structure that 
is rigid, elastic, or plastic. The principle does require that displacements, whether real or imaginary, 
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must be small, so that we may assume that external and internal forces are unchanged in magnitude and 
direction during the displacements. In addition, the virtual displacements must be compatible with the 
geometry of the structure and the constraints that are applied, such as those at a support. The exception is 
the situation we have in Example 4.1, where we apply a virtual displacement at a support. This approach 
is valid since we include the work done by the support reactions in the total virtual work equation. 


4.2.4 Work Done by Internal Force Systems 


The calculation of the work done by an external force is straightforward in that it is the product of 
the force and the displacement of its point of application in its own line of action (Eqs. (4.1), (4.2), or 
(4.3)), whereas the calculation of the work done by an internal force system during a displacement is 
much more complicated. Generally, no matter how complex a loading system is, it may be simplified 
to a combination of up to four load types: axial load, shear force, bending moment, and torsion; these 
in turn produce corresponding internal force systems. We shall now consider the work done by these 
internal force systems during arbitrary virtual displacements. 


Axial Force 


Consider the elemental length, ôx, of a structural member as shown in Fig. 4.5 and suppose that it is 
subjected to a positive internal force system comprising a normal force (i.e., axial force), N; a shear 






Cross-sectional 
area, A 


Fig. 4.5 





Virtual work due to internal force system. 
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force, S; a bending moment, M; and a torque, T, produced by some external loading system acting on 
the structure of which the member is part. The stress distributions corresponding to these internal forces 
are related to an axis system whose origin coincides with the centroid of area of the cross section. We 
shall, in fact, be using these stress distributions in the derivation of expressions for internal virtual work 
in linearly elastic structures so that it is logical to assume the same origin of axes here; we shall also 
assume that the y axis is an axis of symmetry. Initially, we shall consider the normal force, N. 

The direct stress, ø , at any point in the cross section of the member is given by o = N/A. Therefore, 
the normal force on the element 5A at the point (z, y) is 


ôN ôA N så 
=o =e 
A 


Suppose now that the structure is given an arbitrary virtual displacement which produces a virtual axial 
strain, éy, in the element. The internal virtual work, 5wj,,, done by the axial force on the elemental 
length of the member is given by 


N 
iwi = fF dae, ax 
A 


which, since [,d4 =A, reduces to 
bwin = Ney dx (4.9) 


In other words, the virtual work done by N is the product of N and the virtual axial displacement of 
the element of the member. For a member of length L, the virtual work, wi y, done during the arbitrary 
virtual strain is then 


my= | Nevdx (4.10) 
L 


For a structure comprising a number of members, the total internal virtual work, Wi y, done by axial 
force is the sum of the virtual work of each of the members. Therefore, 


win =, f Needy (4.11) 
L 


Note that in the derivation of Eq. (4.11), we have made no assumption regarding the material properties 
of the structure so that the relationship holds for nonelastic as well as elastic materials. However, for a 
linearly elastic material—in other words, one that obeys Hooke’s law—we can express the virtual strain 
in terms of an equivalent virtual normal force: 
Ov Ny 
& = SS > 
“Y E EA 
Therefore, if we designate the actual normal force in a member by Na, Eq. (4.11) may be expressed in 
the form 





NAN. 
win =>, ar (4.12) 
L 
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Shear Force 


The shear force, S, acting on the member section in Fig. 4.5 produces a distribution of vertical shear stress 
which depends on the geometry of the cross section. However, since the element, 5A, is infinitesimally 
small, we may regard the shear stress, t, as constant over the element. The shear force, ôS, on the 
element is then 


8S =rôA (4.13) 


Suppose that the structure is given an arbitrary virtual displacement which produces a virtual shear 
strain, yy, at the element. This shear strain represents the angular rotation in a vertical plane of the 
element ôA x ôx relative to the longitudinal centroidal axis of the member. The vertical displacement 
at the section being considered is, therefore, yy dx. The internal virtual work, dwj,s, done by the shear 
force, S, on the elemental length of the member is given by 


ôwi,s = | raay ôx 
A 


A uniform shear stress through the cross section of a beam may be assumed if we allow for the actual 
variation by including a form factor, 6 [Ref. 1]. The expression for the internal virtual work in the 


member may then be written as 
ms= fof ) ars ax 


or 
ôwi s = BSyy ôx (4.14) 
Hence, the virtual work done by the shear force during the arbitrary virtual strain in a member of length 
Lis 
wis = Bf Syed (4.15) 
L 


For a linearly elastic member, as in the case of axial force, we may express the virtual shear strain, yy, 
in terms of an equivalent virtual shear force, Sy: 





Ww Sy 
Grad 
so that from Eq. (4.15) 
Sas. 
cd | ANY ae (4.16) 


For a structure comprising a number of linearly elastic members the total internal work, W; s, done by 


the shear forces is 
SAS: 
"s= Xe] G AS dy (4.17) 
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Bending Moment 

The bending moment, M, acting on the member section in Fig. 4.5 produces a distribution of direct 
stress, o, through the depth of the member cross section. The normal force on the element, 6A, cor- 
responding to this stress is therefore o 5A. Again we shall suppose that the structure is given a small 
arbitrary virtual displacement which produces a virtual direct strain, ey, in the element 54 x 6x. Thus, 
the virtual work done by the normal force acting on the element ôA is o ôA ey ôx. Hence, integrating 
over the complete cross section of the member, we obtain the internal virtual work, ôwi m, done by the 
bending moment, M, on the elemental length of member: 


wi M = fo dAey ôx (4.18) 
A 


The virtual strain, ey, in the element 54 x 6x is, from Eq. (15.2), given by 


&y = 


Ry 


where Ry is the radius of curvature of the member produced by the virtual displacement. Thus, 
substituting for ey in Eq. (4.18), we obtain 


Yy 
wi M = fe ae ôx 
A 


or, since oy ôA is the moment of the normal force on the element, 54, about the z axis, 


wi M = x ô. 
Wi = R x 
Therefore, for a member of length L, the internal virtual work done by an actual bending moment, Ma, 
is given by 


M, 
E J ZA dx (4.19) 
Vv 
L 


In the derivation of Eq. (4.19), no specific stress-strain relationship has been assumed, so that it is 
applicable to a nonlinear system. For the particular case of a linearly elastic system, the virtual curvature 
1/R, may be expressed in terms of an equivalent virtual bending moment, My, using the relationship of 
Eq. (15.8): 





1 M 
Ry El 
Substituting for 1/R, in Eq. (4.19), we have 
MaMy 
iM = dx 4.2 
Wi, M EI ( 0) 


L 
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so that for a structure comprising a number of members the total internal virtual work, Wi m, produced 
by bending is 


MaM, 
Wim = EJE (4.21) 
L 


Torsion 


The internal virtual work, w;,7, due to torsion in the particular case of a linearly elastic circular section 
bar may be found in a similar manner and is given by 


TaTy 
iT = dx 4.22 
wna f (4.22) 





L 


in which J, is the polar second moment of area of the cross section of the bar (see Example 3.1). For 
beams of noncircular cross section, J) is replaced by a torsion constant, J, which, for many practical 
beam sections is determined empirically. 


Hinges 

In some cases, it is convenient to impose a virtual rotation, 0,, at some point in a structural member 
where, say, the actual bending moment is Ma. The internal virtual work done by Ma is then Ma 0, (see 
Eq. (4.3)); physically this situation is equivalent to inserting a hinge at the point. 


Sign of Internal Virtual Work 

So far we have derived expressions for internal work without considering whether it is positive or 

negative in relation to external virtual work. Suppose that the structural member, AB, in Fig. 4.6(a) is, 

say, a member of a truss and that it is in equilibrium under the action of two externally applied axial 

tensile loads, P; clearly the internal axial, that is normal, force at any section of the member is P. 
Suppose now that the member is given a virtual extension, ôy, such that B moves to B’. Then the 

virtual work done by the applied load, P, is positive, since the displacement, ôy, is in the same direction 


A B 
P<—— 





——> P 


(a) 


P 





(b) 
Fig. 4.6 





Sign of the internal virtual work in an axially loaded member. 
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as its line of action. However, the virtual work done by the internal force, N (=P), is negative, since the 
displacement of B is in the opposite direction to its line of action; in other words, work is done on the 
member. Thus, from Eq. (4.8), we see that in this case 


W,=W; (4.23) 


Equation (4.23) would apply if the virtual displacement had been a contraction and not an extension, 
in which case the signs of the external and internal virtual work in Eq. (4.8) would have been reversed. 
Clearly, the preceding applies equally if P is a compressive load. The previous arguments may be 
extended to structural members subjected to shear, bending, and torsional loads, so that Eq. (4.23) is 
generally applicable. 


4.2.5 Virtual Work due to External Force Systems 


So far in our discussion, we have only considered the virtual work produced by externally applied 
concentrated loads. For completeness, we must also consider the virtual work produced by moments, 
torques, and distributed loads. 

In Fig. 4.7, a structural member carries a distributed load, w(x), and ata particular point a concentrated 
load, W; a moment, M; and a torque, T. Suppose that at the point a virtual displacement is imposed that 
has translational components, A, and A,., parallel to the y and x axes, respectively, and rotational 
components, 6, and @y, in the yx and zy planes, respectively. 

If we consider a small element, 5x, of the member at the point, the distributed load may be regarded 
as constant over the length ôx and acting, in effect, as a concentrated load w(x)éx. The virtual work, 
We, done by the complete external force system is therefore given by 


We = W Ayy +P Ayx +My + Toy + [wordy 
L 





Fig. 4.7 





Virtual work due to externally applied loads. 
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For a structure comprising a number of load positions, the total external virtual work done is then 


We= >| WAyy + PAvx + MO, + Toy + J w(x) Ayy dx (4.24) 
L 
In Eq. (4.24), there need not be a complete set of external loads applied at every loading point, so in 
fact the summation is for the appropriate number of loads. Further, the virtual displacements in the 
preceding are related to forces and moments applied in a vertical plane. We could, of course, have 
forces and moments and components of the virtual displacement in a horizontal plane, in which case 
Eq. (4.24) would be extended to include their contribution. 
The internal virtual work equivalent of Eq. (4.24) for a linear system is, from Eqs. (4.12), (4.17), 
(4.21), and (4.22) 


ned la NaN, 
(4.25) 


in which the last term on the right-hand side is the virtual work produced by an actual internal moment 
at a hinge (see preceding). Note that the summation in Eq. (4.25) is taken over all the members of the 
structure. 

















re MaM a. T, 
A t/a + [Garba 


4.2.6 Use of Virtual Force Systems 


So far, in all the structural systems we have considered, virtual work has been produced by actual forces 
moving through imposed virtual displacements. However, the actual forces are not related to the virtual 
displacements in any way, since, as we have seen, the magnitudes and directions of the actual forces are 
unchanged by the virtual displacements so long as the displacements are small. Thus, the principle of 
virtual work applies for any set of forces in equilibrium and any set of displacements. Equally, therefore, 
we could specify that the forces are a set of virtual forces in equilibrium and that the displacements are 
actual displacements. Therefore, instead of relating actual external and internal force systems through 
virtual displacements, we can relate actual external and internal displacements through virtual forces. 

If we apply a virtual force system to a deformable body, it will induce an internal virtual force system 
which will move through the actual displacements; internal virtual work will therefore be produced. In 
this case, for example, Eq. (4.10) becomes 


WiN = [Nena 


in which J, is the internal virtual normal force and é, is the actual strain. Then, for a linear system, in 
which the actual internal normal force is Na, ¢4 =Na/EA, so that for a structure comprising a number 
of members, the total internal virtual work due to a virtual normal force is 


Win = 2j NNA iy 


which is identical to Eq. (4.12). Equations (4.17), (4.21), and (4.22) may be shown to apply to virtual 
force systems in a similar manner. 
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4.3 APPLICATIONS OF THE PRINCIPLE OF VIRTUAL WORK 


We have now seen that the principle of virtual work may be used either in the form of imposed virtual 
displacements or in the form of imposed virtual forces. Generally the former approach, as we saw in 
Example 4.1, is used to determine forces, while the latter is used to obtain displacements. 

For statically determinate structures, the use of virtual displacements to determine force systems is 
a relatively trivial use of the principle, although problems of this type provide a useful illustration of the 
method. The real power of this approach lies in its application to the solution of statically indeterminate 
structures. However, the use of virtual forces is particularly useful in determining actual displacements 
of structures. We shall illustrate both approaches by examples. 


a _ 


Example 4.2 
Determine the bending moment at the point B in the simply supported beam ABC shown in 
Fig. 4.8(a). = 


We determined the support reactions for this particular beam in Example 4.1. In this example, 
however, we are interested in the actual internal moment, Mpg, at the point of application of the load. 
Therefore, we must impose a virtual displacement, which will relate the internal moment at B to the 
applied load and exclude other unknown external forces, such as the support reactions, and unknown 
internal force systems, such as the bending moment distribution along the length of the beam. Therefore, 





(b) 


Fig. 4.8 





Determination of bending moment at a point in the beam of Example 4.2 using virtual work. 
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if we imagine that the beam is hinged at B and that the lengths AB and BC are rigid, a virtual displacement, 
Ay,p, at B will result in the displaced shape shown in Fig. 4.8(b). 

Note that the support reactions at A and C do no work and that the internal moments in AB and BC 
do no work because AB and BC are rigid links. From Fig. 4.8(b) 


Av,p = aB = ba (i) 
Hence, 
a 
a= zÊ 
and the angle of rotation of BC relative to AB is then 
a L 7 
Op =B+a=P(1+5)=<8 (i 


Now equating the external virtual work done by W to the internal virtual work done by Mg (see 
Eq. (4.23)), we have 


W ^v B = MgôB (iii) 


Substituting in Eq. (iii) for Ay B from Eq. (i) and for 6g from Eq. (ii), we have 


L 
WaB = Mg z 
which gives 
Wab 
Mg = — 
BoI 
which is the result we would have obtained by calculating the moment of Rc (=Wa/L from Example 4.1) 
about B. 
E 
Example 4.3 
Determine the force in the member AB in the truss shown in Fig. 4.9(a). E 


We are required to calculate the force in the member AB, so that again we need to relate this internal 
force to the externally applied loads without involving the internal forces in the remaining members of 
the truss. We therefore impose a virtual extension, Ay B, at B in the member AB, such that B moves 
to B’. If we assume that the remaining members are rigid, the forces in them will do no work. Further, 
the triangle BCD will rotate as a rigid body about D to B’C’D as shown in Fig. 4.9(b). The horizontal 
displacement of C, Ac, is then given by 


Ac = 4a 
while 


AyB = 3a 
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C 30kN 
4m 

D 10kN 

B > 
4m 


A E 
DZ DIZ 
3m 
(a) 
Fig. 4.9 


Determination of the internal force in a member of a truss using virtual work. 








(b) 





Hence, 
4AvB ¥ 
= 1 
> © 
Equating the external virtual work done by the 30KN load to the internal virtual work done by the 
force, Fga, in the member, AB, we have (see Eq. (4.23) and Fig. 4.6) 





Ac 


304c = FBA AvB (ii) 
Substituting for Ac from Eq. (i) in Eq. (ii), 
30 x Avg = FBA Ôv B 
Hence, 
Fga = +40kN (ie., Fpa is tensile) 


In the preceding we are, in effect, assigning a positive (1.e., tensile) sign to Fpa by imposing a virtual 
extension on the member AB. 
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The actual sign of Fg, is then governed by the sign of the external virtual work. Thus, if the 30kN 
load had been in the opposite direction to Ac, the external work done would have been negative, so 
that Fga would be negative and therefore compressive. This situation can be verified by inspection. 
Alternatively, for the loading as shown in Fig. 4.9(a), a contraction in AB would have implied that Fpa 
was compressive. In this case, DC would have rotated in an anticlockwise sense, and Ac would have 
been in the opposite direction to the 30 KN load so that the external virtual work done would be negative, 
resulting in a negative value for the compressive force Fga; Fga would therefore be tensile as before. 
Note also that the 10kN load at D does no work, since D remains undisplaced. 

We shall now consider problems involving the use of virtual forces. Generally, we shall require the 
displacement of a particular point in a structure, so that if we apply a virtual force to the structure at the 
point and in the direction of the required displacement, the external virtual work done will be the product 
of the virtual force and the actual displacement, which may then be equated to the internal virtual work 
produced by the internal virtual force system moving through actual displacements. Since the choice 
of the virtual force is arbitrary, we may give it any convenient value; the simplest type of virtual force 
is therefore a unit load, and the method then becomes the unit load method (see also Section 5.5). 


E 
Example 4.4 
Determine the vertical deflection of the free end of the cantilever beam shown in Fig. 4.10(a). = 


Let us suppose that the actual deflection of the cantilever at B produced by the uniformly distributed 
load is vg and that a vertically downward virtual unit load was applied at B before the actual deflection 


Z w 





(b) 
Fig. 4.10 


Deflection of the free end of a cantilever beam using the unit load method. 
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took place. The external virtual work done by the unit load is, from Fig. 4.10(b), 1 ug. The deflection, ug, 
is assumed to be caused by bending only; in other words, we are ignoring any deflections due to shear. 
The internal virtual work is given by Eq. (4.21), which, since only one member is involved, becomes 


L 
MaMy 


z | G) 


Wim = 
0 
The virtual moments, My, are produced by a unit load so that we shall replace My by M1. Then 


L 
MaM, 
EI 





Wim = 
0 


dx Gi) 
At any section of the beam a distance x from the built-in end 


w 2 
Mea =a) M, =—-1(L—x) 


Substituting for Ma and Mı in Eq. (ii) and equating the external virtual work done by the unit load to 
the internal virtual work, we have 


L 


=] ax’ 
lw = | ou x)? dx 
0 


which gives 
L 
See li —x)4 
BD SORE A f 


S wL4 
~ SET 


Note that ug is in fact negative, but the positive sign here indicates that it is in the same direction as the 
unit load. 


O 
Example 4.5 
Determine the rotation—that is, the slope—of the beam ABC shown in Fig. 4.11(a) at A. = 


so that 


UB 


The actual rotation of the beam at A produced by the actual concentrated load, W, is 04. Let us 
suppose that a virtual unit moment is applied at A before the actual rotation takes place, as shown in 
Fig. 4.11(b). The virtual unit moment induces virtual support reactions of Ry,4 (=1/L) acting downward 
and Ry,c (=1/L) acting upward. The actual internal bending moments are 


wW 
Ma=+>x 0<x<L/2 


W 
Ma=+5(L-x) L/2<x<L 
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(a) 


Unit moment 





(b) 


Fig. 4.11 
Determination of the rotation of a simply supported beam at a support using the unit load method. 
The internal virtual bending moment is 
1 
Meal 0<x<L 


The external virtual work done is 16, (the virtual support reactions do no work as there is no vertical 
displacement of the beam at the supports), and the internal virtual work done is given by Eq. (4.21). 


Hence, 
L/2 L 
1 W x W x i 
10A = [odes f Fe-0(1-Z)a (i) 
0 L/2 
Simplifying Eq. (i), we have 
L/2 L 
wW 
6, = IT J (Lx — x? )dx + / (L —x)*dx (ii) 
0 L/2 
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Hence, 
W x2 3542/2 
oN ee 2 pea 
A m =|. gee 
from which 
WL? 
Opens 
A 16EI 
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Calculate the vertical deflection of the joint B and the horizontal movement of support D in the truss 
shown in Fig. 4.12(a). The cross-sectional area of each member is 1800 mm? and Young’s modulus, £, 


for the material of the members is 200000 N/mm. 


The virtual force systems—that is, unit loads—required to determine the vertical deflection of B and 
the horizontal deflection of D are shown in Fig. 4.12(b) and (c), respectively. Therefore, if the actual 
vertical deflection at B is ôg, and the horizontal deflection at D is 5p 4, the external virtual work done 
by the unit loads is 15, and 1p, respectively. The internal actual and virtual force systems comprise 


axial forces in all the members. 





(b) 


Fig. 4.12 





Deflection of a truss using the unit load method. 
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These axial forces are constant along the length of each member so that for a truss comprising n 
members, Eq. (4.12) reduces to 


n 
Fa jFyjL; s 
mpap A © 
=] I. 


in which F', ; and Fy, ; are the actual and virtual forces in the jth member, which has a length L;, an area 
of cross-section 4;, and a Young’s modulus £;. 
Since the forces Fy; are due to a unit load, we shall write Eq. (i) in the form 


n 

Fa Fik; si 

W; N= 5 J LJ (ii) 
fai Ejj 


Also, in this particular example, the area of cross section, 4, and Young’s modulus, E, are the same for 
all members so that it is sufficient to calculate Ži Fa jF jLj and then divide by EA to obtain Wi y. 

The forces in the members, whether actual or virtual, may be calculated by the method of joints. Note 
that the support reactions corresponding to the three sets of applied loads (one actual and two virtual) 
must be calculated before the internal force systems can be determined. However, in Fig. 4.12(c), it is 
clear from inspection that F| an =F1,3c=F1,cp=+1, while the forces in all other members are zero. 
The calculations are presented in Table 4.1; note that positive signs indicate tension and negative signs 
compression. 

Thus, equating internal and external virtual work done (Eq. (4.23)), we have 


























1263.6 x 10° 
logy = on 
; 200000 x 1800 
hence 
ôB, = 3.51 mm 
Table 4.1 
Member L(m) Fa (kN) FıB Fip FaFı,BL (kN m) FaFı,pL (kN m) 
AE 5.7 —84.9 —0.94 O +451.4 o 
AB 4.0 +60.0 +0.67 +1.0 +160.8 +240.0 
EF 4.0 —60.0 —0.67 O +160.8 O 
EB 4.0 +20.0 +0.67 O +53.6 o 
BF 5.7 —28.3 +0.47 O —75.2 o 
BC 4.0 +80.0 +0.33 +1.0 +105.6 +320.0 
CD 4.0 +80.0 +0.33 +1.0 +105.6 +320.0 
CF 4.0 +100.0 O o o 0 
DF Sef —113.1 —0.47 o +301.0 0 
> =+1263.6 > =+880.0 
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and 


880 x 106 


Ree 
Dh = 300000 x 1800 


which gives 
ôD,h = 2.44mm 


Both deflections are positive, which indicates that the deflections are in the directions of the applied 
unit loads. Note that in the preceding, it is unnecessary to specify units for the unit load since the unit 
load appears, in effect, on both sides of the virtual work equation (the internal F', forces are directly 
proportional to the unit load). 





Reference 
[1] Megson, T.H.G., Structural and Stress Analysis, 2nd edition, Elsevier, 2005. 


Problems 


P.4.1 Use the principle of virtual work to determine the support reactions in the beam ABCD shown in 
Fig. P.4.1. 


Ans. Ra =1.25W Rp=1.75W. 





Li2 L/4 L/4 


Fig. P.4.1 


P.4.2 Find the support reactions in the beam ABC shown in Fig. P.4.2 using the principle of virtual work. 


Ans. Ra =(W+2wL)/4 Ro = Gw+2wL)/4. 
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3L/4 L/4 


Fig. P.4.2 


P.4.3 Determine the reactions at the built-in end of the cantilever beam ABC shown in Fig. P.4.3 using the 
principle of virtual work. 


Ans. Ra =3W Ma =2.5WL. 


; w 2W 
I A B 
c 
L/2 L/2 
Fig. P.4.3 


P.4.4 Find the bending moment at the three-quarter-span point in the beam shown in Fig. P.4.4. Use the principle 
of virtual work. 


Ans.  3wL?/32. 





Fig. P.4.4 


P.4.5 Calculate the forces in the members FG, GD, and CD of the truss shown in Fig. P.4.5 using the principle 
of virtual work. All horizontal and vertical members are 1m long. 


Ans. FG=+20kN GD=+28.3kN CD=—20kN. 
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Fig. P.4.5 


P.4.6 Use the principle of virtual work to calculate the vertical displacements at the quarter- and mid-span points 
in the beam shown in Fig. P.4.6. 


Ans. 57wLf/6144EI 5wL*4/384EI (both downward). 





Fig. P.4.6 
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Energy Methods 


In Chapter 2, we saw that the elasticity method of structural analysis embodies the determination of 
stresses and/or displacements by using equations of equilibrium and compatibility in conjunction with 
the relevant force-displacement or stress-strain relationships. In addition, in Chapter 4, we investigated 
the use of virtual work in calculating forces, reactions, and displacements in structural systems. A 
powerful alternative but equally fundamental approach is the use of energy methods. These, while 
providing exact solutions for many structural problems, find their greatest use in the rapid approximate 
solution of problems for which exact solutions do not exist. Also, many structures which are statically 
indeterminate—in other words, they cannot be analyzed by the application of the equations of statical 
equilibrium alone—may be conveniently analyzed using an energy approach. Further, energy methods 
provide comparatively simple solutions for deflection problems which are not readily solved by more 
elementary means. 

Generally, as we shall see, modern analysis [Ref. 1] uses the methods of total complementary energy 
and total potential energy (TPE). Either method may be used to solve a particular problem, although as 
a general rule deflections are more easily found using complementary energy and forces by potential 
energy. 

Although energy methods are applicable to a wide range of structural problems and may even 
be used as indirect methods of forming equations of equilibrium or compatibility [Refs. 1, 2], we 
shall be concerned in this chapter with the solution of deflection problems and the analysis of statically 
indeterminate structures. We shall also include some methods restricted to the solution of linear systems: 
the unit load method, the principle of superposition, and the reciprocal theorem. 


5.1 STRAIN ENERGY AND COMPLEMENTARY ENERGY 


Figure 5.1(a) shows a structural member subjected to a steadily increasing load P. As the member 
extends, the load P does work, and from the law of conservation of energy, this work is stored in the 
member as strain energy. A typical load—deflection curve for a member possessing nonlinear elastic 
characteristics is shown in Fig. 5.1(b). The strain energy U produced by a load P and corresponding 
extension y is then 


y 
U= | Pdy (5.1) 
| 
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Complementary energy C 


A B 


Strain energy U 





D 
O Sy— |-— Y Deflection 





(a) (b) 
Fig. 5.1 
(a) Strain energy of a member subjected to simple tension; (b) load—deflection curve for a nonlinearly elastic 
member. 


and is clearly represented by the area OBD under the load—deflection curve. Engesser (1889) called the 
area OBA above the curve the complementary energy C, and from Fig. 5.1(b), 


P 
C= | ydP (5.2) 
/ 


Complementary energy, as opposed to strain energy, has no physical meaning, being purely a convenient 
mathematical quantity. However, it is possible to show that complementary energy obeys the law of 
conservation of energy in the type of situation usually arising in engineering structures so that its use 
as an energy method is valid. 

Differentiation of Eqs. (5.1) and (5.2) with respect to y and P, respectively, gives 


dU dC 


aw 
Bearing these relationships in mind, we can now consider the interchangeability of strain and 
complementary energy. Suppose that the curve of Fig. 5.1(b) is represented by the function 


P=by" 


where the coefficient b and exponent n are constants. Then, 


f 1 r PN” 
n b 

0 0 

P 


y 
c= fyap=n by" dy 
0 0 


a 
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Load 
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0 y 


Deflection 
Fig. 5.2 


Load-deflection curve for a linearly elastic member. 





Hence, 
dU dU 1/P\'/" 1 
oe ad eee ee Sal 5. 
dy dP 3) n? (33) 
dC dC j 
ap 7! ao =nP (5.4) 
When n= 1, 
=P 
és ic C% 
dP dP 


and the strain and complementary energies are completely interchangeable. Such a condition is found in 
a linearly elastic member; its related load—deflection curve is shown in Fig. 5.2. Clearly, area OBD(U) 
is equal to area OBA(C). 

It will be observed that the latter of Eqs. (5.5) is in the form of what is commonly known as 
Castigliano’s first theorem, in which the differential of the strain energy U of a structure with respect to 
a load is equated to the deflection of the load. To be mathematically correct, however, it is the differential 
of the complementary energy C which should be equated to deflection (compare Eqs. (5.3) and (5.4)). 





5.2 THE PRINCIPLE OF THE STATIONARY VALUE OF THE TOTAL 
COMPLEMENTARY ENERGY 


Consider an elastic system in equilibrium supporting forces P1, P2,...,P, which produce real corre- 
sponding displacements A;, Az,..., Ay. If we impose virtual forces 6P1, 5P2,...,5P, on the system 
acting through the real displacements, then the total virtual work done by the system (see Chapter 4) is 


- [ yar +S a,sP, 


vol r=] 
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The first term in the preceding expression is the negative virtual work done by the particles in the elastic 
body, while the second term represents the virtual work of the externally applied virtual forces. From 
the principle of virtual work, 


- [vaP +X aP, =0 (5.6) 


vol rl 


Comparing Eq. (5.6) with Eq. (5.2), we see that each term represents an increment in complementary 
energy—the first, of the internal forces, and the second, of the external loads. Equation (5.6) may 
therefore be rewritten as 


8(Ci + Ce) =0 (5.7) 


where 


P n 
c= | [var and Ce=—) A,P, (5.8) 
r=1 


vol 0 


We shall now call the quantity (Cj + Ce) the total complementary energy C of the system. 

The displacements specified in Eq. (5.6) are real displacements of a continuous elastic body; they 
therefore obey the condition of compatibility of displacement so that Eqs. (5.6) and (5.7) are equations 
of geometrical compatibility. The principle of the stationary value of the total complementary energy 
may then be stated as follows: 


For an elastic body in equilibrium under the action of applied forces the true internal forces (or 
stresses) and reactions are those for which the total complementary energy has a stationary value. 


In other words, the true internal forces (or stresses) and reactions are those which satisfy the condition 
of compatibility of displacement. This property of the total complementary energy of an elastic system 
is particularly useful in the solution of statically indeterminate structures, in which an infinite number 
of stress distributions and reactive forces may be found to satisfy the requirements of equilibrium. 





5.3 APPLICATION TO DEFLECTION PROBLEMS 


Generally, deflection problems are most readily solved by the complementary energy approach, although 
for linearly elastic systems there is no difference between the methods of complementary and potential 
energy, since, as we have seen, complementary and strain energy then become completely interchange- 
able. We shall illustrate the method by reference to the deflections of frames and beams which may or 
may not possess linear elasticity. 

Let us suppose that we want to find the deflection A» of the load P2 in the simple pin-jointed 
framework consisting, say, of k members and supporting loads P), P2,...,Pn, as shown in Fig. 5.3. 
From Eqs. (5.8), the total complementary energy of the framework is given by 


k Fi n 


c=. J idF; — $ AP, (5.9) 


i=1 0 r=1 


ee 
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Pe 


Fig. 5.3 


Determination of the deflection of a point on a framework by the method of complementary energy. 





where À; is the extension of the ith member, F; is the force in the ith member, and A, is the corresponding 
displacement of the rth load P,. From the principle of the stationary value of the total complementary 
energy, 





k 
aC OF; 
— = Xe —A»,=0 5.10 
57 apy (5.10) 
from which 
An = ; noe (5.11) 
2 Le“ ap, 


i=1 
Equation (5.10) is seen to be identical to the principle of virtual forces in which virtual forces 5F' and 
ôP act through real displacements à and A. Clearly, the partial derivatives with respect to P2 of the 
constant loads P1, P2,...,Pn vanish, leaving the required deflection Az as the unknown. At this stage, 
before A> can be evaluated, the load—displacement characteristics of the members must be known. For 
linear elasticity, 


_ FiLi 


ie 
AjE; 





where L;, Æi, and E; are the length, the cross-sectional area, and the modulus of elasticity of the 
ith member, respectively. On the other hand, if the load-displacement relationship is of a nonlinear 
form, say, 


Fi =b)" 
in which b and c are known, then Eq. (5.11) becomes 


k 1/c 
F; OF; 
Ay = ae 
3 a OP) 


i=1 





The computation of Az is best accomplished in tabular form, but before the procedure is illustrated by 
an example, some aspects of the solution merit discussion. 
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We note that the support reactions do not appear in Eq. (5.9). This convenient absence derives 
from the fact that the displacements A}, Az,..., A, are the real displacements of the frame and fulfill 
the conditions of geometrical compatibility and boundary restraint. The complementary energy of 
the reaction at A and the vertical reaction at B is therefore zero, since both of their corresponding 
displacements are zero. If we examine Eq. (5.11), we note that A; is the extension of the ith member of 
the framework due to the applied loads P1, P2,...,P,. Therefore, the loads F; in the substitution for A; in 
Eq. (5.11) are those corresponding to the loads P;, P2,...,P,. The term 0F;/0P>2 in Eq. (5.11) represents 
the rate of change of F; with P2 and is calculated by applying the load P2 to the unloaded frame and 
determining the corresponding member loads in terms of P2. This procedure indicates a method for 
obtaining the displacement of either a point on the frame in a direction not coincident with the line of 
action of a load or, in fact, a point such as C which carries no load at all. We place at the point and in 
the required direction a fictitious or dummy load, say Pp, the original loads being removed. The loads 
in the members due to Pr are then calculated and dF/0Pr, obtained for each member. Substitution in 
Eq. (5.11) produces the required deflection. 

It must be pointed out that it is not absolutely necessary to remove the actual loads during the 
application of Ps. The force in each member would then be calculated in terms of the actual loading 
and Pr. F; follows by substituting Pp =0, and 0F;/dP¢ is found by differentiation with respect to Pr. 
Obviously the two approaches yield the same expressions for F; and 0F;/dP¢, although the latter is 
arithmetically clumsier. 


ee 
Example 5.1 

Calculate the vertical deflection of the point B and the horizontal movement of D in the pin-jointed 
framework shown in Fig. 5.4(a). All members of the framework are linearly elastic and have cross- 
sectional areas of 1800 mm?. E for the material of the members is 200000N/mm7. = 


The members of the framework are linearly elastic so that Eq. (5.11) may be written as 





k 
F;L; oF, i 
A= Mi 

DAE, aP @) 


or since each member has the same cross-sectional area and modulus of elasticity, 


k 
1 OF; 
A=—)> FL;— (ii) 
AB aP 


The solution is completed in Table 5.1, in which F are the member forces due to the actual loading 
of Fig. 5.4(a), Fp are the member forces due to the fictitious load Pp in Fig. 5.4(b), and Fp s are 
the forces in the members produced by the fictitious load Pp in Fig. 5.4(c). We take tensile forces as 
positive and compressive forces as negative. 

The vertical deflection of B is 


1268 x 10° 


= = 3.52 mm 
1800 x 200000 


B,v 


ee 
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Fig. 5.4 


(a) Actual loading of framework; (b) determination of vertical deflection of B; (c) determination of horizontal 
deflection of D. 








Table 5.1 

® (©) © ® © © © x 10° ®x 10° 

Member (mm) F(N) Fg N) 3Fpg,t/3Pgt Fos(N) 3Fps/əPps FLOFps/8Pa¢ FLƏFps/ə3Pp,t 

AE 4000/2 —60000/2 —2/2PB£/3 —24/2/3 0 0 320/2 0 

EF 4000 — 60000 —2Pp£/3 —2/3 0 0 160 0 

FD 4000/2 —80000/2 —/2Pp¢/3 — f2/3 0 0 640,/2/3 0 

DC 4000 80000 Pg£/3 1/3 Pos 1 320/3 320 

CB 4000 80000 Pg £/3 1/3 Pps 1 320/3 320 

BA 4000 60000 2Pg,f/3 2/3 Pps 1 480/3 240 

EB 4000 20000 2Pg£/3 2/3 0 0 160/3 0 

FB 4000/2 —20000/2 /2Pp¢/3 J/2/3 0 0 — 160./2/3 0 

FC 4000 100000 0 0 0 0 0 0 
¥ =1268 > =880 
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and the horizontal movement of D is 


_ 880 x 10° 
~ 1800 x 200000 


which agree with the virtual work solution (Example 4.6). The positive values of Ap, and Ap» indicate 
that the deflections are in the directions of Pp.¢ and Pps. 

The analysis of beam deflection problems by complementary energy is similar to that of pin-jointed 
frameworks, except that we assume initially that displacements are caused primarily by bending action. 
Shear force effects are discussed later in the chapter. Figure 5.5 shows a tip-loaded cantilever of uniform 
cross section and length L. The tip load P produces a vertical deflection Ay which we want to find. 
The total complementary energy C of the system is given by 


AD,h = 2.44 mm 


c= f fæan-pa, (5.12) 


L 0 


in which i dé dM is the complementary energy of an element 5z of the beam. This element subtends 
an angle 60 at its center of curvature due to the application of the bending moment M. From the principle 
of the stationary value of the total complementary energy, 


ac dM 
L 


dM 
Ay = 0 — 5.1 
[oot s 
L 


or 


Equation (5.13) is applicable to either a nonlinear or a linear elastic beam. To proceed further, therefore, 
we require the load—displacement (/—0) and bending moment-load (/—P) relationships. It is imma- 
terial for the purposes of this illustrative problem whether the system is linear or nonlinear since the 
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Beam deflection by the method of complementary energy. 
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mechanics of the solution are the same in either case. We choose therefore a linear M—6 relationship as 
this is the case in the majority of the problems we consider. Hence, from Fig. 5.5, 


60 = K6z 
or 
M 1 EI 
do = We (z = from simple beam theory) 


where the product modulus of elasticity x second moment of area of the beam cross section is known 
as the bending or flexural rigidity of the beam. Also, 


M = Pz 
so that 
dM 
dP =Z 
Substitution for dô, M, and dM/dP in Eq. (5.13) gives 
L 
Pz? 
enya 
0 
or 
PE? 
Y 32I 


The fictitious load method of the framework example may be used in the solution of beam deflection 
problems where we require deflections at positions on the beam other than concentrated load points. 
Suppose that we are to find the tip deflection Ar of the cantilever of the previous example in which 
the concentrated load has been replaced by a uniformly distributed load of intensity w per unit length 
(see Fig. 5.6). First, we apply a fictitious load Pr at the point where the deflection is required. The total 
complementary energy of the system is 


M L 

c= | faam- arri- f awaz 
L 0 0 
w/unit length P; 





Fig. 5.6 





Deflection of a uniformly loaded cantilever by the method of complementary energy. 
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where the symbols take their previous meanings and A is the vertical deflection of any point on the 


beam. Then, 
aC f aM 
— = | dd—-—A7=0 5.14 
3Pr / aP T G 
As before 
M 
dé = —dz 
EI 
but 
wz2 
M = Pgz + y (Pr = 0) 
Hence, 
aM 
eee ly 
oPr 


Substituting in Eq. (5.14) for d0, M and 3M /3Pf, and remembering that Pr =0, we have 


wz? 
AT = EI 
0 
giving 
aya! 
BEI 


It will be noted that here, unlike the method for the solution of the pin-jointed framework, the 
fictitious load is applied to the loaded beam. There is, however, no arithmetical advantage to be gained 
by the former approach although the result would obviously be the same, since M would equal wz? /2 
and ƏM /ƏəPf would have the value z. 


$$$ 


Example 5.2 
Calculate the vertical displacements of the quarter and the midspan points B and C of the simply 
supported beam of length Z and the flexural rigidity EJ loaded, as shown in Fig. 5.7. E 


The total complementary energy C of the system including the fictitious loads Pg,f and Pc. is 


L 


M 
C= | dam -Prtan- Perac- f Awd (i) 
L 0 0 


Hence, 


oC oM 

—— = | dd—— — A^Ag=0 ii 

i Pki | T a G) 
L 


ee 
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Deflection of a simply supported beam by the method of complementary energy. 

















and 
aC aM 
— = | dd—  —-Ac=0 iii 
OPCs / Por S eh 
L 
Assuming a linearly elastic beam, Eqs. (ii) and (iii) become 
1 f aM 
Ap=— | M———d i 
R a Par (w) 
0 
1 f aM 
Ac=— |M d 
c= rrj” Pa © © 
0 
From A to B, 
Hp pee lp pW. wz? 
TNI E AR DJA A 
so that 
aM 3 ƏM 1 
= nez, Si. 
ƏPgf 4 > OPce 2 
From B to C, 
E slp 4 wh wz? B L 
= Z Z 
4 B,f 7 C,f 2 2 B,f 4 
giving 
aM 1 aM 1 
(L —2z), = 





oPat 4 Por 2 
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From C to D, 
Mel aei rat ta sey 
TAP HEI GEE g ETE A, 
so that 
aM 1 aM 1 
= -(L—z) = -(L — z2) 
əƏPge 4 əƏPcf 2 
Substituting these values in Eqs. (iv) and (v) and remembering that Pgs =Pc s =0, we have, from 
Eq. (iv), 
L/4 L/2 
1 wLz  wz~\ 3 wLz wz-\ 1 
AB = — — — — }-zd — — — ]-(L—-z)d 
B= [CG =) geet f (5 e)a oe 
0 L/4 
L 
wLz wz2\1 
J — — — }]-(L—z)dz 
2 2/4 
L/2 
from which 
119wL4 
Ag = —— 
24576EI 
Similarly, 
5wL4 
C — 384E 


The fictitious load method of determining deflections may be streamlined for linearly elastic systems 
and is then termed the unit load method; this we shall discuss later in the chapter. 


5.4 APPLICATION TO THE SOLUTION OF STATICALLY 
INDETERMINATE SYSTEMS 


In a statically determinate structure, the internal forces are determined uniquely by simple statical 
equilibrium considerations. This is not the case for a statically indeterminate system in which, as we 
have already noted, an infinite number of internal force or stress distributions may be found to satisfy 
the conditions of equilibrium. The true force system is, as we demonstrated in Section 5.2, the one 
satisfying the conditions of compatibility of displacement of the elastic structure or, alternatively, that 
for which the total complementary energy has a stationary value. We shall apply the principle to a variety 
of statically indeterminate structures, beginning with the relatively simple singly redundant pin-jointed 
frame shown in Fig. 5.8 in which each member has the same value of the product AE. 

The first step is to choose the redundant member. In this example, no advantage is gained by the 
choice of any particular member, although in some cases careful selection can result in a decrease in 
the amount of arithmetical labor. Taking BD as the redundant member, we assume that it sustains a 


ee 
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Fig. 5.8 


Analysis of a statically indeterminate framework by the method of complementary energy. 





tensile force R due to the external loading. The total complementary energy of the framework is, with 
the notation of Eq. (5.9), 


Hence, 
k 

aC OF; 

— =) Ai =0 (5.15) 

ə OR 
or, assuming linear elasticity, 

k 
1 OF; 
EEL (5.16) 
i=1 


The solution is now completed in Table 5.2, where, as in Table 5.1, positive signs indicate tension. 
Hence, from Eq. (5.16), 


4.83RL + 2.707PL = 0 
or 
R = —0.56P 


Substitution for R in column ® of Table 5.2 gives the force in each member. Having determined the 
forces in the members, then the deflection of any point on the framework may be found by the method 
described in Section 5.3. 

Unlike the statically determinate type, statically indeterminate frameworks may be subjected to self- 
straining. Thus, internal forces are present before external loads are applied. Such a situation may be 
caused by a local temperature change or by an initial lack of fit of a member. Suppose that the member 
BD of the framework of Fig. 5.8 is short by a known amount Apg when the framework is assembled but 
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Table 5.2 

© @ © @® © 

Member Length F dF /dR FLOF/dR 

AB L —R/./2 —1//2 RL/2 

BC L —R/./2 —1//2 RL/2 

CD L —(P+R/V/2) —1//2 L(P+R/V2)/ 4/2 

DA L —R/./2 —1//2 RL/2 

AC J2L J2P+R 1 L(2P+./2R) 

BD J2L R 1 J2RL 
D=4.83RL-+2.707PL 








is forced to fit. The load R in BD will then have suffered a displacement Ap in addition to that caused 
by the change in length of BD produced by the load P. The total complementary energy is then 


k H 
C=)" | udri- PA-RAr 
i=1 0 


and 
ac aF; 
a A iR R 
or 
il OF; 
Ar=— Y FiL;— 5.17 
2 IE Pap nD 


Obviously, the summation term in Eq. (5.17) has the same value as in the previous case so that 


Pip Sep ee 3K 
pats 4.83L ? 


Hence, the forces in the members are due to both applied loads and initial lack of fit. 

Some care should be given to the sign of the lack of fit Ar. We note here that the member BD is 
short by an amount Az so that the assumption of a positive sign for Ar is compatible with the tensile 
force R. If BD were initially too long, then the total complementary energy of the system would be 
written as 


k t 
C= > [war — PA —R(—ApR) 
i=1 0 
giving 
k 
1 OF; 
-Ar = — ` Filiz 
AE 4 OR 


1= 
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E 
Example 5.3 

Calculate the loads in the members of the singly redundant pin-jointed framework shown in Fig. 5.9. 
The members AC and BD are 30mm? in cross section, and all other members are 20mm° in cross 


section. The members AD, BC, and DC are each 800mm long. E =200000N/mm?. a 


From the geometry of the framework ABD =CBD= 30°; therefore, BD=AC=800/3 mm. 
Choosing CD as the redundant member and proceeding from Eq. (5.16), we have 





k 
1 Fil; OFi _ . 
Aa () 
i 
i=l 


From Table 5.3, we have 


Ep aR 
Lu A; ƏR 
i=1 





= —268 + 129.2R = 0 


Hence, R=2.1N and the forces in the members are tabulated in column @ of Table 5.3. 





Fig. 5.9 


Framework of Example 5.3. 








Table 5.3 Tension positive 
© © © ® ® © © 
Member L(mm) A(mm?) F(N) ƏF/ðƏR (FL/A)ðF/ðR Force (N) 
AC 800/3 30 50—/3R/2 —/3/2  —2000+20/3R 48.2 
CB 800 20 86.6+R/2 1/2 1732+ 10R 87.6 
BD 800/3 30 S IRIZ = /3 2 20./3R —1.8 
CD 800 20 R 1 40R 2.1 
AD 800 20 R/2 1/2 10R 1.0 
X= —2684 129.2R 
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Fig. 5.10 


Framework of Example 5.4. 








Example 5.4 

A plane, pin-jointed framework consists of six bars forming a rectangle ABCD 4000 mm by 3000mm 
with two diagonals, as shown in Fig. 5.10. The cross-sectional area of each bar is 200mm?, and 
the frame is unstressed when the temperature of each member is the same. Because of the local con- 
ditions, the temperature of one of the 3000mm members is raised by 30°C. Calculate the resulting 
forces in all the members if the coefficient of linear expansion «œ of the bars is 7 x 1076 /°C. E = 
200 000 N/mm?. i 


Suppose that BC is the heated member; then the increase in length of BC =3000 x 30 x 
7 x 10~© =0.63 mm. Therefore, from Eq. (5.17), 


k 


1 OF; 
Hg Nya 
200 x 200000 2 FL aR © 


i=1 
Substitution from the summation of column © in Table 5.4 into Eq. (i) gives 


R= —0.63 x 200 x 200000 — _595N 
48000 


Column © of Table 5.4 is now completed for the force in each member. 

So far, our analysis has been limited to singly redundant frameworks, although the same procedure 
may be adopted to solve a multi-redundant framework of, say, m redundancies. Therefore, instead of a 
single equation of the type (5.15), we would have m simultaneous equations 





aC. OF; 
aR ZNR =0 (j=1,2,...,m) 
i=1 

from which the m unknowns R1,R2,...,Rm would be obtained. The forces F' in the members follow, 
being expressed initially in terms of the applied loads and Rj, R2,..., Rm. 

Other types of statically indeterminate structure are solved by the application of total complementary 
energy with equal facility. The propped cantilever of Fig. 5.11 is an example of a singly redundant beam 
structure for which total complementary energy readily yields a solution. 


ae 
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Table 5.4 Tension positive 
© ©) © ® © © 
Member L(mm) F(N) OF/dR FLOF/0dR Force (N) 
AB 4000 4R/3 4/3 64000R/9 —700 
BC 3000 R 1 3000R —525 
CD 4000 4R/3 4/3 64000R/9 —700 
DA 3000 R 1 3000R —525 
AC 5000 —5R/3 5/3 125000R/9 875 
DB 5000 —5R/3 5/3 125000R/9 875 

x =48000R 











Fig. 5.11 


Analysis of a propped cantilever by the method of complementary energy. 





The total complementary energy of the system is, with the notation of Eq. (5.12), 


M 


c= | [seam Pac— Rade 
LO 


where Ac and Ag are the deflections at C and B, respectively. Usually, in problems of this type, Ag is 
either a zero for a rigid support or a known amount (sometimes in terms of Rp) for a sinking support. 
Hence, for a stationary value of C, 


from which equation Rg may be found; Rg being contained in the expression for the bending moment M. 

Obviously, the same procedure is applicable to a beam having a multiredundant support system—for 
example, a continuous beam supporting a series of loads P|, P2,...,Pn. The total complementary energy 
of such a beam would be given by 


M m n 
c= | [wam-F ra- Pa 
L 0 fal r=1 
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where R; and Aj are the reaction and known deflection (at least in terms of R;) of the jth support point 
in a total of m supports. The stationary value of C gives 


2E for Ar=0 (f=1,2 ) 
aR; ðR; J J yes >’ 


producing m simultaneous equations for the m unknown reactions. 

The intention here is not to suggest that continuous beams are best or most readily solved by the 
energy method; the moment distribution method produces a more rapid solution, especially for beams 
in which the degree of redundancy is large. Instead, the purpose is to demonstrate the versatility and 
power of energy methods in their ready solution of a wide range of structural problems. A complete 
investigation of this versatility is impossible here due to restriction of space; in fact, whole books have 
been devoted to this topic. We therefore limit our analysis to problems peculiar to the field of aircraft 
structures with which we are primarily concerned. The remaining portion of this section is therefore 
concerned with the solution of frames and rings possessing varying degrees of redundancy. 

The frameworks we considered in the earlier part of this section and in Section 5.3 comprised 
members capable of resisting direct forces only. Of a more general type are composite frameworks 
in which some or all of the members resist bending and shear loads in addition to direct loads. It 
is usual, however, except for the thin-walled structures in Part B of this book, to ignore deflections 
produced by shear forces. We only consider, therefore, bending and direct force contributions to the 
internal complementary energy of such structures. The method of analysis is illustrated in the following 
example. 





Example 5.5 

The simply supported beam ABC shown in Fig. 5.12 is stiffened by an arrangement of pin-jointed bars 
capable of sustaining axial loads only. If the cross-sectional area of the beam is Ap and that of the bars 
is A, calculate the forces in the members of the framework assuming that displacements are caused by 





bending and direct force action only. = 
L/2 L/2 
L/4 |P 
A E B c Cross-sectional 


Area Ag 






P 


mn 


Cross- sectional 
Area 4 


Fig. 5.12 


Analysis of a trussed beam by the method of complementary energy. 





ae 
5.4 Application to the Solution of Statically Indeterminate Systems 129 


We observe that if the beam were only capable of supporting direct loads, then the structure would 
be a relatively simple statically determinate pin-jointed framework. Since the beam resists bending 
moments (we are ignoring shear effects), the system is statically indeterminate with a single redundancy, 
the bending moment at any section of the beam. The total complementary energy of the framework is 
given, with the notation previously developed, by 


cm f favawsd fan —PA (i) 


ABC 0 i=1 9 
If we suppose that the tensile load in the member ED is R, then, for C to have a stationary value, 
k 
OF; 
ao | wo dé —. Rts Ni aR =0 (ii) 
ABC 


At this point, we assume the appropriate load—displacement relationships; again we shall take the system 
to be linear so that Eq. (ii) becomes 
L k 
M 0M FiLi ðFi 
EI ðR l AiE ƏR 





(iii) 
0 
The two terms in Eq. (iii) may be evaluated separately, bearing in mind that only the beam ABC 


contributes to the first term, while the complete structure contributes to the second. Evaluating the 
summation term by a tabular process, we have Table 5.5. Summation of column © in Table 5.5 gives 





k 
FL, OF; _ RL ( 1 r) (iv) 


L AiE OR 4E \Ap A 


The bending moment at any section of the beam between A and F is 





3 3 0M 3 
M = -Pz — Vp hence — = we: 

4 2 oR 2 
Table 5.5 Tension positive 
© © © @ © © 
Member Length Area F 0F/dR  (F/A)dF/dR 
AB L/2 Ap  -R/⁄2 -1/2 R/44g 
BC L/2 Ap  =-R/2 -1/2 R/44g 
CD L/2 A R 1 R/A 
DE L/2 A R 1 R/A 
BD L/2 A —R =f R/A 
EB L/2 A —R —1 R/A 
AE L/2 A R 1 R/A 
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between F and B it is 








M 
M= a —z)— Le hence aM = oe SNE 
oR 2 
and between B and C the bending moment is 
V3 ðM v3 
u=24- =A= h — = —-—(L- 
(L —z) (L —z) hence aR 5 (L-z) 
Thus, 
L L/4 as de L/2 A da 
M 0M 1 3 3 3 P 
Je- J- —Pz— —Rz Szaz | l iega eR A dz 
EI OR EI 4 2 2 4 2 2 
0 0 L/4 
i [Pp v3 V3 
+f i (L-z) 3 R(L >| 7 (L —z)dz 
L/2 
giving 
L 
M ðM TUPE RL? v) 
EI dR — T68EI 16EI v 


0 
Substituting from Eqs. (iv) and (v) into Eq. (iii) 


LIV3PL? _ RL? RL (A+104, zg 
768EI 16EI 4E\ ApA E 





from which 


B 11/3PL7 ABA 
~ 48[L24p4 + 41(4 + 1048)] 


hence the forces in each member of the framework. The deflection A of the load P or any point on the 
framework may be obtained by the method of Section 5.3. For example, the stationary value of the total 
complementary energy of Eq. (i) gives A, that is, 


k 
aan | wo oat La 
ABC 


Although braced beams are still found in modern light aircraft in the form of braced wing structures, 
a much more common structural component is the ring frame. The role of this particular component is 
discussed in detail in Chapter 11; it is therefore sufficient for the moment to say that ring frames form 
the basic shape of semimonocoque fuselages reacting shear loads from the fuselage skins, point loads 
from wing spar attachments, and distributed loads from floor beams. Usually a ring is two-dimensional, 
supporting loads applied in its own plane. Our analysis is limited to the two-dimensional case. 
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A two-dimensional ring has redundancies of direct load, bending moment, and shear at any section, 
as shown in Fig. 5.13. However, in some special cases of loading, the number of redundancies may 
be reduced. For example, on a plane of symmetry, the shear loads and sometimes the normal or direct 
loads are zero, while on a plane of antisymmettry, the direct loads and bending moments are zero. Let us 
consider the simple case of a doubly symmetrical ring shown in Fig. 5.14(a). At a section in the vertical 
plane of symmetry, the internal shear and direct loads vanish, leaving one redundancy, the bending 
moment Ma, (Fig. 5.14(b)). Note that in the horizontal plane of symmetry, the internal shears are zero, 


Pn 





Fig. 5.13 


Internal force system in a two-dimensional ring. 








(b) 


Fig. 5.14 


Doubly symmetric ring. 
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but the direct loads have a value P/2. The total complementary energy of the system is (again ignoring 


shear strains) 
F P 
C= [ [eeam-2(Fa) 


ring 0 


taking the bending moment as positive when it increases the curvature of the ring. In the preceding 
expression for C, A is the displacement of the top, A, of the ring relative to the bottom, B. Assigning a 
stationary value to C, we have 
aC aM 
= / dé =0 


OMa OMA 


ring 


or assuming linear elasticity and considering, from symmetry, half the ring 


aR 
MoM, 
EIdM,. 
0 
Thus, since 
: aM 
M=Ma-—~Rsné@ ——=1 
2 Ma 
and we have 
A. 
Pis 
Ma — a hsin? Rdé=0 
0 
or 
P T 
[Mae + Z Reose | =0 
2 0 
from which 
PR 
Ma = — 
T 


The bending moment distribution is then 


( 1 =) 
M = PR | — —- —— 
T 2 

and is shown diagrammatically in Fig. 5.15. 

Let us now consider a more representative aircraft structural problem. The circular fuselage frame 
of Fig. 5.16(a) supports a load P which is reacted by a shear flow q (i.e., a shear force per unit length: 
see Chapter 15), distributed around the circumference of the frame from the fuselage skin. The value 
and direction of this shear flow are quoted here but are derived from theory established in Section 15.3. 
From our previous remarks on the effect of symmetry, we observe that there is no shear force at the 
section A on the vertical plane of symmetry. The unknowns are therefore the bending moment Ma and 
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Fig. 5.15 


Distribution of bending moment in a doubly symmetric ring. 





normal force Na. We proceed, as in the previous example, by writing down the total complementary 
energy C of the system. Then, neglecting shear strains 


M 
c= | | aam-Pa (i) 


ring 0 
in which A is the deflection of the point of application of P relative to the top of the frame. Note that Ma 
and Na do not contribute to the complement of the potential energy of the system, since, by symmetry, 
the rotation and horizontal displacements at A are zero. From the principle of the stationary value of 
the total complementary energy, 


ac aM 
— = | dd—=0 ji 
IMA / IMA Gi) 
ring 
and 
M 
aan fo =0 (iii) 
INA ONa 


ring 
The bending moment ata radial section inclined at an angle 6 to the vertical diameter is, from Fig. 5.16(c), 
6 
M=Ma+NaR(1 —cosé) + J qBDRda 


0 
or 


o 
P 
M = Ma + Na R(l — cos0) +f zp SPO [R — Reos( — qœ) |R dæ 
0 
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Fig. 5.16 


Determination of bending moment distribution in a shear- and direct-loaded ring. 
which gives 
PR Ie 2? } 
M =Ma +NaR(1 — cos) + — 1 — cosð — 50 sme (iv) 
T 


Hence, 
0M 0M 
— =l — = R(l — cos) (v) 
OMa ONA 
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Assuming that the fuselage frame is linearly elastic, we have, from Eqs. (ii) and (iii), 


T T 
M 0M M 0M 
2 | ———Rdd =2 | ———Rd6=0 i 
EI 0Ma EI ONa OD 
0 0 
Substituting from Eqs. (iv) and (v) into Eq. (vi) gives two simultaneous equations 
PR x 
pr ne ark VR (vii) 
20 
7PR 3 
ag MA + Nak (viii) 
These equations may be written in matrix form as follows: 
PR [=1/2| |1 R Ma (ix) 
x |—7/8| |1 3R/2}|Na 
so that 
Ma|_ PR[1 R 7] 'f[-1/2 
Na | a [1 3R/2 —7/8 
or 


Mal _ PR] 3 —2]f-1/2 
Na | x |—2/R 2/R||-7/8 


ut _ PR N =P 
A` 4r Da 4r 


The bending moment distribution follows from Eq. (iv) and is 


which gives 


PR 1 ; 
M = — į 1 — > cos0 — 0 sin (x) 
27 2 


The solution of Eq. (ix) involves the inversion of the matrix 


1 R 
1 3R/2 


which may be carried out using any of the standard methods detailed in texts on matrix analysis. In 
this example, Eqs. (vii) and (viii) are clearly most easily solved directly; however, the matrix approach 
illustrates the technique and serves as a useful introduction to the more detailed discussion in Chapter 6. 


E 
Example 5.6 
A two-cell fuselage has circular frames with a rigidly attached straight member across the middle. The 
bending stiffness of the lower half of the frame is 2E/, while that of the upper half and also the straight 
member is EV. 

Calculate the distribution of the bending moment in each part of the frame for the loading system 
shown in Fig. 5.17(a). Illustrate your answer by means ofa sketch and show clearly the bending moment 
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(a) 


Fig. 5.17 


Determination of bending moment distribution in an antisymmetrical fuselage frame. 





carried by each part of the frame at the junction with the straight member. Deformations only due to 
bending strains need be taken into account. 4 


The loading is antisymmetrical so that there are no bending moments or normal forces on the plane 
of antisymmetry; there remain three shear loads: Sa, Sp, and Sc, as shown in Fig. 5.17(b). The total 
complementary energy of the half-frame is then (neglecting shear strains) 


M 
Mi 
C= J foam- ma- 2a (i) 
r 
half-frame 0 


where ap and Ag are the rotation and deflection of the frame at B caused by the applied moment Mo and 
concentrated load Mo/r, respectively. From antisymmetry, there is no deflection at A, D, or C so that 
Sa, Sp, and Sc make no contribution to the total complementary energy. In addition, overall equilibrium 


of the half-frame gives 
M 2 
Sa +Sp+Sc= = (ii) 
Assigning stationary values to the total complementary energy and considering the half-frame only, 
we have 
aC aM 
— = J dé— =0 
as A ƏSA 
half-frame 
and 


aC M 

Mi / dp 2M _9 

0Sp OSp 
half-frame 
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or assuming linear elasticity 


M 0M M 0M 
J e Mpe J — —ds = 0 (iii) 
EI 9SA EI 0Sp 
half-frame half-frame 
In AB, 
M Sarsin@ and mM inĝ mM 0 
=— and ——=-,rsin — = 
‘Ar sin ISA rsing, 35D 
In DB, 
aM aM 
M=Spx and ——=0, — =x 
OSA aSp 
In CB, 
. Mo ; 
M=Scrsing = | — —Sa —Sp ]rsing 
r 
Thus, 
oM . ƏM ; 
—=-rsing and — = -rsin ġ 
OSA dSp 
Substituting these expressions in Eq. (iii) and integrating, we have 
3.365S4 +Sc = Mo/r (iv) 
Sa +2.178Sc = Mo/r (v) 
which, with Eq. (ii), enable Sa, Sp, and Sc to be found. In matrix form, these equations are written as 
Mo/r 1 11 SA 
Mo/r¢ =| 3.356 0 1 Sp (vi) 
Mo/r 1 0 2.178 | | Sc 
from which we obtain 
SA 0 0.345 —0.159 | | Mo/r 
Spt =| 1 —0.187 —0.373 | į Mo/r (vii) 
Sc 0 —0.159 0.532 | | Mo/r 


which give 
Sa =0.187Mo/r = Sp=0.44Mo/r = Sc =0.373Mo/r 


Again the square matrix of Eq. (vi) has been inverted to produce Eq. (vii). The bending moment 
distribution with directions of bending moment is shown in Fig. 5.18. 

So far in this chapter, we have considered the application of the principle of the stationary value of 
the total complementary energy of elastic systems in the analysis of various types of structure. Although 
the majority of the examples used to illustrate the method are of linearly elastic systems, it was pointed 
out that generally they may be used with equal facility for the solution of nonlinear systems. 
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Negative B.M. (Decreasing curvature) 








A 
0.187 M, 
| Positive ) 
0.187M, (Sagging B.M.) 
0.373 M, D ( Ņo.44M, 
External 
moment M, `) 
0.373M, 
iti C 
Positive l 
8.M(increasing curvature) 
(a) (b) 
Fig. 5.18 





Distribution of bending moment in frame of Example 5.6. 


In fact, the question of whether a structure possesses linear or nonlinear characteristics arises only 
after the initial step of writing down expressions for the total potential or complementary energies. 
However, a great number of structures are linearly elastic and possess unique properties which enable 
solutions, in some cases, to be more easily obtained. The remainder of this chapter is devoted to these 
methods. 


5.5 UNIT LOAD METHOD 


In Section 5.3, we discussed the dummy ot fictitious load method of obtaining deflections of structures. 
For a linearly elastic structure, the method may be streamlined as follows. Consider the framework of 
Fig. 5.3 in which we require, say, to find the vertical deflection of the point C. Following the procedure 
of Section 5.3, we would place a vertical dummy load P¢ at C and write down the total complementary 
energy of the framework, that is, 


Fi 


k n 
oS J idF; — $. AP, (see Eq. (5.9)) 
0 


i=1 r=1 


For a stationary value of C, 


k 
— =) Ai —Ac=0 (5.18) 
: f 
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from which 


“OF; 
Ac= > Aix as bef 5.19 
c D efore (5.19) 
If instead of the arbitrary dummy load Pr we had placed a unit load at C, then the load in the ith linearly 
elastic member would be 


OF, 


Fi= 
aP¢ 





Therefore, the term 0F;/dP¢ in Eq. (5.19) is equal to the load in the ith member due to a unit load at C, 
and Eq. (5.19) may be written as 


FioF Li 
hee >. EES (5.20) 


where F;o is the force in the ith member due to the actual loading and Fj,; is the force in the ith 
member due to a unit load placed at the position and in the direction of the required deflection. Thus, 
in Example 5.1, columns © and © in Table 5.1 would be eliminated, leaving column © as Fp and 
column ©@ as F’p,;. Obviously column © is Fo. 

Similar expressions for deflection due to bending and torsion of linear structures follow from the 
well-known relationships between bending and rotation and torsion and rotation. Hence, for a member 
of length Z and flexural and torsional rigidities EI and GJ, respectively, 


MoM, ToT; 

A = —d Av = —dz 5.21 

ae J la ars fE (5.21) 
L E 


where Mo is the bending moment at any section produced by the actual loading and M, is the bending 
moment at any section due to a unit load applied at the position and in the direction of the required 
deflection. The same applies to torsion. 

Generally, shear deflections of slender beams are ignored but may be calculated when required for 
particular cases. Of greater interest in aircraft structures is the calculation of the deflections produced by 
the large shear stresses experienced by thin-walled sections. This problem is discussed in Chapter 19. 


Se 
Example 5.7 

A steel rod of uniform circular cross section is bent as shown in Fig. 5.19, AB and BC being horizontal 
and CD being vertical. The arms AB, BC, and CD are of equal length. The rod is encastré at A, and 
the other end D is free. A uniformly distributed load covers the length BC. Find the components of the 
displacement of the free end D in terms of EI and GJ. = 


Since the cross-sectional area A and modulus of elasticity E are not given, we shall assume that 
displacements due to axial distortion are to be ignored. We place, in turn, unit loads in the assumed 
positive directions of the axes xyz. 
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w/unit length 





Fig. 5.19 





Deflection of a bent rod. 


First, consider the displacement in the direction parallel to the x axis. From Eqs. (5.21), 








MoM ToT 
Ay = 
y EI ds i GI ds 
L L 
Using a tabular procedure, 
Mo Mı To Tı 
pa piam a, paa a, ————— 
Plane xy XZ yz XY XZ yZ XY X XZ XY XZ yz 
CD 0 0 0 y 00 00 0 00 0 
CB 0 0 -w?2 0 z 0 00 0 70 0 
BA -wx 0 0 7 1 0 0 0 wi/2 0 0 0 
Hence, 
l 
[2 
A= i. ee 
EI 
0 
or 


wit 
2EI 


x= 
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Similarly, 
11 1 
A, = wf ( — + — 
yew (cats) 


1 1 
A, =wl* | — + — 
6EI ` 2GJ 





5.6 FLEXIBILITY METHOD 


An alternative approach to the solution of statically indeterminate beams and frames is to release 
the structure—that is, remove redundant members or supports—until the structure becomes statically 
determinate. The displacement of some point in the released structure is then determined by, say, the 
unit load method. The actual loads on the structure are removed and unknown forces applied to the 
points where the structure has been released; the displacement at the point produced by these unknown 
forces must, from compatibility, be the same as that in the released structure. The unknown forces are 
then obtained; this approach is known as the flexibility method. 





Example 5.8 
Determine the forces in the members of the truss shown in Fig. 5.20(a); the cross-sectional area A and 
Young’s modulus E are the same for all members. Ea 


The truss in Fig. 5.20(a) is clearly externally statically determinate but has a degree of internal 
statical indeterminacy equal to 1. We therefore release the truss so that it becomes statically determinate 
by “cutting” one of the members, say BD, as shown in Fig. 5.20(b). Because of the actual loads (P in 
this case), the cut ends of the member BD will separate or come together, depending on whether the 
force in the member (before it was cut) was tensile or compressive; we shall assume that it was tensile. 





(b) (c) 





Fig. 5.20 


Analysis of a statically indeterminate truss. 
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We are assuming that the truss is linearly elastic so that the relative displacement of the cut ends of 
the member BD (in effect, the movement of B and D away from or toward each other along the diagonal 
BD) may be found using, say, the unit load method. Thus, we determine the forces Fa, j, in the members 
produced by the actual loads. We then apply equal and opposite unit loads to the cut ends of the member 
BD as shown in Fig. 5.20(c) and calculate the forces, F1,j, in the members. The displacement of B 
relative to D, App, is then given by 


n 
Fa jFi jL; 
App = 5 a (see Eq. (ii) in Example 4.6) 


j=l 


The forces, Fa j, are the forces in the members of the released truss due to the actual loads and are not, 
therefore, the actual forces in the members of the complete truss. We shall therefore redesignate the 
forces in the members of the released truss as Fo, j. The expression for Agp then becomes 


n 
FoFi jL , 
ABD = > ae 7 (i) 


j=l 


In the actual structure, this displacement is prevented by the force, Xpp, in the redundant member BD. 
If, therefore, we calculate the displacement, agp, in the direction of BD produced by a unit value of 
Xpp, the displacement due to Xpp will be Xgpapp. Clearly, from compatibility 


App + Xppapp = 0 (ii) 


from which Xgp is found, app is a flexibility coefficient. Having determined Xpp, the actual forces in 
the members of the complete truss may be calculated by, say, the method of joints or the method of 
sections. 

In Eq. (il), app is the displacement of the released truss in the direction of BD produced by a unit 
load. Thus, in using the unit load method to calculate this displacement, the actual member forces (F),;) 
and the member forces produced by the unit load (F; j) are the same. Therefore, from Eq. (i) 


n F2 L; 
an=) (ii) 


j=l 





The solution is completed in Table 5.6. From that table, 


2.71PL 4.821 
AE AR 





ABD = 


Substituting these values in Eq. (i), we have 


271PL y 482o 
AE DAE 





from which 


Xpp = —0.56P (i.e., compression) 
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Table 5.6 

Member L;(m) Fo,j Fy; Fo jF1jL; Fi Lj Faj 
AB L 0 —0.71 0 0.5L +0.40P 
BC L 0 —0.71 0 0.5L +0.40P 
CD L =P —0.71 0.71PL 0.5L —0.60P 
BD 1.412 = 1.0 a 1.41L —0.56P 
AC 1.41L 1.41P 1.0 2.0PL 1.412 +0.85P 
AD L 0 —0.71 0 0.5L +0.40P 

£ =2.71 PL E =4.82L 








The actual forces, Fa, j, in the members of the complete truss of Fig. 5.20(a) are now calculated using 
the method of joints and are listed in the final column of Table 5.6. 

We note in the preceding that App is positive, which means that App is in the direction of the unit 
loads, B approaches D, and the diagonal BD in the released structure decreases in length. Therefore, 
in the complete structure, the member BD, which prevents this shortening, must be in compression 
as shown; also app will always be positive, since it contains the term F z .. Finally, we note that the 
cut member BD is included in the calculation of the displacements in the released structure, since its 
deformation, under a unit load, contributes to agp. 


PR} 


Example 5.9 
Calculate the forces in the members of the truss shown in Fig. 5.21(a). All members have the same 
cross-sectional area A and Young’s modulus £. fal 


By inspection, we see that the truss is both internally and externally statically indeterminate, since 
it would remain stable and in equilibrium if one of the diagonals, AD or BD, and the support at C 
were removed; the degree of indeterminacy is therefore 2. Unlike the truss in Example 5.8, we could 
not remove any member, since if BC or CD were removed, the outer half of the truss would become a 
mechanism, while the portion ABDE would remain statically indeterminate. Therefore, we select AD 
and the support at C as the releases, giving the statically determinate truss shown in Fig. 5.21(b); we 
shall designate the force in the member AD as X; and the vertical reaction at C as R2. 

In this case, we shall have two compatibility conditions, one for the diagonal AD and one for 
the support at C. We therefore need to investigate three loading cases: one in which the actual 
loads are applied to the released statically determinate truss in Fig. 5.21(b), a second in which unit 
loads are applied to the cut member AD (Fig. 5.21(c)), and a third in which a unit load is applied 
at C in the direction of Rz (Fig. 5.21(d)). By comparing the previous example, the compatibility 
conditions are 


Aap + aX] +412R2 = 0 (i) 
vc + a21X1 +.422R2 = 0 (ii) 
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Fig. 5.21 


Statically indeterminate truss of Example 5.9. 


in which Aap and vc are, respectively, the change in length of the diagonal AD and the vertical 
displacement of C due to the actual loads acting on the released truss, while a11, a12, and so on are 
flexibility coefficients, which we have previously defined. The calculations are similar to those carried 
out in Example 5.8 and are shown in Table 5.7. From that table, 


“FoF jX bj — -27.1 





Aap = >> ee oe (i.e., AD increases in length) 
j=l 
n 
Fo Fi, ;(R2)L; —48.11 ; 
v= 2 Posi =i a (i.e., C displaced downwards) 
ODL; 4.32 
2 oe 


j=l 
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Table 5.7 
FojFijj Fo,jFi,j Fi, ;() 

Member L; Foj Fij(%) Fij(R2) XDÐL; (Ro) Lj Fi XDE; Fi (RL; Fı,;(R2)L; Faj 
AB 1 10.0 —0.71 —2.0 -7.1 —20.0 0.5 4.0 1.41 0.67 
BC 141 0 0 —1.41 0 0 0 2.81 0 —4.45 
CD 1 0 0 1.0 0 0 0 1.0 0 3.15 
DE 1 0 —0.71 1.0 0 0 0.5 1.0 —0.71 0.12 
AD 141 0 1.0 0 0 0 1.41 0 0 4.28 
BE 1.41 —14.14 1.0 1.41 —20.0 —28.11 1.41 2.81 2.0 —5.4 
BD 1 0 —0.71 0 0 0 0.5 0 0 3.03 





Y=-27.1 Y=—48.11 E =4.32 x=11.62 E=2.7 











oie 5i Roki 11.62 
Sree AE AE 
j=l 
n 
_ Fy XP 1,j(R)Lj 2.7 
a2 > a AE = IF 
Substituting in Eqs. (i) and (ii) and multiplying through by 4E, we have 
—27.1+4.32X1 + 2.7R2 = 0 (iii) 
—48.11+2.7X, + 11.62R2 = 0 (iv) 
Solving Eggs. (iii) and (iv), we obtain 
X1 =4.28kN Rp =3.15kN 


The actual forces, Fa, j, in the members of the complete truss are now calculated by the method of joints 
and are listed in the final column of Table 5.7. 


5.6.1 Self-Straining Trusses 


Statically indeterminate trusses, unlike the statically determinate type, may be subjected to self-straining 
in which internal forces are present before external loads are applied. Such a situation may be caused 
by a local temperature change or by an initial lack of fit of a member. In cases such as these, the term 
on the right-hand side of the compatibility equations, Eq. (ii) in Example 5.8 and Eqs. (i) and (ii) in 
Example 5.9, would not be zero. 


E- 
Example 5.10 

The truss shown in Fig. 5.22(a) is unstressed when the temperature of each member is the same, but 
due to local conditions, the temperature in the member BC is increased by 30°C. If the cross-sectional 
area of each member is 200 mm? and the coefficient of linear expansion of the members is 7 x 1076 /°C, 
calculate the resulting forces in the members; Young’s modulus £ =200000 N/ mm?. = 


ee 
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Due to the temperature rise, the increase in length of the member BC is 3 x 10° x 30x 
7 x 10-©=0.63 mm. The truss has a degree of internal statical indeterminacy equal to 1 (by inspec- 
tion). We therefore release the truss by cutting the member BC, which has experienced the temperature 
rise, as shown in Fig. 5.22(b); we shall suppose that the force in BC is Xj. Since there are no external 
loads on the truss, Apc is zero and the compatibility condition becomes 





aX] = —0.63 mm (1) 
in which, as before 
Pane Ly 
2 fd 
= a 


Note that the extension of BC is negative, since it is opposite in direction to X1. The solution is now 
completed in Table 5.8. Hence, 


= 48000 
~~ 200 x 200000 


ait =1.2 x 107? 





(c) 


Fig. 5.22 


Self-straining due to a temperature change. 




















Table 5.8 

Member Lj(mm) Fi,j Fi jb Fa, jN) 
AB 4000 1.33 7111.1 —700 
BC 3000 1.0 3000.0 —525 
CD 4000 1.33 7111.1 —700 
DA 3000 1.0 3000.0 —525 
AC 5000 —1.67 13 888.9 875 
DB 5000 —1.67 13 888.9 875 

E = 48 000.0 





ee 
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Then, from Eq. (i), 
Xı = —525N 


The forces, Fa, j, in the members of the complete truss are given in the final column of Table 5.8. 
Compare the preceding with the solution of Example 5.4. 





5.7 TOTAL POTENTIAL ENERGY 


In the spring—mass system shown in its unstrained position in Fig. 5.23(a), we normally define the 
potential energy of the mass as the product of its weight, Mg, and its height, i, above some arbitrarily fixed 
datum. In other words, it possesses energy by virtue of its position. After deflection to an equilibrium 
state (Fig. 5.23(b)), the mass has lost an amount of potential energy equal to Mgy. Thus, we may 
associate deflection with a loss of potential energy. Alternatively, we may argue that the gravitational 
force acting on the mass does work during its displacement, resulting in a loss of energy. Applying this 
reasoning to the elastic system of Fig. 5.1(a) and assuming that the potential energy of the system is 
zero in the unloaded state, then the loss of potential energy of the load P as it produces a deflection y is 
Py. Thus, the potential energy V of P in the deflected equilibrium state is given by 


V = —Py 


We now define the TPE of a system in its deflected equilibrium state as the sum of its internal or strain 
energy and the potential energy of the applied external forces. Hence, for the single member-force 
configuration of Fig. 5.1(a), 


y 
TPE = U + y= | Pay—Py 
0 


For a general system consisting of loads P},P2,...,P, producing corresponding displacements 
(i.e., displacements in the directions of the loads; see Section 5.10) Aj, Az,..., An, the potential energy 


X 


Mass M 





(a) 
Fig. 5.23 


(a) Potential energy of a spring-mass system and (b) loss in potential energy due to change in position. 
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of all the loads is 


V= 5 V, = SERN 
r=l 


r=l 


and the TPE of the system is given by 


n 
TPE=U+V=U+) (-P,A,;) (5.22) 


r=1 





5.8 THE PRINCIPLE OF THE STATIONARY VALUE 
OF THE TOTAL POTENTIAL ENERGY 


Let us now consider an elastic body in equilibrium under a series of external loads, P), P2,...,P,, and 
suppose that we impose small virtual displacements 6A1,5A2,...,5A, in the directions of the loads. 
The virtual work done by the loads is then 


n 
SiS Ar 
r=l 


This work will be accompanied by an increment of strain energy ŝU in the elastic body, since by 
specifying virtual displacements of the loads we automatically impose virtual displacements on the 
particles of the body itself, as the body is continuous and is assumed to remain so. This increment in 
strain energy may be regarded as negative virtual work done by the particles so that the total work done 
during the virtual displacement is 


n 
—6U+ >'P, 6A, 


r=1 
The body is in equilibrium under the applied loads so that by the principle of virtual work the 
preceding expression must be equal to zero. Hence 


n 
5U-—)P,5A, =0 (5.23) 
r=1 


The loads P, remain constant during the virtual displacement; therefore, Eq. (5.23) may be written 


n 
5U-5 > P, A, =0 


r=1 
or, from Eq. (5.22) 
d(U+V)=0 (5.24) 


Thus, the total potential energy of an elastic system has a stationary value for all small displacements 
if the system is in equilibrium. 


ee 
5.8 The Principle of the Stationary Value of the Total Potential Energy 149 


TPE 


(U+ V) =Ff{h) 





Fig. 5.24 





States of equilibrium of a particle. 


It may also be shown that if the stationary value is a minimum, the equilibrium is stable. A qualitative 
demonstration of this fact is sufficient for our purposes, although mathematical proofs exist [Ref. 1]. 
In Fig. 5.24, the positions A, B, and C of a particle correspond to different equilibrium states. The 
TPE of the particle in each of its three positions is proportional to its height h above some arbitrary 
datum, since we are considering a single particle for which the strain energy is zero. Clearly at each 
position, the first-order variation, ((U+V)/du, is zero (indicating equilibrium), but only at B where 
the TPE is a minimum is the equilibrium stable. At A and C, we have unstable and neutral equilibrium, 
respectively. 

To summarize, the principle of the stationary value of the TPE may be stated as follows: 


The total potential energy of an elastic system has a stationary value for all small displacements when 
the system is in equilibrium; further, the equilibrium is stable if the stationary value is a minimum. 


This principle may often be used in the approximate analysis of structures where an exact analysis 
does not exist. We shall illustrate the application of the principle in Example 5.11 following, where we 
shall suppose that the displaced form of the beam is unknown and must be assumed; this approach is 
called the Rayleigh—Ritz method. 


5B aaaaaaaaaaaaaaasaasasasasasasassasasssssssssssÞħÃħŰÅ 


Example 5.11 
Determine the deflection of the midspan point of the linearly elastic, simply supported beam shown in 
Fig. 5.25; the flexural rigidity of the beam is El. E 


The assumed displaced shape of the beam must satisfy the boundary conditions for the beam. 
Generally, trigonometric or polynomial functions have been found to be the most convenient, but the 
simpler the function, the less accurate the solution. Let us suppose that the displaced shape of the beam 
is given by 


. TZ : 
v= vp Sin — 1 
psin = (i 


ee 
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L/2 L/2 





Fig. 5.25 





Approximate determination of beam deflection using total potential energy. 


in which vp is the displacement at the midspan point. From Eq. (i), we see that v=0 when z=0 andz=L 
and that v=vpg when z=L/2. Also dv/dz=0 when z=L/2 so that the displacement function satisfies 
the boundary conditions of the beam. 

The strain energy, U, due to bending of the beam is given in Structural and Stress Analysis [Ref. 3] 


M2 
L 
Also, 
d?v a 
M = —EI-—— (see Chapter 15) (iii) 
dz? 


Substituting in Eq. (iii) for v from Eq. (i) and for M in Eq. (ii) from (iii) 


L 
EI ven4 . 2 TZ 














U = sin 
2 Lt L 
0 
which gives 
_ WEN, 
413 
The TPE of the beam is then given by 
zE 
TPE=U+V= aw Wvg 
Then, from the principle of the stationary value of the TPE, 
(U +V 4EI 
aU +V) _ z Elw > W=0 


ə 2P 


ae 
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from which 


2WL L? 
P = 0.02053 £ (iv) 
x 4EI EI 


The exact expression for the midspan displacement [Ref. 3] is 





VB 


WL? WL? 
= 00083 — 
48EI EI (9 


Comparing the exact (Eq. (v)) and approximate results (Eq. (iv)), we see that the difference is less 
than 2 percent. Further, the approximate displacement is less than the exact displacement, since, by 
assuming a displaced shape, we have, in effect, forced the beam into taking that shape by imposing 
restraint; the beam is therefore stiffer. 


VB 


5.9 PRINCIPLE OF SUPERPOSITION 


An extremely useful principle used in the analysis of linearly elastic structures is that of superposition. 
The principle states that if the displacements at all points in an elastic body are proportional to the forces 
producing them—that is, the body is linearly elastic—the effect on such a body of a number of forces 
is the sum of the effects of the forces applied separately. We shall make immediate use of the principle 
in the derivation of the reciprocal theorem in the following section. 





5.10 THE RECIPROCAL THEOREM 


The reciprocal theorem is an exceptionally powerful method of analysis of linearly elastic structures 
and is accredited in turn to Maxwell, Betti, and Rayleigh. However, before we establish the theorem, we 
first consider a useful property of linearly elastic systems resulting from the principle of superposition. 
The principle enables us to express the deflection of any point in a structure in terms of a constant 
coefficient and the applied loads. For example, a load P; applied at a point | in a linearly elastic body 
produces a deflection A, at the point given by 


A, =ayP\ 


in which the influence or flexibility coefficient aj, is defined as the deflection at the point 1 in the 
direction of P;, produced by a unit load at the point 1 applied in the direction of P;. Clearly, if the body 
supports a system of loads such as those shown in Fig. 5.26, each of the loads P),P2,...,P, contributes 
to the deflection at the point 1. Thus, the corresponding deflection A, at the point 1 (i.e., the total 
deflection in the direction of Pı produced by all the loads) is then 


A1 =4a11P1 +a12P2 +--+ + ainPn 


where a12 is the deflection at the point 1 in the direction of P1, produced by a unit load at the point 2 
in the direction of the load P2, and so on. The corresponding deflections at the points of application of 


See 
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Fig. 5.26 





Linearly elastic body subjected to loads A, R, P3, ..., Ph. 


the complete system of loads are then 


A1 =411P1 +a12P2 +a13P3 +++ 
A2 = a21 P1 +az22P2 + a23P3 +-+- 
A3 = a31P1 +a32P2 + a33P3 +-+- 


An = an1 P1 + an2P2 + an3P3 +-+ 


or, in matrix form 


Ai ai} 412 413 
Ad a21 422 423 
A3 | = | a31 a32 a33 
An 


An) Am2 an3 
which may be written in shorthand matrix notation as 


{A} = [A]{P} 


din 
Q2n 
43n 


+ ainPn 
+aznPn 
+ a3nPn 


+ annPn 


(5.25) 


Suppose now that an elastic body is subjected to a gradually applied force P4 at a point 1, and then, 
while Pı remains in position, a force P2 is gradually applied at another point 2. The total strain energy 


U of the body is given by 


Py Po 
U, = z uP) + py (422P2) + Pi (a12P2) 


(5.26) 


The third term on the right-hand side of Eq. (5.26) results from the additional work done by P, as it is 
displaced through a further distance a12P2 by the action of P2. If we now remove the loads and apply 


ee 
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P» followed by P;, we have 


Po Py 
U = z (02P2) + 3 (a) + P2(a21P1) (5.27) 


By the principle of superposition, the strain energy stored is independent of the order in which the 
loads are applied. Hence, 


Uj =U, 
and it follows that 

ai2= 421 (5.28) 
Thus, in its simplest form the reciprocal theorem states that 


The deflection at a point 1 in a given direction due to a unit load at a point 2 in a second direction is 
equal to the deflection at the point 2 in the second direction due to a unit load at the point 1 in the 
first direction. 


In a similar manner, we derive the relationship between moments and rotations, thus 


The rotation at a point I due to a unit moment at a point 2 is equal to the rotation at the point 2 
produced by a unit moment at the point 1. 


Finally, we have 


The rotation at a point I due to a unit load at a point 2 is numerically equal to the deflection at the 
point 2 in the direction of the unit load due to a unit moment at the point 1. 


———— 
Example 5.12 

A cantilever 800mm long with a prop 500mm from the wall deflects in accordance with the following 
observations when a point load of 40 N is applied to its end. 


Distance (mm) 0 100 200 300 400 500 600 700 800 
Deflection (mm) 0 —0.3 —1.4 -25 -19 0 2.3 4.8 10.6 


What will be the angular rotation of the beam at the prop due to a 30N load applied 200 mm from the 
wall, together with a 10 N load applied 350mm from the wall? a) 


The initial deflected shape of the cantilever is plotted as shown in Fig. 5.27(a) and the deflections at 
D and E produced by the 40 N load determined. The solution then proceeds as follows. 


Deflection at D due to 40N load at C=—1.4mm. 


Hence, from the reciprocal theorem, the deflection at C due to a 40N load at D= —1.4mm. 
It follows that the deflection at C due to a 30N load at D = -3 x 1.4=-— 1.05 mm. 
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40N 
a D2 E sg 
N 200 mm 
C 
350 mm 
(a) (b) 


Fig. 5.27 


(a) Given deflected shape of propped cantilever; (b) determination of the deflection of C. 





Similarly, the deflection at C due to a 10N load at E=-} x 2.4=—0.6mm. Therefore, the 
total deflection at C, produced by the 30 and 10N loads acting simultaneously (Fig. 5.27(b)), is 
—1.05 — 0.6 =—1.65mm from which the angular rotation of the beam at B, Op, is given by 


o 1165 
0g = tan 300 = 0.0055 


or 


63 = 0°19’ 


DB $$ 


Example 5.13 

An elastic member is pinned to a drawing board at its ends A and B. When a moment M is applied at 
A, A rotates 04, B rotates 6g, and the center deflects 5. The same moment M applied to B rotates B, 
Oc and deflects the center through 52. Find the moment induced at A when a load W is applied to the 
center in the direction of the measured deflections, both A and B being restrained against rotation. EE 


The three load conditions and the relevant displacements are shown in Fig. 5.28. Thus, from 
Fig. 5.28(a) and (b), the rotation at A due to M at B is, from the reciprocal theorem, equal to the 
rotation at B due to M at A. Hence, 


OAc) = 0B 


It follows that the rotation at A due to Mz at B is 


Mp f 
9A(c),1 = w (i) 


Also, the rotation at A due to unit load at C is equal to the deflection at C due to unit moment at A. 
Therefore, 


9aw),2 _ OL 
W M 


ee 
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(a) (b) 
wW 
PE B 
) 
Ma C Me 
(c) 
Fig. 5.28 
Model analysis of a fixed beam. 
or 
9A(c),2 = Fa (ii) 


where @,(c),2 is the rotation at A due to W at C. Finally, the rotation at A due to Ma at A is, from 
Fig. 5.28(a) and (c), 


M 
Aaa = spon (iii) 
The total rotation at A produced by Ma, at A, W at C, and Mg at B is, from Eqs. (i), (11), and (iii), 
Mpg W Ma . 
Paco), 1 + PA(0),2 + PAC) 3 = wm ® + m’! + 7 =0 (iv) 
since the end A is restrained from rotation. Similarly, the rotation at B is given by 
Mp W Ma 
— 6c + —d2 + —6p = 0 
wel ae ” 


Solving Eqs. (iv) and (v) for Ma gives 


ee "(2 = xo) 
0a0c — 08 
The fact that the arbitrary moment M does not appear in the expression for the restraining moment 
at A (similarly it does not appear in Mg), produced by the load W, indicates an extremely useful 
application of the reciprocal theorem, namely the model analysis of statically indeterminate structures. 
For example, the fixed beam of Fig. 5.28(c) could possibly be a full-scale bridge girder. It is then only 
necessary to construct a model, say of Perspex, having the same flexural rigidity EZ as the full-scale 


beam and measure rotations and displacements produced by an arbitrary moment M to obtain fixing 
moments in the full-scale beam supporting a full-scale load. 


ee 
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5.11 TEMPERATURE EFFECTS 


A uniform temperature applied across a beam section produces an expansion of the beam, as shown in 
Fig. 5.29, provided there are no constraints. However, a linear temperature gradient across the beam 
section causes the upper fibers of the beam to expand more than the lower ones, producing a bending 
strain as shown in Fig. 5.30 without the associated bending stresses, again provided no constraints are 
present. 

Consider an element of the beam of depth A and length 5z subjected to a linear temperature gradient 
over its depth, as shown in Fig. 5.31(a). The upper surface of the element increases in length to 6z(1 + at) 
(see Section 1.15.1) where «œ is the coefficient of linear expansion of the material of the beam. Thus, 
from Fig. 5.31(b), 





R R+h 
ôz 6z(1+at) 
giving 
R=h/at (5.29) 
Also, 
50 = 5z/R 
so that from Eq. (5.29), 
1E ar (5.30) 





Fig. 5.29 


Expansion of beam due to uniform temperature. 











Fig. 5.30 


Bending of beam due to linear temperature gradient. 
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t 8z +at) 


(a) (b) 
Fig. 5.31 


(a) Linear temperature gradient applied to beam element; (b) bending of beam element due to temperature 
gradient. 





We may now apply the principle ofthe stationary value of the total complementary energy in conjunction 
with the unit load method to determine the deflection Arte, due to the temperature of any point of the 
beam shown in Fig. 5.30. We have seen that the preceding principle is equivalent to the application of 
the principle of virtual work where virtual forces act through real displacements. Therefore, we may 
specify that the displacements are those produced by the temperature gradient, while the virtual force 
system is the unit load. Thus, the deflection Arep of the tip of the beam is found by writing down 
the increment in total complementary energy caused by the application of a virtual unit load at B and 
equating the resulting expression to zero (see Eqs. (5.7) and (5.12)). Thus, 


ôC = [tae — 1Atep =0 
L 


or 


ATe,B = |m dé (5.31) 
L 


where M1 is the bending moment at any section due to the unit load. Substituting for d0 from Eq. (5.30), 
we have 


t 
ATeB = i My de (5.32) 
L 


where ¢ can vary arbitrarily along the span of the beam but only linearly with depth. For a beam 
supporting some form of external loading, the total deflection is given by the superposition of the 
temperature deflection from Eq. (5.32) and the bending deflection from Eq. (5.21); thus, 


Mo at 
A= /M,{—+4+— ‘ 
[phie (5.33) 
L 
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Spanwise variation of t 


act 
ee eed 















h 
Depth variation of f 
Z T O 
Fig. 5.32 
Beam of Example 5.14. 
Example 5.14 
Determine the deflection of the tip of the cantilever in Fig. 5.32 with the temperature gradient 
shown. E 


Applying a unit load vertically downward at B, M; =1 xz. Also the temperature ¢ at a section z is 
to(/—z)/1. Substituting in Eq. (5.32) gives 
l 
a to 2 
ATe,B = [424-2 (i) 
hl 
0 
Integrating Eq. (i) gives 


tol” 
AteB = aa (i.e., downward) 
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Problems 


P.5.1 Find the magnitude and the direction of the movement of the joint C of the plane pin-jointed frame loaded 
as shown in Fig. P.5.1. The value of L/AE for each member is 1/20mm/N. 


Ans. 5.24mm at 14.7° to left of vertical. 
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19440 mm 





81O mm 
O 
2 


Fig. P.5.1 


P.5.2 A rigid triangular plate is suspended from a horizontal plane by three vertical wires attached to its corners. 
The wires are each | mm diameter and 1440 mm long, with a modulus of elasticity of 196000N/mm/2. The ratio 
of the lengths of the sides of the plate is 3:4:5. Calculate the deflection at the point of application due to a 100 N 
load placed at a point equidistant from the three sides of the plate. 


Ans. 0.33mm. 


P.5.3 The pin-jointed space frame shown in Fig. P.5.3 is attached to rigid supports at points 0, 4, 5, and 9 and 
is loaded by a force P in the x direction and a force 3P in the negative y direction at the point 7. Find the rotation 
of member 27 about the z axis due to this loading. Note that the plane frames 01234 and 56789 are identical. All 
members have the same cross-sectional area A and Young’s modulus £. 


Ans. 382P/9AE. 


3a 





P.5.4 A horizontal beam is of uniform material throughout but has a second moment of area of J for the central 
half of the span L and //2 for each section in both outer quarters of the span. The beam carries a single central 
concentrated load P. 


ee 
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(a) Derive a formula for the central deflection of the beam, due to P, when simply supported at each end of the 
span. 
(b) If both ends of the span are encastré, determine the magnitude of the fixed end moments. 


Ans. 3PL3/128EI, 5PL/48 (hogging). 


P.5.5 The tubular steel post shown in Fig. P.5.5 supports a load of 250N at the free end C. The outside diameter of 
the tube is 100mm, and the wall thickness is 3mm. Neglecting the weight of the tube find the horizontal deflection 
at C. The modulus of elasticity is 206 000 N/mm”. 


Ans. 53.3mm. 






W= 250 N 


4R R = 1500 mm 


LL 
Fig. P.5.5 


P.5.6 A simply supported beam AB of span L and uniform section carries a distributed load of intensity varying 
from zero at A to wo/unit length at B according to the law 


2woz Zz 
e] 
L 2L 


per unit length. If the deflected shape of the beam is given approximately by the expression 





L UZ a DIZ 
Bei +a sin. 


L 
evaluate the coefficients a; and a2 and find the deflection of the beam at midspan. 
Ans. a, =2wol4 (x? 4+. 4)/Eln’, ay=—woL4/16EIn>, 0.00918 woL4 /EL. 


P.5.7 Auniform simply supported beam, span L, carries a distributed loading which varies according to a parabolic 
law across the span. The load intensity is zero at both ends of the beam and wp at its midpoint. The loading is normal 
to a principal axis of the beam cross section, and the relevant flexural rigidity is EZ. Assuming that the deflected 
shape of the beam can be represented by the series 


= inZ 
v= > aj sin lL 
i=1 
find the coefficients a; and the deflection at the midspan of the beam using the first term only in the above series. 
Ans. aj=32woL4/EIn7i! (i odd), wol4/94.4El. 


P.5.8 Figure P.5.8 shows a plane pin-jointed framework pinned to a rigid foundation. All its members are made 
of the same material and have equal cross-sectional area 4, except member 12 which has area 4/2. 


E 
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l2a 











Fig. P.5.8 


Under some system of loading, member 14 carries a tensile stress of 0.7N/mm/. Calculate the change in 
temperature which, if applied to member 14 only, would reduce the stress in that member to zero. Take the 
coefficient of linear expansion as « =24 x 10~°/°C and Young’s modulus E=70000N/mm?. 


Ans. 5.6°C. 


P.5.9 The plane, pin-jointed rectangular framework shown in Fig. P.5.9(a) has one member (24) which is 
loosely attached at joint 2 so that relative movement between the end of the member and the joint may occur 
when the framework is loaded. This movement is a maximum of 0.25mm and takes place only in the direc- 
tion 24. Figure P.5.9(b) shows joint 2 in detail when the framework is unloaded. Find the value of the load 
P at which member 24 just becomes an effective part of the structure and also the loads in all the members 
when P is 10000N. All bars are of the same material (E=70000N/ mm2) and have a cross-sectional area 
of 300mm”. 


Ans. P=294N, F\2=2481.6N(T), F23=1861.2N(T), F34=2481.6N(T), F4, =5638.9N(C), 
F13=9398.1N(T), F24=3102.0N(C). 





(b) 





A 
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P.5.10 The plane frame ABCD of Fig. P.5.10 consists of three straight members with rigid joints at B and C, freely 
hinged to rigid supports at A and D. The flexural rigidity of AB and CD is twice that of BC. A distributed load is 
applied to AB, varying linearly in intensity from zero at A to w per unit length at B. 

Determine the distribution of bending moment in the frame, illustrating your results with a sketch showing the 
principal values. 


Ans. Mp=7 wl /45, Mc=8wl /45, cubic distribution on AB, linear on BC and CD. 








21/3 
Fig. P.5.10 


P.5.11 A bracket BAC is composed of a circular tube AB, whose second moment of area is 1.57, and a beam AC, 
whose second moment of area is J and which has negligible resistance to torsion. The two members are rigidly 
connected together at A and built into a rigid abutment at B and C, as shown in Fig. P.5.11. A load P is applied at 
A in a direction normal to the plane of the figure. 


Determine the fraction of the load which is supported at C. Both members are of the same material for which 
G=0.38E. 


Ans. 0.72P. 





Fig. P.5.11 
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P.5.12 In the plane pin-jointed framework shown in Fig. P.5.12, bars 25, 35, 15, and 45 are linearly elastic with 
modulus of elasticity £. The remaining three bars obey a nonlinear elastic stress-strain law given by 


eal) 


where T is the stress corresponding to strain ¢. Bars 15, 45, and 23 each have a cross-sectional area A, and each of 
the remainder has an area of A/./3. The length of member 12 is equal to the length of member 34 =2L. 

If a vertical load Po is applied at joint 5 as shown, show that the force in the member 23, that is, F'23, is given 
by the equation 


a”x” tl 43.5% +0.8=0 





Fig. P.5.12 


where 
x =F 3/Po and a= Po/At 


P.5.13 Figure P.5.13 shows a plan view of two beams, AB 9150mm long and DE 6100mm long. The simply 
supported beam AB carries a vertical load of 100000N applied at F’, a distance one-third of the span from B. This 
beam is supported at C on the encastré beam DE. The beams are of uniform cross section and have the same second 
moment of area 83.5 x 10°mm*. E =200000N/ mm”. Calculate the deflection of C. 


Ans. 5.6mm 








Fig. P.5.13 


A 
164 CHAPTER 5 Energy Methods 


P.5.14 The plane structure shown in Fig. P.5.14 consists of a uniform continuous beam ABC pinned to a fixture 
at A and supported by a framework of pin-jointed members. All members other than ABC have the same cross- 
sectional area A. For ABC, the area is 44 and the second moment of area for bending is Aa”/16. The material is 
the same throughout. Find (in terms of w, A, a, and Young’s modulus £) the vertical displacement of point D under 
the vertical loading shown. Ignore shearing strains in the beam ABC. 


Ans. 30232 wa?/3AE. 


| 3wa L.5w/unit length 











Fig. P.5.14 


P.5.15 The fuselage frame shown in Fig. P.5.15 consists of two parts, ACB and ADB, with frictionless pin joints 
at A and B. The bending stiffness is constant in each part, with value EJ for ACB and xE/ for ADB. Find x so that 
the maximum bending moment in ADB will be one-half of that in ACB. Assume that the deflections are due to 
bending strains only. 


Ans. 0.092. 





Fig. P.5.15 


P.5.16 A transverse frame in a circular section fuel tank is of radius r and constant bending stiffness EJ. The 
loading on the frame consists of the hydrostatic pressure due to the fuel and the vertical support reaction P, which 
is equal to the weight of fuel carried by the frame, as shown in Fig. P.5.16. 
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> 


Fig. P.5.16 


Taking into account only strains due to bending, calculate the distribution of bending moment around the frame 
in terms of the force P, the frame radius r, and the angle 6. 


Ans. M =Pr(0.160 — 0.080 cos — 0.1590 sin 0) 


P.5.17 The frame shown in Fig. P.5.17 consists ofa semicircular arc, center B, radius a, of constant flexural rigidity 
ET jointed rigidly to a beam of constant flexural rigidity 2E/. The frame is subjected to an outward loading as shown 
arising from an internal pressure po. 

Find the bending moment at points A, B, and C and locate any points of contraflexure. 

A is the midpoint of the arc. Neglect deformations of the frame due to shear and normal forces. 


Ans. Myx =—0.057poa*, Mg =—0.292poa*, Mc =0.208poa?. 


Points of contraflexure: in AC, at 51.7° from horizontal; in BC, 0.764a from B. 
A 


l 
C B 


Fig. P.5.17 


P.5.18 The rectangular frame shown in Fig. P.5.18 consists of two horizontal members 123 and 456 rigidly joined 
to three vertical members 16, 25, and 34. All five members have the same bending stiffness E/. 














grear toein 2 i 
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Fig. P.5.18 


ee 
166 CHAPTER 5 Energy Methods 


The frame is loaded in its own plane by a system of point loads P which are balanced by a constant shear flow q 
around the outside. Determine the distribution of the bending moment in the frame and sketch the bending moment 
diagram. In the analysis, take bending deformations only into account. 


Ans. Shears only at midpoints of vertical members. On the lower half of the frame, S43 =0.27P to right, 
S52 =0.69P to left, S61 = 1.08P to left; the bending moment diagram follows. 


P.5.19 A circular fuselage frame shown in Fig. P.5.19, of radius r and constant bending stiffness ÆJ, has a straight 
floor beam of length r./2, bending stiffness E/, rigidly fixed to the frame at either end. The frame is loaded by a 
couple T applied at its lowest point and a constant equilibrating shear flow q around its periphery. Determine the 
distribution of the bending moment in the frame, illustrating your answer by means of a sketch. 

In the analysis, deformations due to shear and end load may be considered negligible. The depth of the frame 
cross section in comparison with the radius r may also be neglected. 


Ans. M14=T(0.29sin6 —0.160), Mz4=0.30Tx/r, M43 =T(0.59 sin 6 — 0.160). 





P.5.20 A thin-walled member BCD is rigidly built-in at D and simply supported at the same level at C, as shown 
in Fig. P.5.20. 





Fig. P.5.20 


Find the horizontal deflection at B due to the horizontal force F. Full account must be taken of deformations 
due to shear and direct strains, as well as to bending. 

The member is of uniform cross section, of area A, relevant second moment of area in bending J =Ar?/400 
and “reduced” effective area in shearing A’ = A/4. Poisson’s ratio for the material is v = 1/3. 

Give the answer in terms of F, r, A, and Young’s modulus £. 


Ans. 448Fr/EA. 
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P.5.21 Figure P.5.21 shows two cantilevers, the end of one being vertically above the other and connected to it by 
a spring AB. Initially the system is unstrained. A weight W placed at A causes a vertical deflection at A of 5; and 
a vertical deflection at B of 52. When the spring is removed, the weight W at A causes a deflection at A of 53. Find 
the extension of the spring when it is replaced and the weight W is transferred to B. 


Ans. ô2(81 — ô2)/(ô3 — 61). 


B 







B 
Fig. P.5.21 


P.5.22 A beam 2400 mm long is supported at two points A and B which are 1440mm apart; point A is 360mm 
from the left-hand end of the beam and point B is 600 mm from the right-hand end; the value of EZ for the beam is 
240 x 108 Nmm?. Find the slope at the supports due to a load of 2000N applied at the midpoint of AB. 

Use the reciprocal theorem in conjunction with the above result, to find the deflection at the midpoint of AB 
due to loads of 3000N applied at each of the extreme ends of the beam. 


Ans. 0.011, 15.8mm. 


P.5.23 Figure P.5.23 shows a frame pinned to its support at A and B. The frame center-line is a circular arc and the 
section is uniform, of bending stiffness EJ and depth d. Find an expression for the maximum stress produced by a 
uniform temperature gradient through the depth, the temperatures on the outer and inner surfaces being respectively 
raised and lowered by amount 7. The points A and B are unaltered in position. 


Ans. 1.30ETa. 








[+7 
Fig. P.5.23 


P.5.24 A uniform, semicircular fuselage frame is pin-jointed to a rigid portion of the structure and is subjected 
to a given temperature distribution on the inside as shown in Fig. P.5.24. The temperature falls linearly across the 
section of the frame to zero on the outer surface. Find the values of the reactions at the pinjoints and show that the 
distribution of the bending moment in the frame is 


__ 0.59 ETa6o cos y 
E h 
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Fig. P.5.24 


given that 


(a) the temperature distribution is 
96=O9cos2w for —7/4<wW<7/4 
0=0 for =n /4 > Y > xm/4 


(b) bending deformations only are to be taken into account: 


œ = coefficient of linear expansion of frame material 
EI = bending rigidity of frame 

h = depth of cross section 

r = mean radius of frame. 


Matrix Methods 


Actual aircraft structures consist of numerous components generally arranged in an irregular manner. 
These components are usually continuous and therefore theoretically possess an infinite number of 
degrees of freedom and redundancies. Analysis is then only possible if the actual structure is replaced 
by an idealized approximation or model. This procedure is discussed to some extent in Chapter 19, 
where we note that the greater the simplification introduced by the idealization, the less complex but 
more inaccurate the analysis becomes. In aircraft design, where structural weight is of paramount 
importance, an accurate knowledge of component loads and stresses is essential so that at some stage 
in the design these must be calculated as accurately as possible. This accuracy may only be achieved by 
considering an idealized structure which closely represents the actual structure. Standard methods of 
structural analysis are inadequate for coping with the necessary degree of complexity in such idealized 
structures. It was this situation which led, in the late 1940s and early 1950s, to the development of matrix 
methods of analysis and at the same time to the emergence of high-speed, electronic, digital computers. 
Conveniently, matrix methods are ideally suited for expressing structural theory and for expressing the 
theory in a form suitable for numerical solution by computer. 

A structural problem may be formulated in either of two different ways. One approach proceeds with 
the displacements of the structure as the unknowns, the internal forces then follow from the determination 
of these displacements, while in the alternative approach, forces are treated as being initially unknown. 
In the language of matrix methods, these two approaches are known as the stiffness (or displacement) 
method and the flexibility (or force) method, respectively. The most widely used of these two methods 
is the stiffness method, and for this reason, we shall concentrate on this particular approach. Argyris 
and Kelsey [Ref. 1], however, showed that complete duality exists between the two methods in that the 
form of the governing equations is the same whether they are expressed in terms of displacements or 
forces. 

Generally, actual structures must be idealized to some extent before they become amenable to 
analysis. Examples of some simple idealizations and their effect on structural analysis are presented 
in Chapter 19 for aircraft structures. Outside the realms of aeronautical engineering, the representation 
of a truss girder by a pin-jointed framework is a well-known example of the idealization of what are 
known as “skeletal” structures. Such structures are assumed to consist of a number of elements joined 
at points called nodes. The behavior of each element may be determined by basic methods of structural 
analysis, and hence, the behavior of the complete structure is obtained by superposition. Operations 
such as these are easily carried out by matrix methods, as we shall see later in this chapter. 


Copyright © 2010, T. H. G. Megson. Published by Elsevier Ltd. All rights reserved. 
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A more difficult type of structure to idealize is the continuum structure; in this category are dams, 
plates, shells, and, obviously, aircraft fuselage and wing skins. A method, extending the matrix technique 
for skeletal structures, of representing continua by any desired number of elements connected at their 
nodes was developed by Clough et al. [Ref. 2] at the Boeing Aircraft Company and the University of 
Berkeley in California. The elements may be of any desired shape, but the simplest, used in plane stress 
problems, are the triangular and quadrilateral elements. We shall discuss the finite element method, as 
it is known, in greater detail later. 

Initially, we shall develop the matrix stiffness method of solution for simple skeletal and beam 
structures. The fundamentals of matrix algebra are assumed. 


6.1 NOTATION 


Generally, we shall consider structures subjected to forces, Fx, Fy,1, Fz,1, Fx,2, Fy,2;F2,23---, 
Fy n, Fyn, Fzn, at nodes 1,2,..., n at which the displacements are u1, v1, W1, U2, V2, W2,- -, Un, Vn, Wn- 
The numerical suffixes specify nodes, while the algebraic suffixes relate the direction of the forces 
to an arbitrary set of axes, x, y, z. Nodal displacements u, v, w represent displacements in the positive 
directions ofthe x, y, and z axes, respectively. The forces and nodal displacements are written as column 
matrices (alternatively known as column vectors) 


Fy u 
Fy vi 
Fz1 wi 
Fy2 u2 
Fy2 v2 
F22 w2 
F x,n Un 
F yn Vn 
F, z,n Wn 


which, when once established for a particular problem, may be abbreviated to 
{F} {8} 


The generalized force system {F} can contain moments M and torques T in addition to direct forces, 
in which case {ô} includes rotations 0. Therefore, in referring simply to a nodal force system, we 
imply the possible presence of direct forces, moments, and torques, while the corresponding nodal 
displacements can be translations and rotations. For a complete structure, the nodal forces and nodal 
displacements are related through a stiffness matrix [K]. We shall see that, in general, 


{F} = [K Kô} (6.1) 
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where [XK] is a symmetric matrix of the form 


ku ki2 +++ Kin 
ki kn >> k 
VS a sa (6.2) 
knı kn2 i knn 
The element kj (i.e., the element located in row i and in column /) is known as the stiffness influence 
coefficient (note kj =k;i). Once the stiffness matrix [K] has been formed, the complete solution to a 


problem follows from routine numerical calculations that are carried out, in most practical cases, by 
computer. 





6.2 STIFFNESS MATRIX FOR AN ELASTIC SPRING 


The formation of the stiffness matrix [K] is the most crucial step in the matrix solution of any structural 
problem. We shall show in the subsequent work how the stiffness matrix for a complete structure may 
be built up from a consideration of the stiffness of its individual elements. First, however, we shall 
investigate the formation of [K] for a simple spring element which exhibits many of the characteristics 
of an actual structural member. 

The spring of stiffness k shown in Fig. 6.1 is aligned with the x axis and supports forces Fy,ı and 
F2 at its nodes 1 and 2 where the displacements are u; and u2. We build up the stiffness matrix for 
this simple case by examining different states of nodal displacement. First, we assume that node 2 is 
prevented from moving such that uj =u; and uz =0. Hence, 


Fy = ku 
and from equilibrium, we see that 
Fy = —Fy1 = kay (6.3) 


which indicates that F’, 2 has become a reactive force in the opposite direction to F,,;. Second, we take 
the reverse case where uv; =0 and uz = and obtain 


Fy = kun = —-Fy1 (6.4) 


F1 4 k Fy 2 U2 
— — ep 





Fig. 6.1 


Determination of stiffness matrix for a single spring. 





ss 
172 CHAPTER 6 Matrix Methods 


By superposition of these two conditions, we obtain relationships between the applied forces and the 
nodal displacements for the state when uj =u and uz =u2, Thus, 


Fy = kui — kuz | (6.5) 


Fy2 = —ku, + ku2 


Writing Eq. (6.5) in matrix form, we have 


F xl] k —k uy 
(lle “al le 69 
and by comparing with Eq. (6.1), we see that the stiffness matrix for this spring element is 


K= g | 6D 


which is a symmetric matrix of order 2 x 2. 





6.3 STIFFNESS MATRIX FOR TWO ELASTIC SPRINGS IN LINE 


Bearing in mind the results of the previous section, we shall now proceed, initially by a similar process, 

to obtain the stiffness matrix of the composite two-spring system shown in Fig. 6.2. The notation and 

sign convention for the forces and nodal displacements are identical to those specified in Section 6.1. 
First, let us suppose that uw; =u, and u2=u3 =0. By comparing the single-spring case, we have 


Fy = kau = —Fx2 (6.8) 
but, in addition, Fy 3 =0, since u2 =u3 =0. 


Second, we put u; =u3 =0 and u2 =u2. Clearly, in this case, the movement of node 2 takes place 
against the combined spring stiffnesses ka and kp. Hence, 


Fyx,2 = (ka + kp)u2 
Fy1 = —k,u2, Fy3 = —kpuz (6.9) 
Hence, the reactive force Fy ı (= —kau2) is not directly affected by the fact that node 2 is connected to 


node 3, but it is determined solely by the displacement of node 2. Similar conclusions are drawn for the 
reactive force fF’, 3. 


Fx,2 Uo y 
Fa u4 ka ky Fx,3 43 


1 2 3 x 





Fig. 6.2 


Stiffness matrix for a two-spring system. 
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Finally, we set uj =u2 =0,u3 =w3 and obtain 


Fy3 = kpuw3 = — al (6.10) 


F eli 0 
Superimposing these three displacement states, we have, for the condition uw, =u, uz =u2,u3=u3, 


Fy = kaui — kauz 
Fy = —kaui + (ka + ko)uz — kpu3 (6.11) 
Fx 3 = —kpu2 + kpu3 


Writing Eqs. (6.11) in matrix form gives 


Fri ka —k, 0 uy 
Foot =| —ka kathy —kp | 4 2 (6.12) 
Fy3 0 —kp kp u3 


Comparing Eq. (6.12) with Eq. (6.1) shows that the stiffness matrix [K] of this two-spring system is 


ka —ka 0 
0 —kp kp 


Equation (6.13) is a symmetric matrix of order 3 x 3. 

It is important to note that the order of a stiffness matrix may be predicted from a knowledge of 
the number of nodal forces and displacements. For example, Eq. (6.7) is a2 x 2 matrix connecting two 
nodal forces with two nodal displacements; Eq. (6.13) is a3 x 3 matrix relating three nodal forces to 
three nodal displacements. We deduce that a stiffness matrix for a structure in which n nodal forces relate 
to n nodal displacements will be of order n x n. The order of the stiffness matrix does not, however, 
bear a direct relation to the number of nodes in a structure, since it is possible for more than one force 
to be acting at any one node. 

So far we have built up the stiffness matrices for the single- and two-spring assemblies by considering 
various states of displacement in each case. Such a process would clearly become tedious for more 
complex assemblies involving a large number of springs, so a shorter, alternative procedure is desirable. 
From our remarks in the preceding paragraph and by reference to Eq. (6.2), we could have deduced at 
the outset of the analysis that the stiffness matrix for the two-spring assembly would be of the form 


Ait k2 ky 
[K] = | kat kn kz (6.14) 
k31 k32 k33 


The element k11 of this matrix relates the force at node 1 to the displacement at node 1 and so on. Hence, 
remembering the stiffness matrix for the single spring (Eq. (6.7)), we may write down the stiffness matrix 
for an elastic element connecting nodes 1 and 2 in a structure as 


ki, ky 
Ky] = 6.15 
[Ki2] ie a (6.15) 
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and for the element connecting nodes 2 and 3 as 


(6.16) 


kn k 
Kaji | 


k32 k33 


In our two-spring system, the stiffness of the spring joining nodes 1 and 2 is ką and that of the spring 
joining nodes 2 and 3 is ky. Therefore, by comparing with Eq. (6.7), we may rewrite Eqs. (6.15) 
and (6.16) as 


Ky)-| 2 —* Gael e a 6.17 
[Ki2] = a [K23] = She Us (6.17) 


Substituting in Eq. (6.14) gives 


ka —ka 0 
[K] = | —ka ka+ko —kp 
0 — kp kp 


which is identical to Eq. (6.13). We see that only the k22 term (linking the force at node 2 to the 
displacement at node 2) receives contributions from both springs. This results from the fact that node 2 
is directly connected to both nodes 1 and 3, while nodes | and 3 are each joined directly only to node 2. 
Also, the elements k 13 and 43; of [K] are zero, since nodes | and 3 are not directly connected and are 
therefore not affected by each other’s displacement. 

The formation of a stiffness matrix for a complete structure thus becomes a relatively simple matter 
of the superposition of individual or element stiffness matrices. The procedure may be summarized 
as follows: terms of the form kj; on the main diagonal consist of the sum of the stiffnesses of all the 
structural elements meeting at node i, while off-diagonal terms of the form 4;; consist of the sum of the 
stiffnesses of all the elements connecting node i to node j. 

An examination of the stiffness matrix reveals that it possesses certain properties. For example, the 
sum of the elements in any column is zero, indicating that the conditions of equilibrium are satisfied. 
Also, the nonzero terms are concentrated near the leading diagonal, while all the terms in the leading 
diagonal are positive; the latter property derives from the physical behavior of any actual structure in 
which positive nodal forces produce positive nodal displacements. 

Further inspection of Eq. (6.13) shows that its determinant vanishes. As a result the stiffness 
matrix [K] is singular and its inverse does not exist. We shall see that this means that the associ- 
ated set of simultaneous equations for the unknown nodal displacements cannot be solved for the 
simple reason that we have placed no limitation on any of the displacements u1, u2, or u3. Thus, 
the application of external loads results in the system moving as a rigid body. Sufficient bound- 
ary conditions must therefore be specified to enable the system to remain stable under load. In this 
particular problem, we shall demonstrate the solution procedure by assuming that node 1 is fixed— 
that is, uj =0. 
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The first step is to rewrite Eq. (6.13) in partitioned form as 


ka —ka 0 
Fy OMPELE PIP TEI ui = 0 
f= uz (6.18) 
Fy3 —ka Kathy —kp u3 

0 -h k 


In Eq. (6.18), Fy,ı is the unknown reaction at node 1, u; and u2 are unknown nodal displacements, while 
Fy and Fy 3 are known applied loads. Expanding Eq. (6.18) by matrix multiplication, we obtain 


uz Fy2\| _|ka+ko —kp | | u2 
masca ofe) E-e e wi 


Inversion of the second of Eqs. (6.19) gives u2 and u3 in terms of F, 2 and Fy 3. Substitution of these 
values in the first equation then yields Fy 1. 


Thus, 
uw) [kathy =k] [Fx 
u| | -ke k Fy3 
or 
u| 1/ka 1/ka F2 
uz3|  |1/ka 1/ke+ 1/ka| |Fx3 
Hence, 


z 1/ka 1/ka Fy2 
{Fx} = [ka 0] Ge 1/kp + 1/ka | |Fx3 
which gives 
Fy SE 2: —Fy3 


as would be expected from equilibrium considerations. In problems where reactions are not required, 
equations relating known applied forces to unknown nodal displacements may be obtained by deleting 
the rows and columns of [K] corresponding to zero displacements. This procedure eliminates the 
necessity of rearranging rows and columns in the original stiffness matrix when the fixed nodes are not 
conveniently grouped together. 

Finally, the internal forces in the springs may be determined from the force—displacement relationship 
of each spring. Thus, if Sg is the force in the spring joining nodes 1 and 2, then 


Sa = ka(u2 — u1) 
Similarly, for the spring between nodes 2 and 3 


Sb = kp (u3 — u2) 
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6.4 MATRIX ANALYSIS OF PIN-JOINTED FRAMEWORKS 


The formation of stiffness matrices for pin-jointed frameworks and the subsequent determination of 
nodal displacements follow a similar pattern to that described for a spring assembly. A member in such 
a framework is assumed to be capable of carrying axial forces only and obeys a unique force—deformation 
relationship given by 
AE 
F = — ô 
L 

where F is the force in the member, ô its change in length, A its cross-sectional area, L its unstrained 
length, and E its modulus ofelasticity. This expression is seen to be equivalent to the spring-displacement 
relationships of Eqs. (6.3) and (6.4) so that we may immediately write down the stiffness matrix for a 
member by replacing k by AE/L in Eq. (6.7). Thus, 


<i 4E/L —AEJL 
wier a 


or 
AE[ 1 -1 
m=F |} i (6.20) 


so that for a member aligned with the x axis, joining nodes i and j subjected to nodal forces F,.; and 


Fx j, we have 
Fyi ee AE 1 -l uj 
A se ty yy (6.21) 


The solution proceeds in a similar manner to that given in the previous section for a spring or spring 
assembly. However, some modification is necessary, since frameworks consist of members set at various 
angles to one another. Figure 6.3 shows a member of a framework inclined at an angle 0 to a set of 
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Fig. 6.3 


Local and global coordinate systems for a member of a plane pin-jointed framework. 





ee 
6.4 Matrix Analysis of Pin-jointed Frameworks 177 


arbitrary reference axes x, y. We shall refer every member of the framework to this global coordinate 
system, as it is known, when we are considering the complete structure, but we shall use a member or 
local coordinate system x, y when considering individual members. Nodal forces and displacements 
referred to local coordinates are written as F, i, and so on so that Eq. (6.21) becomes, in terms of local 


coordinates, 
Fa) AE[ 1 -1| (a 
= — (6.22) 
Fy) +{~ (a 


where the element stiffness matrix is written [K;]. 

In Fig. 6.3, external forces Fy; and Fy, j are applied to nodes į and j. It should be noted that Fyi 
and Fpj do not exist, since the member can only support axial forces. However, Fy, ; and Fy,; have 
components f’,;, Fy, and Fyj, Fyj, respectively, so that only two force components appear for the 
member in terms of local coordinates, whereas four components are present when global coordinates 
are used. Therefore, if we are to transfer from local to global coordinates, Eq. (6.22) must be expanded 
to an order consistent with the use of global coordinates: 

















Fai 10 -1 0) fa 
Fyi AE 00 00 A 
0 i 
Py j ~ LE 1-1 0 1 0) 1a (23) 
Fpj 00 O 0] [y 


Equation (6.23) does not change the basic relationship between Fy;, Fy j and T, U; as defined in 
Eq. (6.22). 
From Fig. 6.3, we see that 


Foi = Fy cos + Fy sind 


yi = —Pyisind + Fy; cosé 


x 


and 


Fy j = Fy jcos0 + Fy; sin 


Fy j = —Fy,jsin@ + Fy; cosé 


Writing 4 for cos6@ and jz for sin@, we express the preceding equations in matrix form as 








Fyi à u 0 0 Fyi 
Fyi _|-u A 0 0 Fyi 
Fy j 7 0 0 A u Fy j (624) 
Fyj 0 0 —H Xr Fy j 


or, in abbreviated form, 


{F} = [THF} (6.25) 
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where [T] is known as the transformation matrix. A similar relationship exists between the sets of nodal 
displacements. Thus, again using our shorthand notation, 


{8} = [T]{} (6.26) 
Substituting now for {F} and {ô} in Eq. (6.23) from Eqs. (6.25) and (6.26), we have 
[THF} = [Ky lI71(5} 


Hence, 
{F} = [T KALT) (6.27) 
It may be shown that the inverse of the transformation matrix is its transpose: 
[T] =[7]" 
Thus, we rewrite Eq. (6.27) as 
{F} = [T] KTHS} (6.28) 


The nodal force system referred to global coordinates {F} is related to the corresponding nodal 
displacements by 


{F} = [Ky ]{5} (6.29) 


where [Kj] is the member stiffness matrix referred to global coordinates. Comparison of Eqs. (6.28) 
and (6.29) shows that 


[Ky] = (7) [Kyl] 
Substituting for [T] from Eq. (6.24) and [Ki] from Eq. (6.23), we obtain 


Re àu Sd SA 
AE | au w Ap -u 

[K;] = 2 2 
L | —à4 —ìu à Àu 


-àu -R u Ww 


(6.30) 


By evaluating à (= cos) and u(= sin) for each member and substituting in Eq. (6.30), we obtain the 
stiffness matrix, referred to global coordinates, for each member of the framework. 

In Section 6.3, we determined the internal force in a spring from the nodal displacements. Applying 
similar reasoning to the framework member, we may write down an expression for the internal force 
Sj; in terms of the local coordinates. Thus, 


AE _. 
Sij = — (T; — T) (6.31) 
L 
Now, 
Uj = uy + Yj 


Ui = uj + LV; 


ae 
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Hence, 
uj — Uj = (uj — ui) + MO — vi) 


Substituting in Eq. (6.31) and rewriting in matrix form, we have 


eee * ] [v 7 4 (6.32) 


L yj O7 Yi 


B 
Example 6.1 

Determine the horizontal and vertical components of the deflection of node 2 and the forces in the 
members of the pin-jointed framework that is shown in Fig. 6.4. The product AF is constant for all 
members. = 


We see in this problem that nodes 1 and 3 are pinned to a fixed foundation and are therefore not 
displaced. Hence, with the global coordinate system shown, 


ui = vı = u3 = v3 = 0 


The external forces are applied at node 2 such that Fy,2 = 0,F,,2 = —W; the nodal forces at 1 and 3 are 
then unknown reactions. 

The first step in the solution is to assemble the stiffness matrix for the complete framework by writing 
down the member stiffness matrices referred to the global coordinate system using Eq. (6.30). The 





Fig. 6.4 


Pin-jointed framework of Example 6.1. 
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direction cosines A and jz take different values for each of the three members, so remembering that the 


angle 6 is measured anticlockwise from the positive direction of the x axis, we have the following: 














The member stiffness matrices are therefore 


capa SE 
[K12] = —— 
[K ja 

sen he 


Member 0 À H 
1-2 O 1 O 
1-3 90 (0) 1 
2-3 135 -1//2 1//2 
10-1 0 
00 00 AE 
00 00 

1 1 1 1 

a Loin) 2 

1 1 1 1 
TZ 2 Dre CoD 

1 1 1 1 
oD 2 2 2 

Ty aD gak t 

2 2 2 2 


oooco 


= O m © 
O OOD 


(i) 


The next stage is to add the member stiffness matrices to obtain the stiffness matrix for the complete 
framework. Since there are six possible nodal forces producing six possible nodal displacements, the 
complete stiffness matrix is of the order 6 x 6. Although the addition is not difficult in this simple 
problem, care must be taken, when solving more complex structures to ensure that the matrix elements 
are placed in the correct position in the complete stiffness matrix. This may be achieved by expanding 
each member stiffness matrix to the order of the complete stiffness matrix by inserting appropriate rows 
and columns of zeros. Such a method is, however, time and space consuming. An alternative procedure 


is suggested here. The complete stiffness matrix is of the form shown in Eq. (ii) 


Fy 
Fy 
Fy 
Fy 
Fy3 
Fy3 


| kya: ikii 
I faz} ika) 
I kez) hss, 


u1 


vi 


V3 


(ti) 


The complete stiffness matrix has been divided into a number of submatrices in which [k1;] is a2 x 2 
matrix relating the nodal forces F,.1, Fy, to the nodal displacements u1, vı, and so on. It is a simple 
matter to divide each member stiffness matrix into submatrices of the form [11], as shown in Eqs. (iii). 
All that remains is to insert each submatrix into its correct position in Eq. (ii), adding the matrix elements 
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where they overlap; for example, the [k11] submatrix in Eq. (ii) receives contributions from [K 12] and 
[K13]. The complete stiffness matrix is then of the form shown in Eq. (iv). It is sometimes helpful, 
when considering the stiffness matrix separately, to write the nodal displacement above the appropriate 
column (see Eq. (iv)). We note that [K] is symmetrical, that all the diagonal terms are positive, and that 
the sum of each row and column is zero 














rl oF f-1 07 
| w EE ka | 
AE 10 0i 1 0 Ot 
[K12] = — me ae ae = 
L 1 —] 0: ee 0: 
| km | | k | 
1 6 o! !0 0! 
L -J L -H 
ro 0} fo 08 
t ku i i kg ! 
0 1! 0 aa 
AE 
[Kp]=—| " mee i (iii) 
L]o 07 fo 07 
loa f oo a 
0 —1! 16 i 
L t L -H 
ier al 1i rol 17 
2 2! i 2 2! 
! k22 k23 ! 
i ee a cae 
AE |: 2 2! !: 2 2! 
[K23] = —=— 
V2 i 13 Fol 17 
no 2 i 2 2! 
) k32 Loi k33 | 
o1 li i 1 l| 
i 2 t= 2 j 
uy VI u2 v2 u3 V3 
1 0 -=l 0 0 0 
0 1 0 0 0 =] 
Fai 1 1 1 1 u; =0 
Fi =i- 0 H= 
ys Do IGFs Oe TOs Id. 
He ee 1 1 1 1 u2 Gv) 
ote 0 o0 
oS Wa aa a Wesa 
Fy3 0 0 l : : l 3=0 
2V2 2/2 M2 24/2 
0 —1 l : 1+ : 
2/2 FYI “IJ 2/2 


es 
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If we now delete rows and columns in the stiffness matrix corresponding to zero displacements, we 
obtain the unknown nodal displacements u2 and v2 in terms of the applied loads Fy 2 (=0) and F2 


(=—W). Thus, 
1 1 
1+—~ -~~ 
Fy2 = OE 1 1 v2 
2/2 2/2 
Inverting Eq. (v) gives 
u| L 1 1 Fy2 (vi) 
vj AELL 14+2V2] | Fy2 
from which 
L WL ss 
u = pi +Fy2) = FE (vii) 
L WL ii 
n= -pF + 2/2)F,2]=— gat 2/2) (viii) 


The reactions at nodes | and 3 are now obtained by substituting for u2 and v2 from Eq. (vi) into 
Eq. (iv). Thus, 


-1 0 
Fy 0 0 
Fy1 5 1 1 1 1 (| 
Fr3[ | 24/2 272 |] 1 14272] 2 
Fy3 Lee ee 
2/2 2/2 
-1 -l 
o| 0 OF [Fy2 
“1 0 1] [Re 
0 -1 
giving 
F1 =-— x2 —Fy2 =W 
Fy =0 


Fy3 = Fy2 = -W 
Fy3 =W 


ee 
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Finally, the forces in the members are found from Eqs. (6.32), (vii), and (viii) 


AE 
Sı2 = —[! 0] E A = —W (compression) 
L v2 


—v] 


AE — 
S13 = Te 1] | a = 0 (as expected) 


u3 
v3 — V1 


AE 1 1 — 
S23 = |- ped =| i | = /2W (tension) 
2L 2 J2)(%37%2 





6.5 APPLICATION TO STATICALLY INDETERMINATE FRAMEWORKS 


The matrix method of solution described in the previous sections for spring and pin-jointed framework 
assemblies is completely general and is therefore applicable to any structural problem. We observe that 
at no stage in Example 6.1 did the question of the degree of indeterminacy of the framework arise. It 
follows that problems involving statically indeterminate frameworks (and other structures) are solved 
in an identical manner to that presented in Example 6.1, and the stiffness matrices for the redundant 
members being included in the complete stiffness matrix as before. 





6.6 MATRIX ANALYSIS OF SPACE FRAMES 


The procedure for the matrix analysis of space frames is similar to that for plane pin-jointed frameworks. 
The main difference lies in the transformation of the member stiffness matrices from local to global 
coordinates, since, as we see from Fig. 6.5, axial nodal forces F’,,; and F’,,; have each now three global 











Z, w 
Fig. 6.5 


Local and global coordinate systems for a member in a pin-jointed space frame. 
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components Fy ;, Fy,;, Fz; and Fy, ;, Fy,;,F'z,;, respectively. The member stiffness matrix referred to global 
coordinates is therefore of the order 6 x 6 so that [Kj] of Eq. (6.22) must be expanded to the same order 
to allow for this. Hence, 


x! 


(6.33) 


cocooso 
coooocsg, 
SSeS si 
cocococos 
cooooos 


In Fig. 6.5, the member jj is of length LZ, cross-sectional area A, and modulus of elasticity E. Global 
and local coordinate systems are designated as for the two-dimensional case. Further, we suppose that 


Oxz = angle between x and x 


6,5 = angle between x and y 


6.5 = angle between z and y 


Therefore, nodal forces referred to the two systems of axes are related as follows: 


Fy = Fy. cos 0% + Fy cos 6x5 + Fz cos 0x3 
F, = F,cos6,z + F, cos Oy + F, cos 6,5 (6.34) 
F, = F,cos6z + Fy cos 6, + F, cos 63 

Writing 


Az = COSA%, Ay = COSA, Àz = COS Oxz 
Hz = COSA, Uy =COSAs, [Uz = COSA: (6.35) 
Vy = COSOz%, Vy = COSA, Vz = COSOz2 


we may express Eq. (6.34) for nodes i and j in matrix form as 

















Fy i Àz Ux Vy 0 0 0 Fyi 
Fyi às up wý 0 0 0 Fyi 
Fzi a Àz Hz vz 0 0 0 Fzi (6.36) 
Fy j 0 0 O Ag we ve] [Px 
Fy j 0 0 0 A m mI Ay 
Fz j 0 0 0 Az maz wv Fzj 
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or in abbreviated form 
{F} = [T]{F} 


The derivation of [K;;] for a member of a space frame proceeds on identical lines to that for the plane 
frame member. Thus, as before 


[K;] = [T] KALT] 


Substituting for [T] and [K;;] from Eqs. (6.36) and (6.33) gives 


Ag Age = Agog A? Age Ary 
Age = MZ Mave ARM MZ Mv 
AE | Axvy Mav v —Agye -upy o? 
[Ki] = — 2 ee Aa 2 fine seat (6.37) 
L ahs Age —ARVE Az Ax Lx AR VE 
—Aguz U? —peve Aguy pe HxVE 
—ARVE — Uzv —v? ARVE Havr v2 


All the suffixes in Eq. (6.37) are x so that we may rewrite the equation in simpler form, namely 


a? : SYM 
au R 
AE Av uv v o: 
[Ky] = 7 AE OA AA biaibedegaccasuunuenueseens 4 (6.38) 
Ie. Ras -ùv : Be 
2 2 


—àu -u -wv : àu H 
—hv —uv aye w uv v? 
where à, u, and v are the direction cosines between the x, y, z, and x axes. 

The complete stiffness matrix for a space frame is assembled from the member stiffness matrices in 
a similar manner to that for the plane frame and the solution completed as before. 





6.7 STIFFNESS MATRIX FOR A UNIFORM BEAM 


Our discussion so far has been restricted to structures comprising members capable of resisting axial 
loads only. Many structures, however, consist of beam assemblies in which the individual members 
resist shear and bending forces, in addition to axial loads. We shall now derive the stiffness matrix for a 
uniform beam and consider the solution of rigid-jointed frameworks formed by an assembly of beams 
or beam elements as they are sometimes called. 

Figure 6.6 shows a uniform beam jj of flexural rigidity EZ and length L subjected to nodal forces 
F; i,Fy,j and nodal moments M;, M; in the xy plane. The beam suffers nodal displacements and rotations 


i 
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y 
M; 8; 
M;, 8; a 
Fy, in Vi Fy in 


Fig. 6.6 


Forces and moments on a beam element. 





vi, vj, and 6;, 6;. We do not include axial forces here, since their effects have already been determined 
in our investigation of pin-jointed frameworks. 

The stiffness matrix [Kj] may be built up by considering various deflected states for the 
beam and superimposing the results, as we did initially for the spring assemblies shown in Figs. 6.1 and 
6.2, or it may be written down directly from the well-known beam slope—deflection equations [Ref. 3]. 
We shall adopt the latter procedure. From slope—deflection theory, we have 


6EI 4EI 6EI 2EI 











Mi = T2 vi + L 0i + T2 vi + T 6; (6.39) 
and 
6EI 2EI 6EI 4EI 
Mj = 72 vi + ZL i+ T2 vi + T7 6; (6.40) 
Also, considering vertical equilibrium, we obtain 
Fyit yj =0 (6.41) 
and from moment equilibrium about node j, we have 
Fy, iL +M; +Mj =0 (6.42) 
Hence, the solution of Eqs. (6.39) through (6.42) gives 
12EI 6EI 12EI 6EI 
—Fy i =Fyj= T3 vi + T2 j T3 vi + T2 Jj (6.43) 
Expressing Eqs. (6.39), (6.40), and (6.43) in matrix form yields 
Fyi 12/L? —6/L? —12/L? —6/L?] [vi 
Mi —6/L?  4/L 6J  2/L 6; 
EN ayy 3 - / 3 es (6.44) 
Fy j -12/L° 6/L 12/L 6/L vj 
M; —6/L? 2/L 6J? 4JL 6; 
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which is of the form 
{F} = [Ky] {5} 


where [K;;] is the stiffness matrix for the beam. 
It is possible to write Eq. (6.44) in an alternative form such that the elements of [Kj] are pure 
numbers. Thus, 


Fyi 12 -6 -12 -6] [vi 
Mi/L| _EI| -6 4 6 2} JL 
Fy; [|  23}-12 6 12 6] )y 
M;/L -6 2 6 4] [GL 


This form of Eq. (6.44) is particularly useful in numerical calculations for an assemblage of beams in 
which E//L? is constant. 

Equation (6.44) is derived for a beam whose axis is aligned with the x axis so that the stiffness matrix 
defined by Eq. (6.44) is actually [Ki] the stiffness matrix referred to a local coordinate system. If the 
beam is positioned in the xy plane with its axis arbitrarily inclined to the x axis, then the x and y axes 
form a global coordinate system and it becomes necessary to transform Eq. (6.44) to allow for this. The 
procedure is similar to that for the pin-jointed framework member of Section 6.4 in that [Ky] must be 
expanded to allow for the fact that nodal displacements u; and uj, which are irrelevant for the beam in 
local coordinates, have components u;, v; and u;,v; in global coordinates. Thus, 


Uj vi 6; uj vj 6; 
0 o0 0 0 0 0 
0 12/23 —6/L? 0 -12/L3 —6/L? 
[K;]=EI | 0 —6/L? 4/L 0 6/? 2/L (6.45) 
0 0 0 0 0 0 
0 —12/L? 6/L? 0 12/? 6/L? 
0 —6/L? 2/L 0 6/L2 A/L 


We may deduce the transformation matrix [7] from Eq. (6.24) if we remember that although u and v 
transform in exactly the same way as in the case of a pin-jointed member, the rotations 6 remain the 
same in either local or global coordinates. 


Hence, 
à upo 0 0 0 
—u à 0 0 0 0 
0 01 0 0 0 
0 0 0 -uà 0 
0 00 0 0 1 


where A and yz have previously been defined. Thus, 


[K;] = [T] KAT] (see Section 6.4) 


—— 
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we have, from Eqs. (6.45) and (6.46), 


12u? /L? SYM 
—12Au/L? 124?/L? 
6u/L? —6A/L?  4/L 


[Kj] = El (6.47) 


—12p7/L? 12àu/L? —6u/L? 12u?/L? 
12àu/L? —12A?/L? 6A/L? —12Au/L? AD 
6u/L? —6A/L? 2/L 6u/L? 6A/L? 4A/L 


Again, the stiffness matrix for the complete structure is assembled from the member stiffness matrices, 
the boundary conditions are applied, and the resulting set of equations solved for the unknown nodal 
displacements and forces. 

The internal shear forces and bending moments in a beam may be obtained in terms of the calculated 
nodal displacements. Thus, for a beam joining nodes i and j, we shall have obtained the unknown values 
of v;, 6; and vj, 6;. The nodal forces Fy; and M; are then obtained from Eq. (6.44) if the beam is aligned 


with the x axis. Hence, 
12 6 12 6 
Fyi =e (iv aea) 


BPR’ PTP 
(6.48) 


6 6 
M; =EI( -7i +7 fot < ar 2o 


2 


Similar expressions are obtained for the forces at node j. From Fig. 6.6, we see that the shear force $, 
and bending moment M in the beam are given by 


Fa (6.49) 
M =F;;x +M; l 


Substituting Eq. (6.48) into Eq. (6.49) and expressing in matrix form yield 





12 6 12 6 v 
75 =, = = f 

Sl idee ab L L L 6; eae 
M 2 6 6 4 R2 6 6 2l|ļy 
PTP tI tpe TPTI] 


The matrix analysis of the beam in Fig. 6.6 is based on the condition that no external forces are 
applied between the nodes. Obviously, in a practical case, a beam supports a variety of loads along 
its length, and therefore, such beams must be idealized into a number of beam elements for which the 
preceding condition holds. The idealization is accomplished by merely specifying nodes at points along 
the beam such that any element lying between adjacent nodes carries, at the most, a uniform shear 
and a linearly varying bending moment. For example, the beam of Fig. 6.7 would be idealized into 
beam elements 1-2, 2-3, and 3—4 for which the unknown nodal displacements are v2,02,03, v4, and 04 
(vı =0,=V3 =0). 


pe 
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Fig. 6.7 


Idealization of a beam into beam elements. 








L 
w/unit length 


Fig. 6.8 








Fig. 6.9 


Idealization of beams into beam elements. 





Beams supporting distributed loads require special treatment in that the distributed load is replaced 
by a series of statically equivalent point loads at a selected number of nodes. Clearly, the greater the 
number of nodes chosen, the more accurate but more complicated and therefore time consuming will 
be the analysis. Figure 6.8 shows a typical idealization of a beam supporting a uniformly distributed 
load. Details of the analysis of such beams may be found in Martin [Ref. 4]. 

Many simple beam problems may be idealized into a combination of two beam elements and three 
nodes. A few examples of such beams are shown in Fig. 6.9. If we therefore assemble a stiffness matrix 
for the general case of a two beam element system, we may use it to solve a variety of problems simply 
by inserting the appropriate loading and support conditions. Consider the assemblage of two beam 
elements shown in Fig. 6.10. The stiffness matrices for the beam elements 1—2 and 2-3 are obtained 
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1 El 2 El, 3 
La + Lp _.| 
Fig. 6.10 
Assemblage of two beam elements. 
from Eq. (6.44); thus, 
vı A v2 62 
r 12/4} Sea a e —6/L5 | 
: ku i kız 
[Ki] =Eh | | 76/2 4/La i i 6/La 2/La | (6.51) 
r —12/L 6/La ' T 12/4 6/Là | 
ne ee 
| —6/22 2/lg i | 6/E2 4/La | 
v2 02 v3 03 
i 12/6 — -6/LE f —12/L5 —6/Le | 
ka se kos 
[Ko] = Eh | | ~9/26 A4/ly | | 6/L 2/Lp | (6.52) 
{ —12/L5 6/L5! = | 12/Lh 6/5] 
k32 i i k33 i 
ı —6/L 2/Lp | | 6/Lé 4/Lp 3 


The complete stiffness matrix is formed by superimposing [K 12] and [K23] as described in Example 6.1. 


Hence, 


127, 
Là 
61, 
L 
12], 
Li 
61, 
Ly 








[K]=E 


0 


PA 


61, 


a 
Al, 
La 


61, 








a 12/, Z 6la 0 0 
B T2 
6la 214 
= — 0 0 
L2 La 
I, h la h 12h 6h 
12 L3 + L 6 L2 L2 L L2 
a b a b b b 
Ila Ip I, h 6l 2h 
Ma ah Artn] = 7 
Ls Lb Le “she Lb Lp 
12h 6h 12h 6h 
LÈ R L ie 
6h 2 6l 4h 
L Lp L hh 


(6.53) 


ee 
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© $$$ $M 


Example 6.2 
Determine the unknown nodal displacements and forces in the beam shown in Fig. 6.11. The beam is 
of uniform section throughout. E 


The beam may be idealized into two beam elements, 1-2 and 2-3. From Fig. 6.11, we see that 
vj = v3 = 0, Fy2 = —W, Mz = +M. Therefore, eliminating rows and columns corresponding to zero 
displacements from Eq. (6.53), we obtain 


Fy2=—-W 27/2L? 9/2L? 6/L? —3/2L?] [v 
M =M a 9/2L? 6/L 2/L 1/L b2 i 
M=0 [~ 6/L? 2/L 4L 0 6 G) 
M3 =0 —3/2L? 1/L 0 2/L 63 


Equation (i) may be written such that the elements of [K] are pure numbers 


Fy2=—W 27 9 12 -3 v2 
Mo/L=M/L\ _ El | 9 12 4 2) | @&L ay 
M,/L=0 ~ 973} 12 4 8 Of} JAL 
M;3/L=0 —3 2 0 4] [GL 
Expanding Eq. (ii) by matrix multiplication, we have 
—W|_ EI (|27 9\[ v2 j 12 —3||@L s 
M/L|~ 223\} 9 12} |@L 4 2] 63L (u 
and 
0|_ EI 12 4]] w 8 O} [OL i 
bj- (l5 aell allar w 
Equation (iv) gives 
3 1 
OL Ds, - 3.2, v2 
aL{—|_3 illo ) 
4 ~2 








Fig. 6.11 


Beam of Example 6.2. 
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Substituting Eq. (v) into Eq. (iii), we obtain 


v| _ 2 [f-4 -2][-W À 
(l-sala 3] a i 


from which the unknown displacements at node 2 are 


— 4WÈ 2MĽ 
SO ET 9 EI 
p- 27E AML 
279 EI 3 EI 
In addition, from Eq. (v) we find that 

o SVL IML 
9 El | 6 EI 
9, - 4 WE IML 
39 ET 3 El 


It should be noted that the solution has been obtained by inverting two 2 x 2 matrices rather than the 
4x 4 matrix of Eq. (ii). This simplification has been brought about by the fact that Mı = M3 =0. 

The internal shear forces and bending moments can now be found using Eq. (6.50). For the beam 
element 1—2, we have 


12 6 12 6 
Sy,12 = EFI RB = zz’! = Be = mn” 
or 
P 
me BN BE 


and 


which reduces to 


ee 
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6.8 FINITE ELEMENT METHOD FOR CONTINUUM STRUCTURES 


In the previous sections, we have discussed the matrix method of solution of structures composed of 
elements connected only at nodal points. For skeletal structures consisting of arrangements of beams, 
these nodal points fall naturally at joints and at positions of concentrated loading. Continuum structures, 
such as flat plates, aircraft skins, shells, and so on, do not possess such natural subdivisions and must 
therefore be artificially idealized into a number of elements before matrix methods can be used. These 
finite elements, as they are known, may be two- or three-dimensional, but the most commonly used are 
two-dimensional triangular and quadrilateral shaped elements. The idealization may be carried out in 
any number of different ways depending on such factors as the type of problem, the accuracy of the 
solution required, and the time and money available. For example, a coarse idealization involving a 
small number of large elements would provide a comparatively rapid but very approximate solution, 
while a fine idealization of small elements would produce more accurate results but would take longer 
and consequently cost more. Frequently, graded meshes are used in which small elements are placed 
in regions where high stress concentrations are expected—for example, around cut-outs and loading 
points. The principle is illustrated in Fig. 6.12 where a graded system of triangular elements is used to 
examine the stress concentration around a circular hole in a flat plate. 

Although the elements are connected at an infinite number of points around their boundaries, it is 
assumed that they are only interconnected at their corners or nodes. Thus, compatibility of displacement 
is only ensured at the nodal points. However, in the finite element method, a displacement pattern is 
chosen for each element which may satisfy some, if not all, of the compatibility requirements along the 
sides of adjacent elements. 

Since we are using matrix methods of solution, we are concerned initially with the determination 
of nodal forces and displacements. Thus, the system of loads on the structure must be replaced by an 
equivalent system of nodal forces. Where these loads are concentrated, the elements are chosen such 
that a node occurs at the point of application of the load. In the case of distributed loads, equivalent 
nodal concentrated loads must be calculated [Ref. 4]. 
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Finite element idealization of a flat plate with a central hole. 


SZ 
4 








ee 
194 CHAPTER 6 Matrix Methods 


The solution procedure is identical in outline to that described in the previous sections for skeletal 
structures; the differences lie in the idealization of the structure into finite elements and the calculation 
of the stiffness matrix for each element. The latter procedure, which in general terms is applicable to 
all finite elements, may be specified in a number of distinct steps. We shall illustrate the method by 
establishing the stiffness matrix for the simple one-dimensional beam element of Fig. 6.6 for which we 
have already derived the stiffness matrix using slope—deflection. 


6.8.1 Stiffness Matrix for a Beam Element 


The first step is to choose a suitable coordinate and node numbering system for the element and define 
its nodal displacement vector {5°} and nodal load vector {F°}. Use is made here of the superscript e to 
denote element vectors, since, in general, a finite element possesses more than two nodes. Again, we 
are not concerned with axial or shear displacements so that for the beam element of Fig. 6.6, we have 


Vi Fyi 
6; Mi 
=j FIS 
Vi Fy, j 
Gj M; 


Since each of these vectors contains four terms, the element stiffness matrix [K°] will be of order 4 x 4. 

In the second step, we select a displacement function which uniquely defines the displacement of 
all points in the beam element in terms of the nodal displacements. This displacement function may 
be taken as a polynomial which must include four arbitrary constants corresponding to the four nodal 
degrees of freedom of the element. Thus, 


v(x) =a, taox + 03x" + ax? (6.54) 


Equation (6.54) is of the same form as that derived from elementary bending theory for a beam subjected 
to concentrated loads and moments and may be written in matrix form as 


a) 
{v(x)} = | x x? J 
Q4 
or in abbreviated form as 
vo =I Ha (6.55) 


The rotation @ at any section of the beam element is given by dv/0x; therefore, 


0 = a2 + 2æ3x + 304x? (6.56) 


ee 
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From Egs. (6.54) and (6.56), we can write down expressions for the nodal displacements v;, 6; and v;, 6; 
at x =0 and x=L, respectively. Hence, 


vi = Q1 
0; = a2 
vj = 1 +L + 3L? + a4L? God 
6; = a2 + 203L + 3a4L? 
Writing Eqs. (6.57) in matrix form gives 
Vi 10 0 0 a1 
6} |0 1 0 0 a2 
yfofi 2 Ll? rP || 8) 
6; 0 1 2L 327} [a4 
or 
{5°} = [A]{a} (6.59) 


The third step follows directly from Eqs. (6.58) and (6.55) in that we express the displacement at 
any point in the beam element in terms of the nodal displacements. Using Eq. (6.59), we obtain 


{a} = [A7 H89) (6.60) 
Substituting in Eq. (6.55) gives 
O = [FOA HSS} (6.61) 
where [A7 !] is obtained by inverting [4] in Eq. (6.58) and may be shown to be given by 


1 0 0 0 
0 1 0 0 
—3/L? -2/L 3/L? —1/L 
2/L? 1/L? —2/Ľ 1/L? 


[71] = (6.62) 


In step four, we relate the strain {e(x)} at any point x in the element to the displacement {v(x)} and 
hence to the nodal displacements {5°}. Since we are concerned here with bending deformations only, 
we may represent the strain by the curvature 3?v/3x?. Hence, from Eq. (6.54), 


2 


ð 
= = 203 + 604x (6.63) 


or in matrix form 


a2 
a3 
arg 


{e} =[0 0 2 6x] (6.64) 
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which we write as 
{e} =[C]{a} (6.65) 
Substituting for {a} in Eq. (6.65) from Eq. (6.60), we have 
{e} = [CA7 189} (6.66) 
Step five relates the internal stresses in the element to the strain {£} and hence, using Eq. (6.66), to 
the nodal displacements {8°}. In our beam element, the stress distribution at any section depends entirely 


on the value of the bending moment M at that section. Thus, we may represent a “state of stress” {0 } 
at any section by the bending moment M, which, from simple beam theory, is given by 


2 
M= ero” 
ax2 
or 
{o} = [El]{e} (6.67) 
which we write as 
{o} = [D]{£} (6.68) 


The matrix [D] in Eq. (6.68) is the “elasticity” matrix relating “stress” and “strain.” In this case, [D] 
consists of a single term, the flexural rigidity EI of the beam. Generally, however, [D] is of a higher 
order. If we now substitute for {£} in Eq. (6.68) from Eq. (6.66), we obtain the “stress” in terms of the 
nodal displacements, that is, 


{o} = [D][CIA"1{5°} (6.69) 


The element stiffness matrix is finally obtained in step six in which we replace the internal “stresses” 
{o} by astatically equivalent nodal load system {F°}, thereby relating nodal loads to nodal displacements 
(from Eq. (6.69)) and defining the element stiffness matrix [K°]. This is achieved by using the principle 
of the stationary value of the total potential energy of the beam (see Section 5.8) which comprises the 
internal strain energy U and the potential energy V of the nodal loads. Thus, 


geya : / fe} fo }d(vol) — {8°} (F2} (6.70) 


vol 


Substituting in Eq. (6.70) for {¢} from Eq. (6.66) and {0} from Eq. (6.69), we have 


U+V= ; J {8°}"[47"]"[C]" DILC]LA~ | ]{6°}d(vol) — {8°} "{F°} (6.71) 


vol 
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The total potential energy of the beam has a stationary value with respect to the nodal displacements 


{6°}"; hence, from Eq. (6.71), 


(U +V 
ar = 1 [4° '}"[C]"DILCILA"]{5°}d(vol) — {F*} = 0 (6.72) 
vol 
from which 
{F°} = | 1 (eru oncu on {8°} (6.73) 
vol 
or writing [C][4~!] as [B] we obtain 
{F°} = ference {5°} (6.74) 
vol 
from which the element stiffness matrix is clearly 
[K°] = | Jerona | (6.75) 
vol 
From Egs. (6.62) and (6.64), we have 
1 0 0 0 
B)=[C][4“']=[0 0 2 6 i : X 
2/L? 1/L? —2/L? 1/r? 
or 
6 12x 
P B 
4, & 
A. L RP 
[B] = AEA (6.76) 
P B 
2 6x 


Ep 
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Hence, 
6 12x 
IP Ee 
L fag 
y_f| £2? EO ee ee Oe ee 
K= f 6 12x cen] PTT I PE L? rpe 
PTS TE 
2 6x 
L LR 
which gives 
12 —6L —12 —6L 
EI | — 2 2 
k= 6L 4L 6L 2L (6.77) 


8 |—12 6L 12 6L 
—6L 2L? 6L 4r 


Equation (6.77) is identical to the stiffness matrix (see Eq. (6.44)) for the uniform beam of Fig. 6.6. 
Finally, in step seven, we relate the internal “stresses,” {ø }, in the element to the nodal displacements 
{8°}. This has in fact been achieved to some extent in Eq. (6.69), namely 


{o} = [D]CIAT +S.) 
or, from the preceding, 
{o} = [D][B]{5°} (6.78) 
Equation (6.78) is usually written as 
{o} = [H]{5°} (6.79) 


in which [H] = [D][B] is the stress—displacement matrix. For this particular beam element, [D] = EI 
and [B] is defined in Eq. (6.76). Thus, 





(6.80) 


6 12x 4 4 6x 6 12x 2 4 6x 
LRL 13 L PRP 73 L RP 


m=] + 


6.8.2 Stiffness Matrix for a Triangular Finite Element 


Triangular finite elements are used in the solution of plane stress and plane strain problems. Their 
advantage over other shaped elements lies in their ability to represent irregular shapes and boundaries 
with relative simplicity. 

In the derivation of the stiffness matrix, we shall adopt the step-by-step procedure of the previ- 
ous example. Initially, therefore, we choose a suitable coordinate and node numbering system for the 
element and define its nodal displacement and nodal force vectors. Figure 6.13 shows a triangular ele- 
ment referred to axes Oxy and having nodes i, j, and k lettered counterclockwise. It may be shown 


pe 
6.8 Finite Element Method for Continuum Structures 199 


Fy, k, V 


; 


k 


Fy kre Fy in 
’ 


vj 


x, jr 





O 
Fig. 6.13 


Triangular element for plane elasticity problems. 





that the inverse of the [A] matrix for a triangular element contains terms giving the actual area of the 
element; this area is positive if the preceding node lettering or numbering system is adopted. The ele- 
ment is to be used for plane elasticity problems and has therefore two degrees of freedom per node, 
giving a total of six degrees of freedom for the element, which results in a 6 x 6 element stiffness 
matrix [K°]. The nodal forces and displacements are shown, and the complete displacement and force 
vectors are 


uj Fyi 
vi Fyi 
uj Fyj 
{y= 4” F=] (6.81) 
vj Fyj 
Uk Fyk 
Vk Fyk 


We now select a displacement function which must satisfy the boundary conditions of the element— 
that is, the condition that each node possesses two degrees of freedom. Generally, for computational 
purposes, a polynomial is preferable to, say, a trigonometric series, since the terms in a polynomial 
can be calculated much more rapidly by a digital computer. Furthermore, the total number of degrees 
of freedom is six so that only six coefficients in the polynomial can be obtained. Suppose that the 
displacement function is 

EN (6.82) 
v(x, y) = a4 + 05x + &6y 


The constant terms, a; and 4, are required to represent any in-plane rigid body motion— that is, motion 
without strain—while the linear terms enable states of constant strain to be specified; Eqs. (6.82) ensure 


E 
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compatibility of displacement along the edges of adjacent elements. Writing Eqs. (6.82) in matrix form 


gives 
ay 
a2 
ux,y){|  |1l x y 0 0 OF Jag 
eels 001 x yl dag (6:83) 
as 
a6 
Comparing Eq. (6.83) with Eq. (6.55), we see that it is of the form 
(i) | tren (6.84) 


Substituting values of displacement and coordinates at each node in Eq. (6.84), we have for node i 


Uj _ fl x; yi 0 O 0 
Kelb 0 0 1x y 


Similar expressions are obtained for nodes j and k so that for the complete element we obtain 


Ui 1 Xi Yi 0 0 0 a] 
Vi 00 0 1 Xi Vi a2 
ul |l x wy 09 0 0 a3 
y| {090 0 1 x wl dag (6.85) 
uk 1 x ye OO 0 as 
vk 00 0 1 xk y| (%6 


From Eq. (6.81) and by comparing with Eqs. (6.58) and (6.59), we see that Eq. (6.85) takes the form 
{5°} = [A]{o} 
Hence (step 3) we obtain 
{a} =[4~']{5°} (compare with Eq. (6.60)) 


The inversion of [A], defined in Eq. (6.85), may be achieved algebraically as illustrated in Example 
6.3. Alternatively, the inversion may be carried out numerically for a particular element by computer. 
Substituting for {a} from the preceding into Eq. (6.84) gives 


u(x,y)| _ -large 
o | =[fœ,y]A H8 (6.86) 
(compare with Eq. (6.61)). 
The strains in the element are 
Ex 
{e} = 7 & (6.87) 


Yxy 
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From Eggs. (1.18) and (1.20), we see that 
_ ou ov ðu ðv 


os ae ee 6.88 
os ox ëy oy Vg oy = ox (6.80) 
Substituting for u and v in Eqs. (6.88) from Eqs. (6.82) gives 
Ex = Q2 
Ey = Q6 
Vay = Q3 + 5 
or in matrix form 
ay 
01000 0)|% 
f}-|000001 (6.89) 
00101 0/| 4 
as 
a6 


which is of the form 
{e}=[C]{a} (see Eqs. (6.64) and (6.65)) 
Substituting for {}(=[A~!]{6°}) we obtain 
{e} =[C][4~']{6°} (compare with Eq. (6.66)) 
or 
{£} = [B]{8°} (see Eq. (6.76)) 


where [C] is defined in Eq. (6.89). 
In step five, we relate the internal stresses {o} to the strain {e} and hence, using step four, to the 
nodal displacements {5°}. For plane stress problems, 





Ox 
{o}= jo, (6.90) 
Txy 
and 
5 = Ot UY 
E E 
Oy VO% 
gy = E E (see Chapter 1) 
xy 2(1 +v) 
Yxy = G = E Txy 
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Thus, in matrix form, 


Ex 1 1 —v 0 Ox 
{fe} = fe f= F —v 1 0 Oy (6.91) 
Vey 0 0 21+ v) Txy 
It may be shown that (see Chapter 1) 
Ox E l v 0 Ex 
{o} = joy ie v 1 0 Ey (6.92) 
a T jo o 40-v)]| lym 
which has the form of Eq. (6.68), that is, 
{o} = [P]ke} 


Substituting for {£} in terms of the nodal displacements {5°}, we obtain 
{o} = [D][B]{6°} (see Eq. (6.69)) 


In the case of plane strain, the elasticity matrix [D] takes a different form to that defined in Eq. (6.92). 




















For this type of problem, 

Ox vo voz 

& = — — — — 
E E E 

Oy VOx VOz 

2 E E 
Oz VOx VO% 

Ez: = — — TT TT SS 
E E E 
Ty 2(1+v) 

ae G E oy 
Eliminating o, and solving for o,, 0), and Ty give 
v 
1 0 
D. E E 
” E(1— v x 
pato lan A =| 1 0 ey (6.93) 
(1+v)(1—2v) =D 4 
Txy 6 (1—2v) Vay 
2(1—v) 


which again takes the form 


{o} = [Dlte} 


Step six, in which the internal stresses {o} are replaced by the statically equivalent nodal forces 
{F°}, proceeds in an identical manner to that described for the beam element. Thus, 


F°} = / [B]"[DILB]d(vol) | (5°) 


vol 


pe 
6.8 Finite Element Method for Continuum Structures 203 


as in Eq. (6.74), from which 


[K*] = i. [B]"[D][B]d(vol) 
vol 
In this expression [B] =[C][4A~!], where [A] is defined in Eq. (6.85) and [C] in Eq. (6.89). The elasticity 
matrix [D] is defined in Eq. (6.92) for plane stress problems or in Eq. (6.93) for plane strain problems. 
We note that the [C], [4] (therefore [B]), and [D] matrices contain only constant terms and may therefore 


be taken outside the integration in the expression for [K*], leaving only [d(vol), which is simply the 
area A, of the triangle times its thickness ¢. Thus, 


[K°] = [[B]"LD][B 40] (6.94) 
Finally, the element stresses follow from Eq. (6.79), that is, 
{o} = [H]{8°} 


where [H]=[D][B] and [D] and [B] have previously been defined. It is usually found convenient to plot 
the stresses at the centroid of the element. 

Of all the finite elements in use, the triangular element is probably the most versatile. It may 
be used to solve a variety of problems ranging from two-dimensional flat plate structures to three- 
dimensional folded plates and shells. For three-dimensional applications, the element stiffness matrix 
[K®] is transformed from an in-plane xy coordinate system to a three-dimensional system of global 
coordinates by the use of a transformation matrix similar to those developed for the matrix analysis of 
skeletal structures. In addition to the preceding, triangular elements may be adapted for use in plate 
flexure problems and for the analysis of bodies of revolution. 


en n— mn eee 
Example 6.3 

A constant strain triangular element has corners 1(0, 0), 2(4, 0), and 3(2, 2) referred to a Cartesian Oxy 
axes system and is | unit thick. If the elasticity matrix [D] has elements D11 = D22 =4, D12 = D21 =b, 
D13 = D23 = D31 = D32 =0, and D33 =c, derive the stiffness matrix for the element. 


From Eq. (6.82), 
u1 = œı + æ2(0) + 3 (0) 
that is, 
uy = a (i) 
uz = a + a2(4) + a3(0) 
that is, 
u2 = a, + 4a2 (ii) 


u3 = ay + 2 (2) + &3(2) 


SSS 
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that is, 
u3 = a, +2a2 +203 
From Eq. (i), 
&ı =u] 
and from Eqs. (ii) and (iv), 
v 2T" 
= see 


Then, from Eqs. (iii) to (v), 


_ 2u3 — uy — u2 
~ 4 
Substituting for a1, a2, and a3 in the first of Eqs. (6.82) gives 


Q3 





u2 — Uj 2u3 — u — u2 
u=u+( 4 )x+( 4 )y 


or 


Similarly, 


Now from Eq. (6.88), 


ðu ug u 
Ex = — = —— — 
Ox 4 4 
dv v vn V3 


and 
_ ðu ðv ul wu wv v 
w= y ax 4 4 4'3 
Hence, 
ðu 
~ —1 0 1 00 
2 v 1 
g= Z l=- 0-1 0-10 
dy 4l i -1 -1 12 
ðu ov 


ay | ax 


oN GO 


u 
vı 
u2 
v2 
u3 
V3 


(iii) 


(iv) 


~) 


(vi) 


(vii) 


(viii) 


(ix) 


ee 
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Also, 
abo 
[D]=|b a0 
00 c 
Hence, 
1 |74 —b a —b 0 2b 
[D][B]= -| -b —a b —a 0 2a 
4 
—c —c —c c 2e 0 
and 


a+c b+c —a+c b-c —2c —2b 
b+c a+c —b+c a-c —2c —2a 
—a+c —b+c a+c —b-—c —2c 2b 
b—c a-c —b-—-c a+c 2c —2a 
—2c —2c —2c 2c 4c 0 

—2b —2a 2b —2a 0 4a 


1 
T = 
[B] DIB] = i 


Then, from Eq. (6.94), 


a+c b+c —a+c b—c —2c —2b 
b+c ate —-b+c a-c —2c —2a 
—a+c —b+c a+c —b—-—c —2c 2b 


1 
K°]= - 
[K] 4} b-c a—c -b-c a+c 2c ~—2a 
—2c —2c —2c 2c 4c 0 
—2b —2a 2b —2a 0 4a 


6.8.3 Stiffness Matrix for a Quadrilateral Element 


Quadrilateral elements are frequently used in combination with triangular elements to build up particular 
geometrical shapes. Figure 6.14 shows a quadrilateral element referred to axes Oxy and having comer 
nodes, i,j,k, and /; the nodal forces and displacements are also shown, and the displacement and force 
vectors are 


Uj Fyi 
Vi Fyi 
uj Py j 

(y= qb wpa fe (6.95) 
u Fyk f 
Vk Fyk 
ul Fy 


ee 
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yA 





O 





Fig. 6.14 





Quadrilateral element subjected to nodal in-plane forces and displacements. 


As in the case of the triangular element, we select a displacement function which satisfies the total of 
eight degrees of freedom of the nodes of the element; again, this displacement function will be in the 
form of a polynomial with a maximum of eight coefficients. Thus, 


a (6.96) 


V(x, y) = a5 + Ax +a7y + Agxy 


The constant terms, a; and as, are required, as before, to represent the in-plane rigid body motion of the 
element, while the two pairs of linear terms enable states of constant strain to be represented throughout 
the element. Further, the inclusion of the xy terms results in both u(x, vy) and v(x, y) displacements having 
the same algebraic form so that the element behaves in exactly the same way in the x direction as it does 
in the y direction. 

Writing Eqs. (6.96) in matrix form gives 


Qa) 
a2 
a3 
u(x,y) 1x y x 00 0 0 a4 
Reels 000 Ixy A as RD 
a6 
az 
ag 
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or 


as 
Vv(x,y) 


Now, substituting the coordinates and values of displacement at each node, we obtain 


Uj lx yi xyi 0 0 
Vi 0 0 0 0 1 Xi 
uj l xy yy xy 9 0 
Vj _ 0 0 0 0 1 Xj 
uk 1 Xk Yk Xyk 0 0 
Vk 00 0 0 1 xk 
ul 1x yw xy 0 0 
VI 00 0 0 1 x 


which is of the form 
{6°} = [A]{a} 
Then, 


{a} = [A7!]{5°} 


| =[f@y) a} 


0 


Yi 
0 


Yj 
0 


Yk 
0 


JI 


0 
XiVi 
0 
XY) 
XKVK 
0 
XIYI 


Soo 
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(6.98) 


(6.99) 


(6.100) 


The inversion of [A] is illustrated in Example 6.4 but, as in the case of the triangular element, is most 
easily carried out by means of a computer. The remaining analysis is identical to that for the triangular 


element except that the {¢}—{a} relationship (see Eq. (6.89)) becomes 


010y7y000 
t}=l00 00001 
001x010 


Example 6.4 


<x O 


(6.101) 


A rectangular element used in a plane stress analysis has corners whose coordinates (in meters), referred 
to an Oxy axes system, are 1(—2, —1), 2(2, —1), 3(2, 1), and 4(—2, 1); the displacements (also in meters) 


of the corners were 


u1 = 0.001, u2 = 0.003, u3 = —0.003, 


vı = —0.004, vz=-—0.002, v3 = 0.001, 


u4 =0 
v4 = 0.001 


ee 
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If Young’s modulus E =200 000 N/mm? and Poisson’s ratio v = 0.3, calculate the stresses at the center 
of the element. |_| 


From the first of Eqs. (6.96), 


Uy = a, —2a2 —a3+2a4 = 0.001 (i) 
u2 = a, + 2a2 — a3 — 2a4 = 0.003 (ii) 
u3 = a, + 2a2 +03 + 2a4 = —0.003 (iii) 
u4 = &1 — 2æ2 + &3 — 204 = 0 (iv) 
Subtracting Eq. (ii) from Eq. (i), 
a2 — a4 = 0.0005 (v) 


Now subtracting Eq. (iv) from Eq. (iii), 


a2 + a4 = —0.00075 (vi) 
Then subtracting Eq. (vi) from Eq. (v), 
a4 = —0.000625 (vii) 
so from either of Eq. (v) or of Eq. (vi) 
a2 = —0.000125 (viii) 
Adding Eqs. (i) and (ii), 
a) — a3 = 0.002 (ix) 
Adding Eqs. (iii) and (iv), 
a; +a3 = —0.0015 (x) 
Then adding Eqs. (ix) and (x), 
a, = 0.00025 (xi) 
and from either of Eq. (ix) or of Eq. (x) 
a3 = —0.00175 (xii) 
The second of Eqs. (6.96) is used to determine a5, 6, @7, ag in an identical manner to the preceding. 
Thus, 
a5 = —0.001 
a6 = 0.00025 
a7 = 0.002 


ag = —0.00025 


Sa 
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Now, substituting for a1, @2,...,@g in Eqs. (6.96), 
uj = 0.00025 — 0.000125x — 0.00175y — 0.000625xy 
and 
vj = —0.001 + 0.00025x + 0.002y — 0.00025xy 


Then, from Eqs. (6.88), 


0 
& = = = —0.000125 — 0.000625 y 
x 


a 
ey = — = 0.002 — 0.00025x 
dy 
ðu av 
Voy = — + — = —0.0015 — 0.000625x — 0.00025y 
oy ox 


Therefore, at the center of the element (x = 0, y = 0), 


£x = —0.000125 
ey = 0.002 
Yay = —0.0015 


so that from Eqs. (6.92), 





E 200000 
that is, 
ox = 104.4N /mm? 
200000 
Oy = 5 (Ey + Vx) = TH 33 0.002 + (0.3 x 0.000125)) 
that is, 
oy = 431.3N/mm? 
and 
1 
HF era ee ae 
Thus, 
200 000 
Tay x (—0.0015) 


~ 20 +03) 


E 
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Fig. 6.15 


Tetrahedron and rectangular prism finite elements for three-dimensional problems. 





that is, 
Ty = —115.4N/mm’ 


The application of the finite element method to three-dimensional solid bodies is a straightforward 
extension of the analysis of two-dimensional structures. The basic three-dimensional elements are the 
tetrahedron and the rectangular prism, both shown in Fig. 6.15. The tetrahedron has four nodes each 
possessing three degrees of freedom, a total of 12 for the element, while the prism has 8 nodes and 
therefore a total of 24 degrees of freedom. Displacement functions for each element require polynomials 
in x,y, and z; for the tetrahedron, the displacement function is of the first degree with 12 constant 
coefficients, while that for the prism may be of a higher order to accommodate the 24 degrees of 
freedom. 

A development in the solution of three-dimensional problems has been the introduction of curvilinear 
coordinates. This enables the tetrahedron and prism to be distorted into arbitrary shapes that are better 
suited for fitting actual boundaries. For more detailed discussions of the finite element method, reference 
should be made to the work of Jenkins [Ref. 5], Zienkiewicz and Cheung [Ref. 6], and the many research 
papers published on the method. 

New elements and new applications of the finite element method are still being developed, some of 
which lie outside the field of structural analysis. These fields include soil mechanics, heat transfer, fluid 
and seepage flow, magnetism, and electricity. 
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Problems 


P.6.1 Figure P.6.1 shows a square symmetrical pin-jointed truss 1234, pinned to rigid supports at 2 and 4 and 
loaded with a vertical load at 1. The axial rigidity EA is the same for all members. 

Use the stiffness method to find the displacements at nodes 1 and 3 and hence solve for all the internal member 
forces and support reactions. 


Ans. vy = —PL/V2AE, v3 = —0.293PL/AE, S12 = P/2 = Sia, 
$23 = —0.207P = $43, S13 = 0.293P 
Fy2 Sly 4 0.207P, Fyo = Fy4 = P/2. 
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P.6.2 Use the stiffness method to find the ratio H/P for which the displacement of node 4 of the plane pin-jointed 
frame shown loaded in Fig. P.6.2 is zero, and for that case give the displacements of nodes 2 and 3. 
All members have equal axial rigidity EA. 


Ans. H/P=0.449, v7 =—4P1/(9+2/3)AE, 
v3 =—6PL/(9+2V/3)AE. 





P.6.3 Form the matrices required to solve completely the plane truss shown in Fig. P.6.3 and determine the force 
in member 24. All members have equal axial rigidity. 


Ans. S24=0. 





Fig. P.6.3 


P.6.4 The symmetrical plane rigid-jointed frame 1234567, as shown in Fig. P.6.4, is fixed to rigid supports at 
1 and 5 and supported by rollers inclined at 45° to the horizontal at nodes 3 and 7. It carries a vertical point load 
P at node 4 and a uniformly distributed load w per unit length on the span 26. Assuming the same flexural 
rigidity EJ for all members, set up the stiffness equations which, when solved, give the nodal displacements of the 
frame. 
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w/unit length 


™ 


Fig. P.6.4 


Explain how the member forces can be obtained. 


P.6.5 The frame shown in Fig. P.6.5 has the planes xz and yz as planes of symmetry. The nodal coordinates of 
one-quarter of the frame are given in Table P.6.5(i). 

In this structure, the deformation of each member is due to a single effect, this being axial, bending, or torsional. 
The mode of deformation of each member is given in Table P.6.5(ii), together with the relevant rigidity. 











Table P.6.5(i) Table P.6.5(ii) 

Node x y Zz Effect 

2 0 0 0 Member Axial Bending Torsional 
3 L 0 0 23 ee EI = 

7 L 0.8L 0 37 = T GJ =0.8 EI 
9 L 0 L 29 EA=6/25 x — 














es 
214 CHAPTER 6 Matrix Methods 


Use the direct stiffness method to find all the displacements and hence calculate the forces in all the members. 
For member 123 plot the shear force and bending moment diagrams. 
Briefly outline the sequence of operations in a typical computer program suitable for linear frame analysis. 


Ans. S29 = S28 = V2P /6 (tension) 
M3=—M,=PL/9 (hogging), M2 =2PL/9(sagging) 
SF12 = —SF23 =P /3 


Twisting moment in 37, PL/18 (anticlockwise). 


P.6.6 Given that the force—displacement (stiffness) relationship for the beam element shown in Fig. P.6.6(a) may 
be expressed in the following form: 


Fy | 12 -6 -12 =] vi 
M/L E| -6 4 6 2) aL 
F2 | @l-12 6 12 6/|w» 
M/L ba 2 6 i L 


Obtain the force—displacement (stiffness) relationship for the variable section beam (Fig. P.6.6(b)), composed 
of elements 12, 23, and 34. 

Such a beam is loaded and supported symmetrically as shown in Fig. P.6.6(c). Both ends are rigidly fixed, and 
the ties FB, CH have a cross-sectional area a;, and the ties EB, CG have a cross-sectional area a2. Calculate the 
deflections under the loads, the forces in the ties, and all other information necessary for sketching the bending 
moment and shear force diagrams for the beam. 

Neglect axial effects in the beam. The ties are made from the same material as the beam. 


Ans. vp =vco = —5PL3/144EI, 63 = —0c = PL?/24El, 
Sı =2P/3, S2 = V2P/3, 
Fya =P/3, Ma = —PL/4. 


P.6.7 The symmetrical rigid-jointed grillage shown in Fig. P.6.7 is encastré at 6, 7, 8, and 9 and rests on simple 
supports at 1, 2, 4, and 5. It is loaded with a vertical point load P at 3. 

Use the stiffness method to find the displacements of the structure and hence calculate the support reactions 
and the forces in all the members. Plot the bending moment diagram for 123. All members have the same section 
properties and GJ =0.8EI. 


Ans. Fy, =Fy5 =—P/16 

Fy2 =Fy4 =9P/16 

M2) = Mas = —PI/16 (hogging) 

Mp3 = Ma3 = —PI/12 (hogging) 
Twisting moment in 62, 82, 74, and 94 is P//96. 


P.6.8 It is required to formulate the stiffness of a triangular element 123 with coordinates (0, 0), (a, 0), and 
(0, a), respectively, to be used for “plane stress” problems. 


ee 
Problems 215 





Mı ’ 8; Ma, 82 
o_O al 4 
L 
Fan F2, v2 
(a) 
1 2I 2 I 3 2I 4 
L L L 
(b) 





Fig. P.6.6 


(a) Form the [B] matrix. 
(b) Obtain the stiffness matrix [K°]. 


Why, in general, is a finite element solution not an exact solution? 


P.6.9 It is required to form the stiffness matrix of a tri angular element 123 for use in stress analysis problems. 
The coordinates of the element are (1, 1), (2, 1), and (2, 2), respectively. 

(a) Assume a suitable displacement field explaining the reasons for your choice. 

(b) Form the [B] matrix. 


(c) Form the matrix which gives, when multiplied by the element nodal displacements, the stresses in the 
element. Assume a general [D] matrix. 
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Fig. P.6.7 


P.6.10 It is required to form the stiffness matrix for a rectangular element of side 2a x 2b and thickness ¢ for use 
in “plane stress” problems. 

(a) Assume a suitable displacement field. 

(b) Form the [C] matrix. 

(c) Obtain fj [C]"[D]IC] dV. 


Note that the stiffness matrix may be expressed as 


[Ky =(4'7 I [C] ID]LC]Ar | [471] 


vol 


P.6.11 A square element 1234, whose corners have coordinates x,y (in meters) of (—1, —1), (1, —1), (1, 1), and 
(—1, 1), respectively, was used in a plane stress finite element analysis. The following nodal displacements (mm) 
were obtained: 


uy =0.1 u2 =0.3 u3 =0.6 u4=0.1 
vy =0.1 v2=03 v3=0.7 v4=0.5 


If Young’s modulus E=200 000 N/mm? and Poisson’s ratio v=0.3, calculate the stresses at the center of 
the element. 
Ans. 0, =51.65N/mm?, 0) =55.49N/mm?, t= 13.46N/mm?. 


P.6.12 A rectangular element used in plane stress analysis has corners whose coordinates in meters referred 
to an Oxy axes system are 1(—2, —1), 2(2, —1), 3(2, 1), and 4(—2, 1). The displacements of the corners (in 
meters) are 


uy =0.001 u2=0.003 u3=—0.003 u4=0 
yy = —0.004 v2 = —0.002 v3=0.001 v4 = 0.001 


If Young’s modulus is 200 000 N/mm? and Poisson’s ratio is 0.3, calculate the strains at the center of the element. 


Ans. & =—0.000125, £, = 0.002, ysy = —0.0015. 


ee 
Problems 217 


P.6.13 A constant strain triangular element has corners 1(0, 0), 2(4, 0), and 3(2, 2) and is 1 unit thick. If the elasticity 
matrix [D] has elements Dj; =Do2 =a, Dj2 =D  =b, D13 =D23 = D31 = D32 =0, and D33 =c, derive the stiffness 


matrix for the element. 
a+c 
b+c a+c 





Ans. 


1 | -a+c —b+c a+c 
4 | b-c a-—c —b-c a+c 


—2c —2c —2c 2c 4c 

—2b —2a 2b —2a 0 4a 
P.6.14 The following interpolation formula is suggested as a displacement function for deriving the stiffness of a 
plane stress rectangular element of uniform thickness ¢ shown in Fig. P.6.14. 


[K*] = 


1 
“= apf = x)(b —y)uı + (a +x) (b — y)u2 + (a +x) (b +y)u3 
+ (a —x)(b + y)uı] 


Form the strain matrix and obtain the stiffness coefficients K411 and K12 in terms of the material constants c, d, 
and e defined in the following. 











17 
4 3 
2b=4 x 
1 2 
2a=2 
Fig. P.6.14 


In the elasticity matrix [D] 
Diy =Dy=c Djz=d D33=e and D13 = D3 =0 


Ans. Ki, =t(4c+e)/6, Kyz =t(d +¢)/4. 
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Bending of Thin Plates 


Generally, we define a thin plate as a sheet of material whose thickness is small compared with its 
other dimensions but which is capable of resisting bending in addition to membrane forces. Such 
a plate forms a basic part of an aircraft structure, being, for example, the area of stressed skin 
bounded by adjacent stringers and ribs in a wing structure or by adjacent stringers and frames in a 
fuselage. 

In this chapter, we shall investigate the effect of a variety of loading and support conditions on 
the small deflection of rectangular plates. Two approaches are presented: an “exact” theory based 
on the solution of a differential equation and an energy method relying on the principle of the sta- 
tionary value of the total potential energy of the plate and its applied loading. The latter theory 
will subsequently be used in Chapter 9 to determine the buckling loads for unstiffened and stiffened 
panels. 





7.1 PURE BENDING OF THIN PLATES 


The thin rectangular plate of Fig. 7.1 is subjected to pure bending moments of intensity M, and M, 
per unit length uniformly distributed along its edges. The former bending moment is applied along the 
edges parallel to the y axis, and the latter along the edges parallel to the x axis. We shall assume that 
these bending moments are positive when they produce compression at the upper surface of the plate 
and tension at the lower. 

If we further assume that the displacement of the plate in a direction parallel to the z axis is small 
compared with its thickness ¢ and that sections which are plane before bending remain plane after 
bending, then, as in the case of simple beam theory, the middle plane of the plate does not deform 
during the bending and is therefore a neutral plane. We take the neutral plane as the reference plane for 
our system of axes. 

Let us consider an element of the plate of side 6xéy and having a depth equal to the thickness ¢ of 
the plate as shown in Fig. 7.2(a). Suppose that the radii of curvature of the neutral plane n are py and 
Py in the xz and yz planes, respectively (Fig. 7.2(b)). Positive curvature of the plate corresponds to the 
positive bending moments, which produce displacements in the positive direction of the z or downward 
axis. Again, as in simple beam theory, the direct strains €x and £, corresponding to direct stresses 
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Fig. 7.1 


Plate subjected to pure bending. 


< 
5x 


dy 





(b) 
Fig. 7.2 


(a) Direct stress on lamina of plate element; (b) radii of curvature of neutral plane. 


ox and oy of an elemental lamina of thickness 6z a distance z below the neutral plane are given by 


pete eee (7.1) 
Px Py 


Referring to Eqs. (1.52), we have 


1 1 
Ex = PAA Voy) &= zO — voy) (7.2) 
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Substituting for £y and £, from Eqs. (7.1) into (7.2) and rearranging gives 


Ez Bet 
ox = —— | —4+ — 
“1 = v2 Px Py 


Ez (=>) 
O, = —— | — + — 
7 I= o px 


As would be expected from our assumption of plane sections remaining plane, the direct stresses vary 
linearly across the thickness of the plate, their magnitudes depending on the curvatures (i.e., bending 
moments) of the plate. The internal direct stress distribution on each vertical surface of the element 
must be in equilibrium with the applied bending moments. Thus, 


(7.3) 


t/2 
Myy = / oxzôy dz 
—t/2 
and 
t/2 
M,ôx = J o,zôx dz 
—t/2 
Substituting for o, and o, from Eqs. (7.3) gives 


t/2 





Let 
Ez? Et 
D= Ji Sny Z (7.4) 

Then, 

1 v 

—+ ~) (7.5) 

Px 

1 v 
M,=D(—+—) (7.6) 

Py 


in which D is known as the flexural rigidity of the plate. 
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If w is the deflection of any point on the plate in the z direction, then we may relate w to the curvature 
of the plate in the same manner as the well-known expression for beam curvature. Hence 


1 ðw 1 dw 


px ax wy D 


the negative signs resulting from the fact that the centers of curvature occur above the plate in which 
region z is negative. Equations (7.5) and (7.6) then become 


3?w 3?w 
3?w 3?w 


Equations (7.7) and (7.8) define the deflected shape of the plate provided that My and M, are known. If 
either M, or M, is zero, then 


3?w 32w 3?w 3w 
= v r = v 
3x2 ay z ay 3x2 





and the plate has curvatures of opposite signs. The case of M, =0 is illustrated in Fig. 7.3. A surface 
possessing two curvatures of opposite sign is known as an anticlastic surface, as opposed to a synclastic 
surface, which has curvatures of the same sign. Further, if My =M, =, then from Eqs. (7.5) and (7.6) 


Therefore, the deformed shape of the plate is spherical and of curvature 


1 M 
p DA+v) 


(7.9) 





Fig. 7.3 





Anticlastic bending. 
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7.2 PLATES SUBJECTED TO BENDING AND TWISTING 


In general, the bending moments applied to the plate will not be in planes perpendicular to its edges. Such 
bending moments, however, may be resolved in the normal manner into tangential and perpendicular 
components, as shown in Fig. 7.4. The perpendicular components are seen to be M, and M, as before, 
while the tangential components Myy and Myy (again these are moments per unit length) produce twisting 
ofthe plate about axes parallel to the x and y axes. The system of suffixes and the sign convention for these 
twisting moments must be clearly understood to avoid confusion. Myy is a twisting moment intensity in 
a vertical x plane parallel to the y axis, whereas My is a twisting moment intensity in a vertical y plane 
parallel to the x axis. Note that the first suffix gives the direction of the axis of the twisting moment. We 
also define positive twisting moments as being clockwise when viewed along their axes in directions 
parallel to the positive directions of the corresponding x or y axis. In Fig. 7.4, therefore, all moment 
intensities are positive. 

Since the twisting moments are tangential moments or torques, they are resisted by a system of 
horizontal shear stresses T,,, as shown in Fig. 7.6. From a consideration of complementary shear stresses 
(see Fig. 7.6), My, = —M,,, so that we may represent a general moment application to the plate in terms 
of Mx, My, and Myy as shown in Fig. 7.5(a). These moments produce tangential and normal moments, 
M; and Mn, on an arbitrarily chosen diagonal plane FD. We may express these moment intensities (in 
an analogous fashion to the complex stress systems of Section 1.6) in terms of M,, My, and Myy. Thus, 
for equilibrium of the triangular element ABC of Fig. 7.5(b) in a plane perpendicular to AC 


M,AC = M,ABcosa + M,BC sina —M,,AB sina — MyyBC cosa 
giving 
Mn = M; cos? a + My sin? a — Mwy sin 2a (7.10) 
Similarly, for equilibrium in a plane parallel to CA 


M,AC = M,ABsina — M,BC cosa + MyyABcosa — My,BC sina 





Fig. 7.4 





Plate subjected to bending and twisting. 
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(a) 


Fig. 7.5 


(a) Plate subjected to bending and twisting; (b) tangential and normal moments on an arbitrary plane. 


ôx 








Sy 





t/2 


t/2 


Fig. 7.6 


Complementary shear stresses due to twisting moments Mxy. 


or 


M= 


(Mx -My) . 
= = rm sina + Myy cos 2a (7.11) 


(compare Eqs. (7.10) and (7.11) with Eqs. (1.8) and (1.9)). We observe from Eq. (7.11) that there are 
two values of a, differing by 90° and given by 
2Myy 


tan2a = ————_ 
M, — My 
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for which M,=0, leaving normal moments of intensity Mn on two mutually perpendicular planes. 
These moments are termed principal moments, and their corresponding curvatures are called principal 
curvatures. For a plate subjected to pure bending and twisting in which M,, My, and My, are invariable 
throughout the plate, the principal moments are the algebraically greatest and least moments in the plate. 
It follows that there are no shear stresses on these planes and that the corresponding direct stresses, for 
a given value of z and moment intensity, are the algebraically greatest and least values of direct stress 
in the plate. 

Let us now return to the loaded plate of Fig. 7.5(a). We have established, in Eqs. (7.7) and (7.8), 
the relationships between the bending moment intensities My and M, and the deflection w of the plate. 
The next step is to relate the twisting moment M,, to w. From the principle of superposition, we may 
consider M,, acting separately from M, and My. As stated previously, Myy is resisted by a system of 
horizontal complementary shear stresses on the vertical faces of sections taken throughout the thickness 
of the plate parallel to the x and y axes. Consider an element of the plate formed by such sections, as 
shown in Fig. 7.6. The complementary shear stresses on a lamina of the element a distance z below 
the neutral plane are, in accordance with the sign convention of Section 1.2, t,y. Therefore, on the face 
ABCD 


t/2 
My dy = — / Txydyz dz 
—t/2 
and on the face ADFE 
t/2 
Myydx = — J Txyôxz dz 
—t/2 
giving 
t/2 
My = — I Txyz dz 
—t/2 
or in terms of the shear strain y,, and modulus of rigidity G 
1/2 
Mwy = -G / Vryz dz (7.12) 
—t/2 
Referring to Eqs. (1.20), the shear strain y,, is given by 
_ ov a ðu 
y= ox oy 


We require, ofcourse, to express yxy in terms ofthe deflection w ofthe plate; this may be accomplished 
as follows. An element taken through the thickness of the plate will suffer rotations equal to dw/dx and 
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Fig. 7.7 


Determination of shear strain yxy. 





dw/dy in the xz and yz planes, respectively. Considering the rotation of such an element in the xz plane, 
as shown in Fig. 7.7, we see that the displacement u in the x direction of a point a distance z below the 
neutral plane is 


dw 
u=—-—z 
ox 
Similarly, the displacement v in the y direction is 
dw 
=—-—zZ 
dy 


Hence, substituting for u and v in the expression for yxy, we have 











3?w 
= —2 7.13 
Yxy 7 axdy ( ) 
from which Eq. (7.12) 
t/2 
32 
Myy = G i 22? x dz 
Oxdy 
—t/2 
or 
2 Gt a*w 
6 axdy 


Replacing G by the expression E/2(1 + v) established in Eq. (1.50) gives 
Ep aw 
My = a 
12(1 + v) dxdy 
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Multiplying the numerator and denominator of this equation by the factor (1 — v) yields 


3?w 
ðxðy 





My =D(1 — v) (7.14) 


Equations (7.7), (7.8), and (7.14) relate the bending and twisting moments to the plate deflection 
and are analogous to the bending moment-curvature relationship for a simple beam. 





7.3 PLATES SUBJECTED TO A DISTRIBUTED TRANSVERSE LOAD 


The relationships between bending and twisting moments and plate deflection are now employed in 
establishing the general differential equation for the solution of a thin rectangular plate, supporting 
a distributed transverse load of intensity q per unit area (see Fig. 7.8). The distributed load may, in 
general, vary over the surface of the plate and is, therefore, a function of x and y. We assume, as in 
the preceding analysis, that the middle plane of the plate is the neutral plane and that the plate deforms 
such that plane sections remain plane after bending. This latter assumption introduces an apparent 
inconsistency in the theory. For plane sections to remain plane, the shear strains y,, and yyz must be 
zero. However, the transverse load produces transverse shear forces (and therefore stresses) as shown in 
Fig. 7.9. We therefore assume that although jz = t%}z/Gand y,, = t,,/G are negligible, the corresponding 
shear forces are of the same order of magnitude as the applied load q and the moments My, M,, and 
Myx. This assumption is analogous to that made in a slender beam theory in which shear strains are 
ignored. 

The element of plate shown in Fig. 7.9 supports bending and twisting moments as previously 
described and, in addition, vertical shear forces Q, and Qy per unit length on faces perpendicular to the 
x and y axes, respectively. The variation of shear stresses ty, and t,z along the small edges dx, dy of 
the element is neglected, and the resultant shear forces O,dy and Q,4x are assumed to act through the 


Fig. 7.8 





Plate supporting a distributed transverse load. 
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Fig. 7.9 


Plate element subjected to bending, twisting, and transverse loads. 





centroid of the faces of the element. From the previous sections, 


1/2 t/2 1/2 
My = / oyzdz M,= J oyzdz = =My = (—My) = — J Txyz dz 
—t/2 —t/2 —t/2 
In a similar fashion, 
t/2 t/2 
O. = i Tzdz Oy= J Tyz dz (7.15) 
—t/2 =t/2 


For equilibrium of the element parallel to Oz and assuming that the weight of the plate is included 








inq 
0 ə 
(0. + os sx) dy — Oydy + (o + = sy) ôx — Oydx + gdxdy =0 
x 
or, after simplification, 
0 dQ, 
BOs 2D 1g =0 (7.16) 


ox oy 
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Taking moments about the x axis 





OM, 0M, 
Myydy — (u Fan sx) dy — My dx + + we) ôx 














Ox 
a a y? ô 
-{8%+ Dray sxdy + Qr Z Qx + Dray aS i 
oy 5 2 
Simplifying this equation and neglecting small quantities of a higher order than those retained give 
dMy 3M, 
i =0 7.17 
ox dy +9, ero 
Similarly, taking moments about the y axis, we have 
My, 3M, 
X +0, =0 (7.18) 
oy ox 


Substituting in Eq. (7.16) for O, and Q, from Eqs. (7.18) and (7.17), we obtain 


3M; 0° My 2 O°My 9° Myy _ 
ax? Oxdy ay? Oxdy 





or 
07Mx 3 3’ My 3’ M, 


3x? Oxdy ay 
Replacing M,, M,,, and My in Eq. (7.19) from Eqs. (7.7), (7.14), and (7.8) gives 











Sg (7.19) 


atw i atw $ ðw q (7.20) 
3x4 əðx2əy? əy D i 


This equation may also be written as 


3  3\/w 83w q 
— +>] (=t ]=4 
əx? 3y?) (əx? ay D 


2 ZY q 
—+-—~] w= = 
( əx? ay ) D 
The operator (07/4x* + 47/dy*) is the well-known Laplace operator in two dimensions and is sometimes 
written as V2. Thus, 


or 


w= q4 
(Vy w D 

Generally, the transverse distributed load q is a function of x and y so that the determination of 
the deflected form of the plate reduces to obtaining a solution of Eq. (7.20), which satisfies the known 
boundary conditions of the problem. The bending and twisting moments follow from Eqs. (7.7), (7.8), 
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and (7.14), and the shear forces per unit length Q, and Q, are found from Eqs. (7.17) and (7.18) by 
substitution for M,, M,, and M,, in terms of the deflection w of the plate; thus, 











aM, My ð (w 8w 
= =-D 7.21 
Qx ax dy ax (= £ ay 72) 
aM, aM. a (aw dw 
Q = 2X = -D z+ (7.22) 
oy ox oy \ ox oy 


Direct and shear stresses are then calculated from the relevant expressions relating them to Mx, My, 
Myy, Qx, and Qy. Before discussing the solution of Eq. (7.20) for particular cases, we shall establish 
boundary conditions for various types of edge support. 


7.3.1 The Simply Supported Edge 


Let us suppose that the edge x =0 of the thin plate shown in Fig. 7.10 is free to rotate but not to deflect. 
The edge is then said to be simply supported. The bending moment along this edge must be zero and 
also the deflection w=0. Thus, 


( ) -9 =0 d (M, ) =0 = -0( a) =0 
w an +v 
x=0 x)x=0 3 2 3 7 ii 


The condition that w=0 along the edge x =0 also means that 


dw 3?w = 
dy ay? 
along this edge. The preceding boundary conditions, therefore, reduce to 
3?w 
(w)x=0 = 0 FESI =0 (7.23) 
ax? J o 
b a 
y x 
z 


Fig. 7.10 





Plate of dimensions a x b. 
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7.3.2 The Built-In Edge 


If the edge x =0 is built-in or firmly clamped so that it can neither rotate nor deflect, then, in addition 
to w, the slope of the middle plane of the plate normal to this edge must be zero. That is, 


aw 
(W)x=0 = 0 (=) =e (7.24) 


7.3.3 The Free Edge 


Along a free edge there are no bending moments, twisting moments, or vertical shearing forces, so that 
if x=0 is the free edge, then 


(M;,)x=0 = 0 (Myy)x=0 =0 (Ox)x=0 =0 


giving, in this instance, three boundary conditions. However, Kirchhoff (1850) showed that only two 
boundary conditions are necessary to obtain a solution of Eq. (7.20), and that the reduction is obtained 
by replacing the two requirements of zero twisting moment and zero shear force by a single equivalent 
condition. Thomson and Tait (1883) gave a physical explanation of how this reduction may be effected. 
They pointed out that the horizontal force system equilibrating the twisting moment M,, may be replaced 
along the edge of the plate by a vertical force system. 

Consider two adjacent elements, dy; and dy2, along the edge of the thin plate of Fig. 7.11. The 
twisting moment M,,,dy; on the element ôy; may be replaced by forces Myy a distance 6); apart. 
Note that Myy, being a twisting moment per unit length, has the dimensions of force. The twisting 
moment on the adjacent element ôy2 is [Myy + (9Mxy/3y)ôy]őy2. Again, this may be replaced by forces 
Myy +(0My,/dy) dy. At the common surface of the two adjacent elements, there is now a resultant force 
(0Myy/dy)Sy or a vertical force per unit length of 0M,,/dy. For the sign convention for Qy shown in 
Fig. 7.9, we have a statically equivalent vertical force per unit length of (QO, — 0M,,/dy). The separate 





Fig. 7.11 


Equivalent vertical force system. 
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conditions for a free edge of (Myy)x=0 =0 and (Q,),—9 =0 are therefore replaced by the equivalent 


condition 
0M, 
(2. = =) =0 
dy x=0 


3w 3w 
— + 2- v) —_— =0 7.25 
li aaa |, ee 





or in terms of deflection 


Also, for the bending moment along the free edge to be zero, 


3?w 3w 
My)x=0 = | —> + v—> =0 7.26 
(My) x=0 ( ax2 v aye ) ( ) 


The replacement of the twisting moment M,, along the edges x =0 and x=a of a thin plate by 
a vertical force distribution results in leftover concentrated forces at the corners of Myy as shown in 
Fig. 7.11. By the same argument, there are concentrated forces Myy produced by the replacement of 
the twisting moment M,,. Since M,,=—M,,, then resultant forces 2M,,, act at each corner as shown 
and must be provided by external supports if the corners of the plate are not to move. The directions 
of these forces are easily obtained if the deflected shape of the plate is known. For example, a thin 
plate simply supported along all four edges and uniformly loaded has dw/dx positive and numerically 
increasing, with increasing y near the corner x=0, y=0. Hence, 97w/dxdy is positive at this point, 
and from Eq. (7.14), we see that M,, is positive and M,, negative; the resultant force 2M, is therefore 
downward. From symmetry, the force at each remaining corner is also 2M, downward so that the 
tendency is for the corners of the plate to rise. 

Having discussed various types of boundary conditions, we shall proceed to obtain the solution for 
the relatively simple case of a thin rectangular plate of dimensions a x b, simply supported along each 
of its four edges and carrying a distributed load q(x, y).We have shown that the deflected form of the 
plate must satisfy the differential equation 


atw d4w ðw g(x,y) 
faa aa Lo 
ox ox-day oy D 


w) 0 (2) 0 
Ww =0, — _—_ = 
mi ax? x=0,a 


i= 0 (=) 0 
W)y=0,b = F = 
A ay? x=0,b 


Navier (1820) showed that these conditions are satisfied by representing the deflection w as an infinite 
trigonometrical or Fourier series 





with the boundary conditions 





a . MTX , nny 
w= >) > )Amn sin F sin [= (7.27) 


m=1n=1 
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in which m represents the number of half waves in the x direction and n represents the corresponding 
number in the y direction. Further, Aj, are unknown coefficients, which must satisfy the preceding 
differential equation and may be determined as follows. 

We may also represent the load q(x, y) by a Fourier series; thus, 


CoO œ 
GY) = >) > ann sin = sin = (7.28) 





m=1n=1 


A particular coefficient aj’, is calculated by first multiplying both sides of Eq. (7.28) by sin(m'zx/a) 
sin(n'zy/b) and integrating with respect to x from 0 to a and with respect to y from 0 to b. Thus, 


ab 
. MTX . Wm 
f [aws sin ? dxdy 
a b 
0 0 











co œ 4b i i 
. MEX . maxX . nay . ny 
=y 5 amn Sin sin sin sin dxdy 
a b b 
0 














m=1n=15 a 
_ ab 
= gam 
since 
s / 
pte sin dx =0 when m £m 
a a 
0 
= 5 when m =m 
and 
b £ 
[sin sin ay =0 when nn’ 
0 
= f when n=n' 
It follows that 
4f ; . MTX . n'y 
amn = =f [ao sin E sin z dx dy (7.29) 
0 


Substituting now for w and q(x, y) from Eqs. (7.27) and (7.28) into the differential equation for w, we 


have 
a mm \4 mm \2 (nm \2 ni \4 Amn | . MTX . ANTY 
DD [4m | (2) 42 (2) (ZY E- e] sia sin o 


m=1n=1 
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This equation is valid for all values of x and y so that 


mE ETE (CRY = 





or in alternative form 





2 2 
m n a 
Amat’ (75 +5) = = =0 
a 


1 amn 
14D [(m2/a2) + (n2/b2)P 


giving 
mn = 


Hence, 


A SS Amn mmx nwy 
Ghai. a eS 7.30 
TID 2 Leia + POE sin E sin 7 ( ) 


in which amn is obtained from Eq. (7.29). Equation (7.30) is the general solution for a thin rectangular 
plate under a transverse load q(x, y). 


O 
Example 7.1 

A thin rectangular plate a x b is simply supported along its edges and carries a uniformly distributed load 
of intensity go. Determine the deflected form of the plate and the distribution of bending moment. EE 


Since q(x, y) =qo, we find from Eq. (7.29) that 


4 16 
amn = ajj, in“ sin dxdy ae 


m2mn° 


0 


where m and n are odd integers. For m or n even, amn =0. Hence, from Eq. (7.30) 


l6qo a a sin(mmx/a) sin(ny/b) 
7 Das Zq2 27522 (i) 
m=1,3,5 n=1,3,5 mn|(m /a ) + (n / )] 
The maximum deflection occurs at the center of the plate, where x=a/2, y=b/2. Thus, 
l6qgo a © sin(nz/2)sin(nz/2) “2 
m= yy E (i 


m=1,3,5 n=1,3,5 munf(m?/a?) + (x? /b?)P 


This series is found to converge rapidly, the first few terms giving a satisfactory answer. For a square 
plate, taking v =0.3, summation of the first four terms of the series gives 


at 
Wmax = 0.044340 75 
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Substitution for w from Eq. (i) into the expressions for bending moment, Eqs. (7.7) and (7.8), yields 


CO 


M, = “S40 2. > [(m?/a?) + v(n?/b?)] . mnax . nny Gi) 





inal (m2 /a2) + (n2/B2)P oe gt ab 


X [v(m? /a2) + (n2/b?)] | max | nay 
4, mn| (mi? fa) + (1? /B?)P R n o (i) 





Cc 
M, =e 7 


iM 


Maximum values occur at the center of the plate. For a square plate a =b, and the first five terms give 
My max = My max = 0.0479qoa* 


Comparing Eqs. (7.3) with Eqs. (7.5) and (7.6), we observe that 











12M,.z 12Myz 
Ox = Oy — 
P B 
Again, the maximum values of these stresses occur at the center of the plate at z= + t/2 so that 
6M; 6M, 
O: =. O; E 
x,max 2 'y,max 2 


For the square plate, 


a 
Ox,max = Oy max = 0.28740 77 


The twisting moment and shear stress distributions follow in a similar manner. 

The infinite series (Eq. (7.27)) assumed for the deflected shape of a plate gives an exact solution 
for displacements and stresses. However, a more rapid, but approximate, solution may be obtained by 
assuming a displacement function in the form of a polynomial. The polynomial must, of course, satisfy 
the governing differential equation (Eq. (7.20)) and the boundary conditions of the specific problem. 
The “guessed” form of the deflected shape of a plate is the basis for the energy method of solution 
described in Section 7.6. 


MMMM 
Example 7.2 
Show that the deflection function 


w= A(x?y? = bx?y = axy? + abxy) 
is valid for a rectangular plate of sides a and b, built in on all four edges and subjected to a uniformly 


distributed load of intensity q. If the material of the plate has a Young’s modulus £ and is of thickness 
t, determine the distributions of bending moment along the edges of the plate. | 
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Differentiating the deflection function gives 


4 4 4 
atw otw -0 ow ang 
ax ay4 dx2dy2 


Substituting in Eq. (7.20), we have 
0+2 x 44A +0 = constant = {t 


The deflection function is therefore valid and 


=L 
8D 


The bending moment distributions are given by Eqs. (7.7) and (7.8); that is, 


M; =- $D? -by +v 6? —ax)] (i) 
M, = =b — ax + v 0? — by)] (ii) 


For the edges x =0 and x=a, 


Vv 
M=- -by) M=- 0-b) 


For the edges y=0 and y =b, 


M=- o-ar) M; =-1Q? —ax) 





7.4 COMBINED BENDING AND IN-PLANE LOADING 
OF A THIN RECTANGULAR PLATE 


So far our discussion has been limited to small deflections of thin plates produced by different 
forms of transverse loading. In these cases, we assumed that the middle or neutral plane of the plate 
remained unstressed. Additional in-plane tensile, compressive, or shear loads will produce stresses in 
the middle plane, and these, if of sufficient magnitude, will affect the bending of the plate. Where 
the in-plane stresses are small compared with the critical buckling stresses, it is sufficient to con- 
sider the two systems separately; the total stresses are then obtained by superposition. On the other 
hand, if the in-plane stresses are not small, then their effect on the bending of the plate must be 
considered. 

The elevation and plan of a small element ôxôy of the middle plane of a thin deflected plate are 
shown in Fig. 7.12. Direct and shear forces per unit length produced by the in-plane loads are given the 
notation Ny, Ny, and Nyy and are assumed to be acting in positive senses in the directions shown. Since 
there are no resultant forces in the x or y directions from the transverse loads (see Fig. 7.9), we need 
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Fig. 7.12 


In-plane forces on plate element. 





only to include the in-plane loads shown in Fig. 7.12 when considering the equilibrium of the element 
in these directions. For equilibrium parallel to Ox, 





ON. ðw dw aw 
(x. + oe sx) dy COs (> + ar) — N,dycos ae 





ONyx 
+ Nyx + ay ôy ôx — Nyxôx =0 


For small deflections, 3w/3x and (3w/3x) + (3?w/3x?)őx are small, and the cosines of these angles 
are therefore approximately equal to one. The equilibrium equation thus simplifies to 








ONy — ONyx 
=0 7.31 
ox oy ( ) 
Similarly, for equilibrium in the y direction, we have 
ON, aN; 
ce ee ees) (7.32) 
oy ox 


Note that the components of the in-plane shear loads per unit length are, to a first order of approximation, 
the value of the shear load multiplied by the projection of the element on the relevant axis. 
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eee Nyy 
Ney +t = 


Fig. 7.13 


Component of shear loads in the z direction. 





The determination of the contribution of the shear loads to the equilibrium of the element in the 
z direction is complicated by the fact that the element possesses curvature in both xz and yz planes. 
Therefore, from Fig. 7.13, the component in the z direction due to the Ny, shear loads only is 


aN, a 32 a 
(% fa ov) by (> a sr) = Neyo 











ox dy ðxəðy oy 
or 
N aw sya hse Nw IW g 
—— 5x — 6x 
” ax dy E ox oy 2 


neglecting terms of a lower order. Similarly, the contribution of Ny, is 


2 


M agit 
xz ôx 
ax dy k oy Ox 


ON yx Aw 





ôx ôy 


The components arising from the direct forces per unit length are readily obtained from Fig. 7.12, 


namely, 
dNx dw 8w aw 
—— 6x } dy { — + — 6x } — Ny dy— 
(w+ ax x) (25 x) Naty. 


or 





and similarly 


apr a pos 
—zôx ây + —* —— dx dy 
* ay2 dy ay 
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The total force in the z direction is found from the summation of these expressions and is 











3?w aN, ðw 3?w 3N, ðw 
N, — ôx ôy + — — ôx ôy + N, — ôx ôy + — — ôx ô 
eae e Tr aye a 
3Nyy Ow aw ƏNyy Ow 
— dx dy + 2N, x dy + —* — 6x 
taa Soni oop ae 


in which N,, is equal to and is replaced by Ny. Using Eqs. (7.31) and (7.32), we reduce this expression to 


aw a?w aw 
Ny. zZ HNS TAN er ay ôx ôy 

Since the in-plane forces do not produce moments along the edges of the element, Eqs. (7.17) and 
(7.18) remain unaffected. Further, Eq. (7.16) may be modified simply by the addition of the preceding 
vertical component of the in-plane loads to qôxôy. Therefore, the governing differential equation for a 
thin plate supporting transverse and in-plane loads is, from Eq. (7.20), 


34w 34w aw 1 3?w 32w 3?w 
(7.33) 


oa oe aay N IN —- 
a Deo DA 5 (a+ aye yee = aay 


E 
Example 7.3 

Determine the deflected form of the thin rectangular plate of Example 7.1 if, in addition to a uniformly 
distributed transverse load of intensity qo, it supports an in-plane tensile force Ny per unit length. E 


The uniform transverse load may be expressed as a Fourier series (see Eq. (7.28) and Example 7.1); 
that is, 


Equation (7.33) then becomes, on substituting for q, 


atw atw ðw N,3w l16qo Š Sr i MTX . NTY 
5 _ l, . nTy ; 
a wore m D RD 22 he se ah © 








The appropriate boundary conditions are 


32 

w=57=0 at x=0 and a 
3w 

w=} at y=0 and b 
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These conditions may be satisfied by the assumption of a deflected form of the plate given by 


CO CO nn 
w= > S Amn sin — * sin = 


m=1n=1 





Substituting this expression into Eq. (i) gives 


1640 
x®©Dmn m? + n ; + Num? 
a b m? Da? 


Amn =0 for even m and n 


Amn = for odd m and n 





Therefore, 
_ 816 = 1 mmx ni 
= 5 ` Tea (ii) 
De 1,3,5=1,3,5 y mn? Nym? 4 b 
++) +375 
a2 be m2Da?2 


Comparing Eq. (11) with Eq. (i) of Example 7.1, we see that, as a physical inspection would indicate, 
the presence of a tensile in-plane force decreases deflection. Conversely, a compressive in-plane force 
would increase the deflection. 





7.5 BENDING OF THIN PLATES HAVING A SMALL 
INITIAL CURVATURE 


Suppose that a thin plate has an initial curvature so that the deflection of any point in its middle plane is 
wo. We assume that wo is small compared with the thickness of the plate. The application of transverse 
and in-plane loads will cause the plate to deflect a further amount w; so that the total deflection is then 
w= wọ + w1. However, in the derivation of Eq. (7.33), we note that the left-hand side was obtained from 
expressions for bending moments which themselves depend on the change of curvature. We therefore 
use the deflection w; on the left-hand side, not w. The effect on bending of the in-plane forces depends 
on the total deflection w so that we write Eq. (7.33) 


3twı 4 3twı 3twı 
3x4 3x2ðy?  əðyt 











=5| py” mtw 3? (wo + w1) Tont 


N, 2Nyy 7.34 
p|? 3x? T 3y? Pe ax dy a 
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The effect of an initial curvature on deflection is therefore equivalent to the application of a transverse 
load of intensity 


a2 wo a7 wo a? wo 


Near + Nyaa + Naa 


Thus, in-plane loads alone produce bending, provided there is an initial curvature. 
Assuming that the initial form of the deflected plate is 


wo wo 
wo = 5 S Amn sin — * sin = (7.35) 


m=1n=1 





then by substitution in Eq. (7.34), we find that if N, is compressive and Ny = Nyy =0, 


CO CO 
. nTy 
= 5 S Bumn sin — * sin he (7.36) 


m=1n=1 





where 
AmnNx 
(2D /a*)[m + (n2a2 /mb2)]? — 





Binn = 


We shall return to the consideration of initially curved plates in the discussion of the experimental 
determination of buckling loads of flat plates in Chapter 9. 


7.6 ENERGY METHOD FOR THE BENDING OF THIN PLATES 


Two types of solution are obtainable for thin plate bending problems by the application of the principle 
of the stationary value of the total potential energy of the plate and its external loading. The first, in 
which the form of the deflected shape of the plate is known, produces an exact solution; the second, the 
Rayleigh—Ritz method, assumes an approximate deflected shape in the form of a series having a finite 
number of terms chosen to satisfy the boundary conditions of the problem and also to give the kind of 
deflection pattern expected. 

In Chapter 5, we saw that the total potential energy of a structural system comprised the internal or 
strain energy of the structural member, plus the potential energy of the applied loading. We now proceed 
to derive expressions for these quantities for the loading cases considered in the preceding sections. 


7.6.1 Strain Energy Produced by Bending and Twisting 


In thin plate analysis, we are concerned with deflections normal to the loaded surface of the plate. These, 
as in the case of slender beams, are assumed to be primarily due to bending action so that the effects 
of shear strain and shortening or stretching of the middle plane of the plate are ignored. Therefore, it 
is sufficient for us to calculate the strain energy produced by bending and twisting only as this will be 
applicable, for the reason of the preceding assumption, to all loading cases. It must be remembered that 
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(a) (b) 


Fig. 7.14 


(a) Strain energy of element due to bending; (b) strain energy due to twisting. 





we are only neglecting the contributions of shear and direct strains on the deflection of the plate; the 
stresses producing them must not be ignored. 

Consider the element ôx x ôy of a thin plate a x b shown in elevation in the xz plane in Fig. 7.14(a). 
Bending moments My per unit length applied to its ôy edge produce a change in slope between its ends 
equal to (3?w/3x?)ôx. However, since we regard the moments M, as positive in the sense shown, then 
this change in slope, or relative rotation, of the ends of the element is negative as the slope decreases 
with increasing x. The bending strain energy due to My is then 


Similarly, in the yz plane the contribution of M, to the bending strain energy is 


1 3?w 
zx = ye 


The strain energy due to the twisting moment per unit length, Myy, applied to the ôy edges of the 
element, is obtained from Fig. 7.14(b). The relative rotation of the ôy edges is (3?w/3xðy)őx so that the 
corresponding strain energy is 


1 3?w y 
= —— 6x 
got x ox dy 
Finally, the contribution of the twisting moment My, on the ôx edges is, in a similar fashion, 
2 


Use 
2 Ox Oy 
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The total strain energy of the element from bending and twisting is thus 


1 ye Mo EEI axa 
~(-M,—~ —-M,— —— | ôx 
a a Fg waay) F 


Substitution for M,, M,, and M,, from Eqs. (7.7), (7.8), and (7.14) gives the total strain energy of the 


element as 
D| (@w\? (2w\? . aw aw aw \? 
2 2c 5x 6 
E) (a) ea laa) 
which on rearranging becomes 
D 2 2N 2 32w 92 32w \? 
e aa e ( z) ôx ôy 
2 ax2 ay ax? dy Ox dy 
Hence, the total strain energy U of the rectangular plate a x b is 
DPT (aw ew? aw a2w (aw \? 
U= + 2(1 dxd 7.37 
E =») f o ay? (Fa) N "o Ie 
0 0 


Note that if the plate is subject to pure bending only, then M,,=0, and from Eq. (7.14) a°w/dxdy=0, 
so that Eq. (7.37) simplifies to 














a b 


D w)? (a2w\? 32w a2w 
g= ites ee oy aed 7.38 
GA +(S2) +a ae [ow oe 
0 0 


7.6.2. Potential Energy of a Transverse Load 

An element 5x x dy of the transversely loaded plate of Fig. 7.8 supports a load qéx5y. If the displacement 
of the element normal to the plate is w, then the potential energy ôV of the load on the element referred 
to the undeflected plate position is 


ôV = —wqôxôy See Section 5.7 


Therefore, the potential energy V of the total load on the plate is given by 


a b 
V = - | [raaa (7.39) 
0 0 
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7.6.3 Potential Energy of In-Plane Loads 


We may consider each load Nx, Ny, and Nyy in turn, and then use the principle of super-position 
to determine the potential energy of the loading system when they act simultaneously. Consider an 
elemental strip of width ôy along the length a of the plate in Fig. 7.15(a). The compressive load on 
this strip is N,5y, and due to the bending of the plate, the horizontal length of the strip decreases by an 
amount À, as shown in Fig. 7.15(b). The potential energy 5V,. of the load N,.dy, referred to the undeflected 
position of the plate as the datum, is then 


ôV; = —N,Aby (7.40) 
From Fig. 7.15(b), the length of a small element ôa of the strip is 


8a = (8x2 + bw)? 








(b) 


Fig. 7.15 


(a) In-plane loads on plate; (b) shortening of element due to bending. 
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and since dw/0dx is small, then 


Hence, 
ef vy (ae 2 
1 2 \ ax 
0 
giving 
aE 
a=a ~{— 
2 \ ox 
0 
and 
a 
‘ ; E 
=a-a= | -| — 
2 \ ox 
0 
Since 


T 


7 2 

RE dx only differs from [3 (> *) dx 
2 \ ox 

0 


by a term of negligible order, we write 


Pow 
za (ENa 
hG 

0 


The potential energy Vy of the Ny loading follows from Eqs. (7.40) and (7.41); thus, 


Lf fi. (aw\? 
n=- (>) dxdy 
2 Ox 

0 0 


Similarly, 


no-fes 


eS 
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(7.41) 


(7.42) 


(7.43) 


The potential energy of the in-plane shear load Nyy may be found by considering the work done by 
Nyy during the shear distortion corresponding to the deflection w of an element. This shear strain is the 
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Fig. 7.16 


Calculation of shear strain corresponding to bending deflection. 





reduction in the right angle CAB, to the angle C; AB, of the element in Fig. 7.16 or, rotating C2A 
with respect to AB; to AD in the plane C;ABj, the angle DAC,. The displacement C2D is equal to 
(dw/dy)dy, and the angle DC2C, is dw/dx. Thus, C,D is equal to 


dw Ow 
ox dy i 
and the angle DAC, representing the shear strain corresponding to the bending displacement w is 
dw ðw 
ox dy 


so that the work done on the element by the shear force N,,5x is 


1 dw ðw 
SN Ar — 
a Ox oy 


Similarly, the work done by the shear force N,,,dy is 


1 dw Ow 


ANo sy- 
pe Ox oy 


and the total work done taken over the complete plate is 


a b 
1 dw ðw 
= 2Nyy— —dxd 
s/f Y ax oy y 
0 0 


ae 
7.6 Energy Method for the Bending of Thin Plates 247 


It follows immediately that the potential energy of the N, loads is 


a b 
1 aw a 
Vay =—5 / J Nog a PY (7.44) 
0 0 


and for the complete in-plane loading system we have, from Eqs. (7.42), (7.43), and (7.44), a potential 


energy of 
a aw\2 3 aw a 
Ww Ww W OW 
= n, (2) +6,(%) +2~ dxd 7.45 
ronal ||) +8(F) er | ? aa 
0 


We are now ina position to solve a wide range of thin-plate problems provided that the deflections are 
small, obtaining exact solutions if the deflected form is known or approximate solutions if the deflected 
shape has to be “guessed.” 

Considering the rectangular plate of Section 7.3, simply supported along all four edges and subjected 
to a uniformly distributed transverse load of intensity go, we know that its deflected shape is given by 
Eq. (7.27), namely, 





wo wo 
. MTX . nay 
w= > > Amn Sin sin —— 
a b 


m=1n=1 
The total potential energy of the plate is, from Eqs. (7.37) and (7.39), 


a 


a „8w : 
Ta 
3?w d2w a2w \* 
2d dxd 
ey) ax? dy? (= =) Mal 4 
Substituting in Eq. (7.46) for w and realizing that “cross-product” terms integrate to zero, we have 
f [m r ? MAX 3 NTY 
U+V= Anla ZTA Sie S 
21 aa ( 2 MTX . »nTy 2 MTX ë =) 
—2(1 — v) ——— (sin sin” —— — cos* —— — 
a2b? a b a 


b 
CO CO n 
— q0 >> S Amn sin — * sin in| dx dy 


m=1n=1 


(7.46) 





z> 2 
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The term multiplied by 2(1 — v) integrates to zero, and the mean value of sin? or cos? 


number of half waves is 53 thus, integration of the preceding expression yields 


U+V=S 5 > 42 (5 +5) 


m=1,3,5 n=1,3,5 


over a complete 


2 





(7.47) 


= = 4ab 
-o > Dd Amn Fan 


m=1,3,5n=1,3,5 





From the principle of the stationary value of the total potential energy, we have 


a(U+V) D ue je 4ab 
—.— = 724 = qo —=— 


OA mn = J: a 4 b2 n? mn 
so that 
A= 16qo 
"5 6Dmn[ (m2 /a2) + (n2 /b2)]2 
giving a deflected form 
= 5 5 sin(mzx/a)sin(nry/b) 
mn[(m? /a?) + (n?/b*) 


DZ 1,3,5n=1,3,5 


which is the result obtained in Eq. (i) of Example 7.1. 

The preceding solution is exact since we know the true deflected shape of the plate in the form of an 
infinite series for w. Frequently, the appropriate infinite series is not known so that only an approximate 
solution may be obtained. The method of solution, known as the Rayleigh—Ritz method, involves the 
selection of a series for w containing a finite number of functions of x and y. These functions are chosen 
to satisfy the boundary conditions of the problem as far as possible and also to give the type of deflection 
pattern expected. Naturally, the more representative the “guessed” functions are, the more accurate the 
solution becomes. 

Suppose that the “guessed” series for w in a particular problem contains three different functions of 
x and y. Thus, 


Ww =Ajf] (x,y) + Az fo(x,y) + A3f3(x,y), 


where 41, Az, and 43 are unknown coefficients. We now substitute for w in the appropriate expression 
for the total potential energy of the system and assign stationary values with respect to 41, 42, and 43 
in turn. Thus, 





a(U +V) 0 a(U +V) 0 a(U +V) 
dA, 04. 343 


=0 


giving three equations, which are solved for 41, 42, and 43. 
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E- 
Example 7.4 

A rectangular plate a x b, is simply supported along each edge and carries a uniformly distributed load 
of intensity go. Assuming a deflected shape given by 


_ Wx . TY 
w = A, Sin — sin — 
a b 
determine the value of the coefficient 411 and, hence, find the maximum value of deflection. = 


The expression satisfies the boundary conditions of zero deflection and zero curvature (i.e., zero 
bending moment) along each edge of the plate. Substituting for w in Eq. (7.46), we have 


ab 
DA? 4 
u+v=f f 1] 7 __ (424. p22 sin? 2* gin? = -21 - v) 
2)2 a b 
0 0 











2 (a2b 
4 TX x x4 TX x 
D _ 2 TY 2 27y 
x| -z sin sin zyz COS cos 
atb a b atb a b 


NX. T 
—qoÁ11 sin > sin | dx dy 
a 











from which 
DA x4 4ab 
U+V= arr (a? + b°Y” — god —y 
so that 
AU+V) DAnn > 23  4ab 
hy ap Te ge 
and 
Ge 16qoa*b* 
D(a + b2) 
giving 
16qoa*b* _ mx . TY 


= ——.—_; sin — sin — 
i m®D(a2 + b)2 a b 
At the center of the plate, w is a maximum and 
16qoa*h* 
1° D(a? + b?) 


Wmax = 


For a square plate and assuming v =0.3, 


at 


which compares favorably with the result of Example 7.1. 
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In this chapter, we dealt exclusively with small deflections of thin plates. For a plate subjected 
to large deflections, the middle plane will be stretched due to bending so that Eq. (7.33) requires 
modification. The relevant theory is outside the scope of this book but may be found in a variety of 
references. 
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Problems 


P.7.1 A 10-mm thick plate is subjected to bending moments M, equal to 10 Nm/mm and M, equal to SNm/mm. 
Calculate the maximum direct stresses in the plate. 


Ans. 0%,max=+600N/mm?, oy max =+ 300 N/mm?. 


P.7.2 For the plate and loading of problem P.7.1, find the maximum twisting moment per unit length in the plate 
and the direction of the planes on which this occurs. 


Ans. 2.5Nm/mm at 45° to the x and y axes. 


P.7.3 The plate of the previous two problems is subjected to a twisting moment of 5 Nm/mm along each edge, 
in addition to the bending moments of My = 10Nm/mm and M, =5Nm/mm. Determine the principal moments in 
the plate, the planes on which they act, and the corresponding principal stresses. 


Ans. 13.1.Nm/mm, 1.9Nm/mm, a=—31.7°, w=+58.3°, £786N/mm2, +114N/mm?. 


P.7.4 A thin rectangular plate of length a and width 2a is simply supported along the edges x =0, x =a, y=—a, 
and y= +a. The plate has a flexural rigidity D, a Poisson’s ratio of 0,3 and carries a load distribution given by 
q(x, vy) =qo sin(zx/a). If the deflection of the plate may be represented by the expression 

qat 


w= 
Dx‘4 





(1 + Acosh — eRe sinh ~) sin ae 
a a a a 


determine the values of the constants A and B. 
Ans. A=—0.2213, B=0.0431. 


P.7.5 A thin, elastic square plate of side a is simply supported on all four sides and supports a uniformly 
distributed load q. If the origin of axes coincides with the center of the plate, show that the deflection of the plate 
can be represented by the expression 


“= x6 wp 2 + y4) — 3a? (1 — v)? +y?) — 12vx?y? +4], 
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where D is the flexural rigidity, v is Poisson’s ratio, and A is a constant. Calculate the value of A and hence the 
central deflection of the plate. 


Ans. A=a*(5—3v)/4, Cen. def.=ga*t(5—3v)/384D(1 — v) 


P.7.6 The deflection of a square plate of side a, which supports a lateral load represented by the function g(x,y) 
is given by 


TX 3y 
w(x,y) = wo cos — cos —, 
a a 


where x and y are referred to axes whose origin coincides with the center of the plate and wo is the deflection at the 
center. 


If the flexural rigidity of the plate is D and Poisson’s ratio is v, determine the loading function g, the support 
conditions of the plate, the reactions at the plate corners, and the bending moments at the center of the plate. 


4 TX 3my 
Ans. q(x,y) =woD100— cos — cos —— 
a a a 


The plate is simply supported on all edges. 
2 
Reactions: —6woD (=) (1—-v) 
\2 : \2 
M,=woD (=) (1+9v), M,=woD (=) (+0). 
a a 


P.7.7 A simply supported square plate a x a carries a distributed load according to the formula 


x 
q(x,y) = qo-, 
a 


where qo is its intensity at the edge x =a. Determine the deflected shape of the plate. 





8qoat LX = (-1)"*! max . nny 
Ans. w= & 5 > aa aa e sin —— 
m°D mn(m* +n~) a a 
m=1,2,3 n=1,3,5 


P.7.8  Anelliptic plate of major and minor axes 2a and 26 and of small thickness ¢ is clamped along its boundary 
and is subjected to a uniform pressure difference p between the two faces. Show that the usual differential equation 
for normal displacements of a thin flat plate subject to lateral loading is satisfied by the solution 


2 y 2 
w = wọ l-37 5 


where wo is the deflection at the center which is taken as the origin. 
Determine wo in terms of p and the relevant material properties of the plate and hence expressions for the 
greatest stresses due to bending at the center and at the ends of the minor axis. 


3p(1 — v?) 


Ans. wo = —— + 
ns. WO i A 3 2 3 
lat apt 

+3pa?b? (b? + va?) +3pa?b? (a* + vb?) 


Center, o. ==- eae a’ Zea 
MAX 42 (3b4 + 2a2b2 +344)? V 234 + 2a2b2 + 304) 
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Ends of minor axis 


+6pa*b? +6pb* a2 
2364 +2a2b2 +304)” O T Pbi 2a2b2 +304) 


Ox,max = 


P.7.9 Use the energy method to determine the deflected shape of a rectangular plate a x b, simply supported 
along each edge and carrying a concentrated load W at a position (&, 7) referred to axes through a corner of the 
plate. The deflected shape of the plate can be represented by the series 


w= Asin sin in 


m=\1n=1 


4W sin DES sin m 
äns Ag, = —— H 
me Ao FADabl (m2 /a2) + (2 /b2)P 





P.7.10 If, in addition to the point load W, the plate of problem P.7.9 supports an in-plane compressive load of Ny 
per unit length on the edges x =0 and x =a, calculate the resulting deflected shape. 


mTĚ nan 


4W sin sin —— 
b 


Ans. Ann = a 
i ng m? n? $ m2N,; m 
bDr* - — > 
aor (+3) -arep 
P.7.11 A square plate of side a is simply supported along all four sides and is subjected to a transverse uniformly 


distributed load of intensity qo. It is proposed to determine the deflected shape of the plate by the Rayleigh—Ritz 
method employing a “guessed” form for the deflection of 


=J l 4x2. i 4y? 
w=4A11 2 2 


in which the origin is taken at the center of the plate. 
Comment on the degree to which the boundary conditions are satisfied and find the central deflection assuming 
v=0.3. 








0.0389qoa* 


ns. 
EB 


P.7.12 A rectangular plate a xb, simply supported along each edge, possesses a small initial curvature in its 
unloaded state given by 
TX . TY 
wọ = 411 sin — sin — 
a b 
Determine, using the energy method, its final deflected shape when it is subjected to a compressive load Ny per 
unit length along the edges x=0, x =a. 


Aj TTX. T 
Ans. w= sin sin x 


Nya a a b 
1- 1 
m2D /( = =) 
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Columns 


A large proportion of an aircraft’s structure comprises thin webs stiffened by slender longerons or 
stringers. Both are susceptible to failure by buckling at a buckling stress or critical stress, which is 
frequently below the limit of proportionality and seldom appreciably above the yield stress of the 
material. Clearly, for this type of structure, buckling is the most critical mode of failure so that the 
prediction of buckling loads of columns, thin plates, and stiffened panels is extremely important in 
aircraft design. In this chapter, we consider the buckling failure of all these structural elements and also 
the flexural—torsional failure of thin-walled open tubes of low torsional rigidity. 

Two types of structural instability arise: primary and secondary. The former involves the complete 
element, there being no change in cross-sectional area, while the wavelength of the buckle is of the 
same order as the length of the element. Generally, solid and thick-walled columns experience this type 
of failure. In the latter mode, changes in cross-sectional area occur and the wavelength of the buckle is 
of the order of the cross-sectional dimensions of the element. Thin-walled columns and stiffened plates 
may fail in this manner. 


8.1 EULER BUCKLING OF COLUMNS 


The first significant contribution to the theory of the buckling of columns was made as early as 1744 
by Euler. His classical approach is still valid, and likely to remain so, for slender columns possessing 
a variety of end restraints. Our initial discussion is therefore a presentation of the Euler theory for the 
small elastic deflection of perfect columns. However, we investigate, first, the nature of buckling and 
the difference between theory and practice. 

It is common experience that if an increasing axial compressive load is applied to a slender column, 
there is a value of the load at which the column will suddenly bow or buckle in some unpredetermined 
direction. This load is patently the buckling load of the column or something very close to the buckling 
load. Clearly, this displacement implies a degree of asymmetry in the plane of the buckle caused by 
geometrical and/or material imperfections of the column and its load. However, in our theoretical 
stipulation of a perfect column in which the load is applied precisely along the perfectly straight 
centroidal axis, there is perfect symmetry so that, theoretically, there can be no sudden bowing or 
buckling. Therefore, we require a precise definition of buckling load, which may be used in our analysis 
of the perfect column. 


Copyright © 2010, T. H. G. Megson. Published by Elsevier Ltd. All rights reserved. 
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If the perfect column of Fig. 8.1 is subjected to a compressive load P, only shortening of the column 
occurs no matter what the value of P. However, if the column is displaced a small amount by a lateral 
load F, then, at values of P below the critical or buckling load, Pcr, removal of F results in a return 
of the column to its undisturbed position, indicating a state of stable equilibrium. At the critical load, 
the displacement does not disappear, and, in fact, the column will remain in any displaced position as 
long as the displacement is small. Thus, the buckling load Pcr is associated with a state of neutral 


equilibrium. For P > Pcr, enforced lateral displacements increase and the column is unstable. 


Consider the pin-ended column AB of Fig. 8.2. We assume that it is in the displaced state of neutral 
equilibrium associated with buckling so that the compressive load P has attained the critical value Pcr. 


Simple bending theory (see Chapter 15) gives 


















d?v 
EI—,~ = -—M 
dz? 
or 
dv 
EIT = —Pcrv (8.1) 
P 
a Initial position 
F 
Displaced 
position 
P 
Fig. 8.1 
Definition of buckling load for a perfect column. 
l | 
A V B 
Fee £- j ] Per Z 
- l 
Fig. 8.2 





Determination of buckling load for a pin-ended column. 
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so that the differential equation of bending of the column is 


dv Per 
— +—v=0 8.2 
dz mE en 
The well-known solution of Eq. (8.2) is 
v = AÁcosuz + Bsinuz (8.3) 


where u =Pcr/EI and A and B are unknown constants. The boundary conditions for this particular 
case are v=0 at z=0 and /. Thus, A=0 and 


Bsinul =0 
For a nontrivial solution (i.e., v.40), then 


sinul=0 or ul=nr wheren = 1,2,3,... 





giving 
Pcr? 
ai ate 
or 
n?n EI 
Per = (8.4) 





2 
Note that Eq. (8.3) cannot be solved for v no matter how many of the available boundary conditions are 
inserted. This is to be expected, since the neutral state of equilibrium means that v is indeterminate. 

The smallest value of buckling load—in other words, the smallest value of P which can maintain 
the column in a neutral equilibrium state—is obtained by substituting n = 1 in Eq. (8.4). Hence, 


El 


2 (8.5) 


PorR= 


Other values of Pcr corresponding to n=2, 3,..., are 


4n2EI 9n7EI 
CR = (2 > R gore 








These higher values of buckling load cause more complex modes of buckling such as those shown in 
Fig. 8.3. The different shapes may be produced by applying external restraints to a very slender column 
at the points of contraflexure to prevent lateral movement. If no restraints are provided, then these forms 
of buckling are unstable and have little practical meaning. 

The critical stress, ocr, corresponding to Pcr, is, from Eq. (8.5) 


_ rE 
(UYE 


where r is the radius of gyration of the cross-sectional area of the column. The term //r is known as the 
slenderness ratio of the column. For a column that is not doubly symmetrical, r is the least radius of 


ocr (8.6) 
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Fer Por Fer Por 
|; L/2 /2 | L/3 | 1/3 | L/3 | 
Por = 4° EI/U2 Per = 9r°EI/1? 


Fig. 8.3 


Buckling loads for different buckling modes of a pin-ended column. 





gyration of the cross section since the column will bend about an axis about which the flexural rigidity 
EI is least. Alternatively, if buckling is prevented in all but one plane, then ÆJ is the flexural rigidity in 
that plane. 

Equations (8.5) and (8.6) may be written in the form 


mE 
CR = (8.7) 
e 
and 
rE 
OCR = Ur (8.8) 


where /, is the effective length of the column. This is the length of a pin-ended column that would have 
the same critical load as that of a column of length /, but with different end conditions. The determination 
of critical load and stress is carried out in an identical manner to that for the pin-ended column except 
that the boundary conditions are different in each case. Table 8.1 gives the solution in terms of effective 
length for columns having a variety of end conditions. In addition, the boundary conditions referred 
to the coordinate axes of Fig. 8.2 are quoted. The last case in Table 8.1 involves the solution of a 
transcendental equation; this is most readily accomplished by a graphical method. 

Let us now examine the buckling of the perfect pin-ended column of Fig. 8.2 in greater detail. We 
have shown, in Eq. (8.4), that the column will buckle at discrete values of axial load and that associated 
with each value of buckling load there is a particular buckling mode (Fig. 8.3). These discrete values of 
buckling load are called eigenvalues, their associated functions (in this case v= Bsinnz z/I) are called 
eigenfunctions, and the problem itself is called an eigenvalue problem. 

Further, suppose that the lateral load F in Fig. 8.1 is removed. Since the column is perfectly straight, 
homogeneous and loaded exactly along its axis, it will suffer only axial compression as P is increased. 
This situation, theoretically, would continue until yielding of the material of the column occurred. 











Table 8.1 

Ends k/l Boundary Conditions 

Both pinned 1.0 v=0atz=0and/ 

Both fixed 0.5 v=0 at z=0 and z=/, dv/dz=0 at z=/ 
One fixed, the other free 2.0 v=0 and dv/dz=0 at z=0 


One fixed, the other pinned 0.6998 dv/dz=0 at z=0, v=0 at z=/ andz=0 
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P=PorR (bifurcation point) 


a 


O 


Lateral deflection at mid-height 
Fig. 8.4 


Behavior of a perfect pin-ended column. 





However, as we have seen, for values of P below Pcr the column is in stable equilibrium, whereas for 
P > Pcp the column is unstable. A plot of load against lateral deflection at midheight would therefore 
have the form shown in Fig. 8.4, where, at the point P= Pcp, it is theoretically possible for the col- 
umn to take one of three deflection paths. Thus, if the column remains undisturbed, the deflection at 
midheight would continue to be zero but unstable (i.e., the trivial solution of Eq. (8.3), v=0), or, if 
disturbed, the column would buckle in either of two lateral directions; the point at which this possible 
branching occurs is called a bifurcation point; further bifurcation points occur at the higher values of 
Pcr(4n7El/P,9n7El/P,...). 


ee 
Example 8.1 

A uniform column of length L and flexural stiffness EJ is simply supported at its ends and has an 
additional elastic support at midspan. This support is such that if a lateral displacement ve occurs at this 
point, a restoring force kv, is generated at the point. Derive an equation giving the buckling load of the 
column. If the buckling load is 4r7E//L?, find the value of k. Also, if the elastic support is infinitely 
stiff, show that the buckling load is given by the equation tan AL/2=AL/2, whereA=./P/ET. EE 


The column is shown in its displaced position in Fig. 8.5. The bending moment at any section of the 
column is given by 


M=Pv—- Ne, 
2 
so that, by comparison with Eq. (8.1), 


v kve 
BL oe >? 


E 
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=~ Z 











Fig. 8.5 





Column of Example 8.1. 
giving 


at ga it, 
dz? ~~ QEI 





The solution of Eq. (i) is of standard form and is 


= + 1n + 
v COSAZ S Z zZ 


The constants A and B are found using the boundary conditions of the column which are: v=0, when 
z=0; v=ve, when z=L/2; and (dv/dz)=0, when z=L/2. 
From the first of these, A =0, while from the second 


Ve ( =) 
B=—*— (1-— 
sin(AL/2) 4P 


The third boundary condition gives, since v, 40, the required equation; that is, 


kL AL k àL 
1 — — | cos — + —— sin — = 0 
4P 2 2Pxr 2 


Rearranging 
p- kL deat tan(AL/2) 
4 AL /2 
If P (buckling load) =47?EI /L?, then AL/2=7 so that k=4P/L. Finally, if k > 00 


XL XL 
tan — = — 


5 5 (ii) 
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Note that Eq. (ii) is the transcendental equation, which would be derived when determining the buckling 
load of a column of length Z/2, built in at one end and pinned at the other. 





8.2 INELASTIC BUCKLING 


We have shown that the critical stress, Eq. (8.8), depends only on the elastic modulus of the material 
of the column and the slenderness ratio //r. For a given material, the critical stress increases as the 
slenderness ratio decreases—in other words, as the column becomes shorter and thicker. A point is then 
reached when the critical stress is greater than the yield stress of the material so that Eq. (8.8) is no 
longer applicable. For mild steel, this point occurs at a slenderness ratio of approximately 100, as shown 
in Fig. 8.6. We therefore require some alternative means of predicting column behavior at low values 
of slenderness ratio. 

It was assumed in the derivation of Eq. (8.8) that the stresses in the column remained within the 
elastic range of the material so that the modulus of elasticity E(=do/de) was constant. Above the elastic 
limit do/de depends on the value of stress and whether the stress is increasing or decreasing. Thus, in 
Fig. 8.7, the elastic modulus at the point A is the tangent modulus E; if the stress is increasing but E if 
the stress is decreasing. 

Consider a column having a plane of symmetry and subjected to a compressive load P such that the 
direct stress in the column P/A is above the elastic limit. If the column is given a small deflection, v, in 
its plane of symmetry, then the stress on the concave side increases, whereas the stress on the convex 
side decreases. Thus, in the cross section of the column shown in Fig. 8.8(a), the compressive stress 
decreases in the area A; and increases in the area A2, whereas the stress on the line mn is unchanged. 
Since these changes take place outside the elastic limit of the material, we see, from our remarks in the 
previous paragraph, that the modulus of elasticity of the material in the area 4; is E£, while that in Az 
is Æ. The homogeneous column now behaves as if it were nonhomogeneous, with the result that the 
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Yield stress 





Fig. 8.6 


Critical stress—slenderness ratio for a column. 
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Fig. 8.7 


Elastic moduli for a material stressed above the elastic limit. 


o/E 






Convex side 





a /Ey 


(a) (b) (c) 
Fig. 8.8 


Determination of reduced elastic modulus. 


stress distribution is changed to the form shown in Fig. 8.8(b); the linearity of the distribution follows 
from an assumption that plane sections remain plane. 
As the axial load is unchanged by the disturbance 


dı d2 
ovdt= f oraa (8.9) 
0 


0 
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Also, P is applied through the centroid of each end section a distance e from nn so that 


dı dy 
[oortodat fo02—ed4=—Py (8.10) 
0 0 
From Fig. 8.8(b), 
o1 02 
oy = a oy = a” (8.11) 


The angle between two close, initially parallel, sections of the column is equal to the change in slope 
d*v/dz? of the column between the two sections. This, in turn, must be equal to the angle 5¢ in the strain 
diagram of Fig. 8.8(c). Hence, 


d?y O71 02 
Sees jak Bea ee 8.12 
dz Ed, Ed ( ) 
and Eq. (8.9) becomes, from Eqs. (8.11) and (8.12) 
dı dy 
dy dy 
E— dA — E, — d4 =0 8.13 
0 0 
Further, in a similar manner, from Eq. (8.10) 
dı dy dı dh 
dy 2 2 dv 
— |E J ypd4+& | yp9dd4 |] +e— JE ] yıdA— E | y2dA | = —Pv (8.14) 
dz? dz? 
0 0 0 0 


The second term on the left-hand side of Eq. (8.14) is zero from Eq. (8.13). Therefore, we have 


dy 
— (El, + Eyl) = —Pv (8.15) 
dz2 
in which 
dı dz 
n= fas and h= | sad 
0 0 


the second moments of area about nn of the convex and concave sides of the column, respectively. 
Putting 


EJ = Eh + Eth 


or 


l h 
E, =E— +E 8.16 
r I + tye ( ) 


ee 
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where Er is known as the reduced modulus, gives 


dy 


Erl a Aoao 


Comparing this with Eq. (8.2), we see that if P is the critical load Pcr, then 





2E,.I 
P= = (8.17) 
e 
and 
nE, 
Lon 8.18 
OCR Gn? (8.18) 


The preceding method for predicting critical loads and stresses outside the elastic range is known as the 
reduced modulus theory. From Eq. (8.13), we have 


dı dy 
E | yid4 -E f z244 =0 (8.19) 
0 


which, together with the relationship d =d; + d2, enables the position of nn to be found. 

It is possible that the axial load P is increased at the time of the lateral disturbance of the column 
such that there is no strain reversal on its convex side. Therefore, the compressive stress increases over 
the complete section so that the tangent modulus applies over the whole cross section. The analysis is 
then the same as that for column buckling within the elastic limit except that E is substituted for F. 
Hence, the tangent modulus theory gives 





rE 
cR = = (8.20) 
e 
and 
Et 
= —_— 8.21 
OCR M (8.21) 


By a similar argument, a reduction in P could result in a decrease in stress over the whole cross 
section. The elastic modulus applies in this case, and the critical load and stress are given by the standard 
Euler theory, namely, Eqs. (8.7) and (8.8). 

In Eq. (8.16), Jı and J are together greater than 7, while E is greater than £;. It follows that the 
reduced modulus Æ; is greater than the tangent modulus £. Consequently, buckling loads predicted by 
the reduced modulus theory are greater than buckling loads derived from the tangent modulus theory, so 
that although we have specified theoretical loading situations where the different theories would apply, 
there still remains the difficulty of deciding which should be used for design purposes. 
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Extensive experiments carried out on aluminium alloy columns by the aircraft industry in the 1940s 
showed that the actual buckling load was approximately equal to the tangent modulus load. Shanley 
(1947) explained that for columns with small imperfections, increases of both axial load and bending 
occur simultaneously. He then showed analytically that after the tangent modulus load is reached, the 
strain on the concave side of the column increases rapidly, while that on the convex side decreases slowly. 
The large deflection corresponding to the rapid strain increase on the concave side, which occurs soon 
after the tangent modulus load is passed, means that it is only possible to exceed the tangent modulus 
load by asmall amount. It follows that the buckling load of columns is given most accurately for practical 
purposes by the tangent modulus theory. 

Empirical formulae have been used extensively to predict buckling loads, although in view of the 
close agreement between experiment and the tangent modulus theory, they would appear unnecessary. 
Several formulae are in use; for example, the Rankine, Straight-line, and Johnson’s parabolic formulae 
are given in many books on elastic stability [Ref. 1]. 





8.3 EFFECT OF INITIAL IMPERFECTIONS 


Obviously, it is impossible in practice to obtain a perfectly straight homogeneous column and to ensure 
that it is exactly axially loaded. An actual column may be bent with some eccentricity of load. Such 
imperfections influence to a large degree the behavior of the column which, unlike the perfect column, 
begins to bend immediately the axial load is applied. 

Let us suppose that a column, initially bent, is subjected to an increasing axial load P as shown in 
Fig. 8.9. In this case, the bending moment at any point is proportional to the change in curvature of the 
column from its initial bent position. Thus, 


dy dv 


EI—, — EI— 
dz? dz? 


— Py (8.22) 


which, on rearranging, becomes 


d? d2 
Dr py n (8.23) 
z z 





— — — 








Fig. 8.9 


Initially bent column. 





ee 
264 CHAPTER 8 Columns 


where A* = P/EI. The final deflected shape, v, of the column depends on the form of its unloaded shape, 
vo. Assuming that 


Cc 
. NTZ 
vo = SAn sin y (8.24) 
n=1 
and substituting in Eq. (8.23), we have 
d? 
gat v= -ra sin 


The general solution of this equation is 


; = nAn nT Z 
v= Boosaz+Dsiniz+ >° 5 a 
n=—a@ 


n=1 





where B and D are constants of integration and a =A*/*/2*. The boundary conditions are v=0 at z=0 
and /, giving B= D=0, from which 





= nnz 
eyes z — (8.25) 
n? 
n=1 
Note that in contrast to the perfect column, we are able to obtain a nontrivial solution for deflection. 
This is to be expected, since the column is in stable equilibrium in its bent position at all values of P. 


An alternative form for a is 
PÊ P 
See Eq. (8.5 
a=- pg (Ea 85) 


Thus, @ is always less than one and approaches unity when P approaches Pcr so that the first term in 
Eq. (8.25) usually dominates the series. A good approximation, therefore, for deflection when the axial 
load is in the region of the critical load is 





A 
v= < sin (8.26) 
l-a l 
or at the center of the column, where z=//2 
Ay 
= —____ 8.27 
V= IZ P/Per 2?) 


in which A, is seen to be the initial central deflection. If central deflections 6(=v—.A 1) are measured 
from the initially bowed position of the column, then from Eq. (8.27) we obtain 


Aj 


= l 
1—P/PcR 
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which gives on rearranging 


s= Pers —Ay (8.28) 
and we see that a graph of 6 plotted against 5/P has a slope, in the region of the critical load, equal to 
Pcr and an intercept equal to the initial central deflection. This is the well known Southwell plot for 
the experimental determination of the elastic buckling load of an imperfect column. 

Timoshenko [Ref. 1] also showed that Eq. (8.27) may be used for a perfectly straight column with 
small eccentricities of column load. 


ee 
Example 8.2 

The pin-jointed column shown in Fig. 8.10 carries a compressive load P applied eccentrically at a 
distance e from the axis of the column. Determine the maximum bending moment in the column. Hil 


The bending moment at any section of the column is given by 








M=P(e+v) 
Then, by comparison with Eq. (8.1), 
dy 
Elsa = —P(e + v) 
giving 
O aR (i) 
aana y = — — = 1 
d2” aor 
Ya 
ty 
2 
e e 
P P 
[æ L = 
Fig. 8.10 





Eccentrically loaded column of Example 8.2. 
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The solution of Eq. (i) is of standard form and is 
v = Acos uz + Bsinuz—e 


The boundary conditions are: v=0, when z=0 and (dv/dz)=0, when z=L/2. 
From the first of these A =e, while from the second 


uL 
B = etan —— 
etan- 
The equation for the deflected shape of the column is then 


[S B 1 
cosu L/2 


The maximum value of v occurs at midspan, where z = L/2; that is, 


uL 
Vmax = @ seo I 


The maximum bending moment is given by 
M (max) = Pe + Pvmax 
so that 


uL 
M (max) = Pesec > 





8.4 STABILITY OF BEAMS UNDER TRANSVERSE 
AND AXIAL LOADS 


Stresses and deflections in a linearly elastic beam subjected to transverse loads as predicted by simple 
beam theory are directly proportional to the applied loads. This relationship is valid if the deflections 
are small such that the slight change in geometry produced in the loaded beam has an insignificant 
effect on the loads themselves. This situation changes drastically when axial loads act simultaneously 
with the transverse loads. The internal moments, shear forces, stresses, and deflections then become 
dependent on the magnitude of the deflections as well as the magnitude of the external loads. They are 
also sensitive, as we observed in the previous section, to beam imperfections such as initial curvature 
and eccentricity of axial load. Beams supporting both axial and transverse loads are sometimes known 
as beam-columns or simply as transversely loaded columns. 

First, we consider the case of a pin-ended beam carrying a uniformly distributed load of intensity 
w per unit length and an axial load P as shown in Fig. 8.11. The bending moment at any section of the 
beam is 

z w2? dy 


w 
M=P =—EI 
Va oe dz2 
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w/unit length 
- L 


Fig. 8.11 


Bending of a uniformly loaded beam-column. 





giving 
dy is P w 
L eae 
dz? EI 2EI 


The standard solution of Eq. (8.29) is 


(z* — Iz) (8.29) 


=A Az+Bsinaz+ X Pad 4 
= 1 — — — — 
v cos Az sin Az 7 Z 2)? 


where A and B are unknown constants and A*=P/E/. Substituting the boundary conditions v=0 at 
z=0 and / gives 


w w 


= = >> (J -cosdl 
12P rem N 
so that the deflection is determinate for any value of w and P and is given by 
w l1—cosAl\ . w fo 2 
v= 2p Jeosie-+ (=) sina] + 2P (: —Iz- =) (8.30) 


Inbeam columns, as in beams, we are primarily interested in maximum values of stress and deflection. 
For this particular case, the maximum deflection occurs at the center of the beam and is, after some 
transformation of Eq. (8.30), 


w Al wi? 
Vmax = ZZP sec — 1 ~ SP (8.31) 
The corresponding maximum bending moment is 
wl 
Myax = —PVmax — g 


or, from Eq. (8.31) 


w Al 
Mmax = 2 1 — sec 7 (8.32) 
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We may rewrite Eq. (8.32) in terms of the Euler buckling load Pcp = EI /I? for a pin-ended column. 


Hence, 
we Por T P 
M, = — — | 1-— fy ; 
max = > —p ( sec 5 Z) (8.33) 


As P approaches Pcr, the bending moment (and deflection) becomes infinite. However, the preceding 
theory is based on the assumption of small deflections (otherwise, d*v/dz? would not be a close approxi- 
mation for curvature) so that such a deduction is invalid. The indication is, though, that large deflections 
will be produced by the presence of a compressive axial load no matter how small the transverse load 
might be. 

Now, let us consider the beam-column of Fig. 8.12 with hinged ends carrying a concentrated load 
W at a distance a from the right-hand support. For 





d2v Waz 
and for 
d? W 
z>l-a EI— =-M=—Pv— —(J-a)(I-2) (8.35) 
dz l 
Writing 
pat 
EI 
Eq. (8.34) becomes 
dy 422 Wa 
— =—Z 
dz? Ell 


the general solution of which is 


(8.36) 











y 


Fig. 8.12 


Beam-column supporting a point load. 





ae 
8.4 Stability of Beams under Transverse and Axial Loads 269 


Sunilarly, the general solution of Eq. (8.35) is 
f W 
v= Ccosìz + Dsinìz— z0 —a)(—2) (8.37) 
where A,B,C, and D are constants which are found from the boundary conditions as follows. 
When z=0, v=0, so from Eq. (8.36) A=0. At z=/, v=0 giving, from Eq. (8.37), C=—Dtanal. 


At the point of application of the load, the deflection and slope of the beam given by Eqs. (8.36) and 
(8.37) must be the same. Hence, equating deflections 


We We 
Bsinà(l—a)— — (l-a) = D[sinà(] — a) — tan àlcosà(l-a)]- — (l-a) 
PI PI 
and equating slopes 
We W 
Bicosr(1 — a) — = = Dì[cosà (l — a) — tan Àl sin à (l — a)] + zC —a) 


Solving the preceding equations for B and D and substituting for A, B, C, and D in Eqs. (8.36) and 
(8.37), we have 


_ Wsinaa Wa 





v= ——sindz— —z forz<l-a (8.38) 
Pxsindl PI 
Wsinà(l—a) . W 
= — pny AC- alela forz>l—a (8.39) 


These equations for the beam-column deflection enable the bending moment and resulting bending 
stresses to be found at all sections. 

A particular case arises when the load is applied at the center of the span. The deflection curve is 
then symmetrical with a maximum deflection under the load of 


W AL WI 


—— ta 
2PA 2 4p 


Vmax = 


Finally, we consider a beam-column subjected to end moments Ma and Mpg in addition to an axial 
load P (Fig. 8.13). The deflected form of the beam-column may be found by using the principle of 
superposition and the results of the previous case. First, we imagine that Mpg acts alone with the axial 
load P. If we assume that the point load W moves toward B and simultaneously increases so that the 
product Wa = constant = Mp, then, in the limit as a tends to zero, we have the moment Mpg applied at B. 


Ma Mea 
A B P 





y 
Fig. 8.13 


Beam-column supporting end moments. 
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The deflection curve is then obtained from Eq. (8.38) by substituting Xa for sin Aa (since Aa is now 
very small) and Mg for Wa. Thus, 





Mp (sinaz z 
see ana 8.40 
=P (Ss ) ee) 


In a similar way, we find the deflection curve corresponding to Ma acting alone. Suppose that W moves 
toward A such that the product W(/—a)=constant=Ma,. Then, as (/—a) tends to zero, we have 
sinA(/ — a)=A(/ — a), and Eq. (8.39) becomes 


_ Ma |sinà(l—z) (l-z) 
Y= P |” sinal i 





(8.41) 


The effect of the two moments acting simultaneously is obtained by superposition of the results of 
Eqs. (8.40) and (8.41). Hence, for the beam-column of Fig. 8.13, 


_ Mpg fsinàz z Ma | sinà(l—z) (l-z) 
Y= P (sina Lp P| sinw I 





(8.42) 


Equation (8.42) is also the deflected form of a beam-column supporting eccentrically applied end loads 
at A and B. For example, if e4 and eg are the eccentricities of P at the ends A and B, respectively, then 
Ma =Pe4,Mp= Pep, giving a deflected form of 


Sete (= z z) are | N 2] (8.43) 








sinAl l sin Àl l 


Other beam-column configurations featuring a variety of end conditions and loading regimes may 
be analyzed by a similar procedure. 





8.5 ENERGY METHOD FOR THE CALCULATION 
OF BUCKLING LOADS IN COLUMNS 


The fact that the total potential energy of an elastic body possesses a stationary value in an equilibrium 
state may be used to investigate the neutral equilibrium of a buckled column. In particular, the energy 
method is extremely useful when the deflected form of the buckled column is unknown and has to be 
“guessed”. 

First, we shall consider the pin-ended column shown in its buckled position in Fig. 8.14. The internal 
or strain energy U of the column is assumed to be produced by bending action alone and is given by 
the well-known expression 


l 
M2 
= | =a 8.44 
a 2EI ( ) 
0 
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i 
Per F | For 





Fig. 8.14 


Shortening of a column due to buckling. 





or alternatively, since EJ d*v/dz* =—M, 


l 
EI f(d 
U= ZNS) dz (8.45) 
0 


The potential energy V of the buckling load Pcr, referred to the straight position of the column as the 
datum, is then 


V = —Pcrô 


where 6 is the axial movement of Pcr caused by the bending of the column from its initially straight 
position. By reference to Fig. 7.15(b) and Eq. (7.41), we see that 


l 
1 dv\? 
ô=- — | dz 
a} (a) 
0 


giving 


l 
Por dv\? 
V = -— — A 
3 E dz (8.46) 


The total potential energy of the column in the neutral equilibrium of its buckled state is, therefore, 


l l 
M? Per f (av\? 
Vis pee deo — A 
U+ JH Y 5 (2) dz (8.47) 
0 


or, using the alternative form of U from Eq. (8.45), 


l 


l 
EI [(#v\? Pe f (wY 
0 


0 
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We have seen in Chapter 7 that exact solutions of plate bending problems are obtainable by energy 
methods when the deflected shape of the plate is known. An identical situation exists in the determination 
of critical loads for column and thin plate buckling modes. For the pin-ended column under discussion, 
a deflected form of 


CO 
v= $ Ansin = (8.49) 


satisfies the boundary conditions of 


dv dv 
(v)z=0 = Mz=1 =o (=) S (P) e 


and is capable, within the limits for which it is valid and if suitable values for the constant coefficients 
A, are chosen, of representing any continuous curve. We are, therefore, in a position to find Pcr exactly. 
Substituting Eq. (8.49) into Eq. (8.48) gives 


l 


ae 2 
U+ r= | G (Èras) dz 


i À (8.50) 


-Pa | GY (Erns) e 


0 


The product terms in both integrals of Eq. (8.50) disappear on integration, leaving only integrated values 
of the squared terms. Thus, 


T AEI 44 2 T = 243 
Ut+V=ay Sa eae Ae (8.51) 


Assigning a stationary value to the total potential energy of Eq. (8.51) with respect to each coefficient 
An in turn, then taking A,, as being typical, we have 


QU+V) n'En An 1? Porn? Ay 





= =0 
An 2B 21 
from which 
27,2 
El 
Pcr = = as before. 


We see that each term in Eq. (8.49) represents a particular deflected shape with a corresponding 
critical load. Hence, the first term represents the deflection of the column shown in Fig. 8.14, with 
Pcr =72EI/Ê. The second and third terms correspond to the shapes shown in Fig. 8.3, having critical 
loads of 47? EI /Ê and 97? EI /Í and so on. Clearly, the column must be constrained to buckle into these 
more complex forms. In other words, the column is being forced into an unnatural shape, is consequently 
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stiffer, and offers greater resistance to buckling, as we observe from the higher values of critical load. 
Such buckling modes, as stated in Section 8.1, are unstable and are generally of academic interest only. 

If the deflected shape of the column is known, it is immaterial which of Eqs. (8.47) or (8.48) is used 
for the total potential energy. However, when only an approximate solution is possible, Eq. (8.47) is 
preferable, since the integral involving bending moment depends on the accuracy of the assumed form 
of v, whereas the corresponding term in Eq. (8.48) depends on the accuracy of d?v/dz*. Generally, for 
an assumed deflection curve, v is obtained much more accurately than d*v/dz?. 

Suppose that the deflection curve of a particular column is unknown or extremely complicated. We 
then assume a reasonable shape which satisfies, as far as possible, the end conditions of the column and 
the pattern of the deflected shape (Rayleigh-Ritz method). Generally, the assumed shape is in the form 
of a finite series involving a series of unknown constants and assumed functions of z. Let us suppose 
that v is given by 


v=Aifi@) ANE) +432) 


Substitution in Eq. (8.47) results in an expression for total potential energy in terms of the critical load 
and the coefficients 41, 42, and 43 as the unknowns. Assigning stationary values to the total potential 
energy with respect to 41, A2, and A3 in turn produces three simultaneous equations from which the ratios 
A /Ap, A,/A3, and the critical load are determined. Absolute values of the coefficients are unobtainable 
since the deflections of the column in its buckled state of neutral equilibrium are indeterminate. 

Asa simple illustration, consider the column shown in its buckled state in Fig. 8.15. An approximate 
shape may be deduced from the deflected shape of a tip-loaded cantilever. Thus, 


voz? 


ga ie 

20 
This expression satisfies the end-conditions of deflection—that is, v=0 at z=0 and v=vo at z=/. 
In addition, it satisfies the conditions that the slope of the column is zero at the built-in end and 
that the bending moment—d?v/dz*—is zero at the free end. The bending moment at any section is 
M=Pcr(vo — v) so that substitution for M and v in Eq. (8.47) gives 


l l 
P2., v2 32 z ? Por 3vo 
y= ew f- Z -2 (> 2012) 
UF 2EI atam) a ae) 7 eee 
0 0 


Bl- z) 








Fig. 8.15 


Buckling load for a built-in column by the energy method. 
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Integrating and substituting the limits, we have 


r, ae 2 
pee 17 Porvo! 3 vo 








=35 2651 5 ®II 
Hence, 
AU+V) 17Peevol 6Pcrvo d 
3ðvo 35 EI Ss 
from which 
5 PEI y yE 
ESTI ae 


This value of critical load compares with the exact value (see Table 8.1) of 2*E//4/? =2.467EI /I; 
the error, in this case, is seen to be extremely small. Approximate values of critical load obtained by 
the energy method are always greater than the correct values. The explanation lies in the fact that an 
assumed deflected shape implies the application of constraints in order to force the column to take up 
an artificial shape. This, as we have seen, has the effect of stiffening the column, with a consequent 
increase in critical load. 

It will be observed that the solution for the preceding example may be obtained by simply equating 
the increase in internal energy (U) to the work done by the external critical load (—V). This is always 
the case when the assumed deflected shape contains a single unknown coefficient, such as vo in the 
preceding example. 





8.6 FLEXURAL—TORSIONAL BUCKLING 
OF THIN-WALLED COLUMNS 


In some instances, thin-walled columns of open cross section do not buckle in bending as predicted by the 
Euler theory but twist without bending, or bend and twist simultaneously, producing flexural—torsional 
buckling. The solution to this type of problem relies on the theory for the torsion of open section beams 
subjected to warping (axial) restraint. Initially, however, we shall establish a useful analogy between 
the bending of a beam and the behavior of a pin-ended column. 

The bending equation for a simply supported beam, carrying a uniformly distributed load of intensity 
wy and having Cx and Cy as principal centroidal axes is 


4 


d 
Ele =w, (see Chapter 15) (8.52) 
z 


Also, the equation for the buckling of a pin-ended column about the Cx axis is (see Eq. (8.1)) 


d2 
El — = — PERY (8.53) 
dz2 
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Differentiating Eq. (8.53) twice with respect to z gives 


dv dy 
Comparing Eqs. (8.52) and (8.54), we see that the behavior of the column may be obtained by consider- 
ing it as a simply supported beam carrying a uniformly distributed load of intensity w, given by 


dv 
Wy = PR aa (8.55) 
Similarly, for buckling about the Cy axis 
du 


Consider now a thin-walled column having the cross section shown in Fig. 8.16 and suppose that 
the centroidal axes Cxy are principal axes (see Chapter 15); S(xs, ys) is the shear center of the column 
(see Chapter 16), and its cross-sectional area is A. Due to the flexural—torsional buckling produced, say, 
by a compressive axial load P, the cross section will suffer translations u and v parallel to Cx and Cy, 
respectively, and a rotation 0, positive anticlockwise, about the shear center S. Thus, due to translation, 
C and S move to C’ and S’, and then, due to rotation about S’, C’ moves to C”. The total movement of 
C,uc, in the x direction is given by 


uc =u +C'D =u+C'C" sing (S'Ĉ'C" ~ 90°) 
But 
CC” = C'S'9 = CS8 
Hence 
uc = u + 0 CS sing = u + ys8 (8.57) 
Also, the total movement of C in the y direction is 
ve = v — DC” = v — CC" cosa = v — 0 CS cosg 
so that 
ve =v — xð (8.58) 


Since at this particular cross section of the column the centroidal axis has been displaced, the axial load 
P produces bending moments about the displaced x and y axes given, respectively, by 


Mx = Pvc = P (v — xs0) (8.59) 
and 


M, = Puc = P(u + ys09) (8.60) 
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Fig. 8.16 


Flexural-torsional buckling of a thin-walled column. 





From simple beam theory (Chapter 15) 


rL,¢” =-M,=—P 6 8.61 
a YS (v —xg@) (8. ) 
and 
d2u 
Ely Ty = ~My = -PU + ysb), (8.62) 


where J, and Z, are the second moments of area of the cross section of the column about the principal 
centroidal axes, E is Young’s modulus for the material of the column, and z is measured along the 
centroidal longitudinal axis. 

The axial load P on the column will, at any cross section, be distributed as a uniform direct stress o. 
Thus, the direct load on any element of length ôs at a point B(xg, yp) is ø tds acting in a direction 
parallel to the longitudinal axis of the column. In a similar manner to the movement of C to C”, the 
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point B will be displaced to B”. The horizontal movement of B in the x direction is then 


ug = u + B'F = u + B'B” cos 6 


But 
B'B” = S'B'9 = SB0 
Hence 
upg = u + 0SB cos f 
or 


ug =u + (ys — yB)0 (8.63) 
Similarly, the movement of B in the y direction is 
vg = v — (xs — xg)0 (8.64) 
Therefore, from Eqs. (8.63) and (8.64) and referring to Eqs. (8.55) and (8.56), we see that the compressive 
load on the element ôs at B, o tês, is equivalent to lateral loads 
d2 
—0 (salu + (ys — yg)ð] in the x direction 
z 
and 


— (xs — xg)ð] inthe y direction 


The lines of action of these equivalent lateral loads do not pass through the displaced position S’ of the 
shear center and, therefore, produce a torque about S’ leading to the rotation 6. Suppose that the element 
ôs at B is of unit length in the longitudinal z direction. The torque per unit length of the column ôT (z) 
acting on the element at B is then given by 


d2 
ôT (z) = —0 tòs zl + (vs —yB)O](¥s — yB) 
d2 
+o tös al — (xs — xg) ] (xs — xB) (8.65) 


Integrating Eq. (8.65) over the complete cross section of the column gives the torque per unit length 
acting on the column; that is, 


d2u 
fasz / o1 y Os —yB)ds — / ot(ys yp)? Pas 
Sect Sect 


2 
+ f ofis -mas f otas- Sas (8.66) 


Sect Sect 
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Expanding Eq. (8.66) and noting that o is constant over the cross section, we obtain 


du du d?o 
Tie) =o F5ys f tdsto a | ods -0 5 | tas 


Sect Sect Sect 
d?o d*6 dv 
togas J typ ds — oa J ypds +o a*s | tds 
Sect Sect Sect 
&y d?o , a6 en 
-02 ixgds — o 7*S tds +o 72s txg ds 
Sect Sect Sect 
d?o 
—0 de J tx% ds 
Sect 
Equation (8.67) may be rewritten 
d?v du\ Pd6 


In Eq. (8.68), the term Ly, +L, +A(xg + y) is the polar second moment of area Jp of the column about 
the shear center S. Thus, Eq. (8.68) becomes 


dv d*u P do 


Substituting for T(z) from Eq (8.69) in the general equation for the torsion of a thin-walled beam (see 
Ref. 3) we have 


i d46 
dz4 





E 


P 26 2 2 
F d*v d*u i (8.70) 


GJ— K P. P = 
( ule age aes 
Equations (8.61), (8.62), and (8.70) form three simultaneous equations which may be solved to determine 
the flexuraltorsional buckling loads. 

As an example, consider the case of a column of length L in which the ends are restrained against 
rotation about the z axis and against deflection in the x and y directions; the ends are also free to rotate 
about the x and y axes and are free to warp. Thus, u= v =0 =0 atz =0 and z =L. Also, since the column 
is free to rotate about the x and y axes at its ends, My =M, =0 at z=0 and z =L, and from Eqs. (8.61) 
and (8.62) 

dv d&u 
qa ae atz=Oandz=L 
Further, the ends of the column are free to warp so that 


d6 
q2 7’ atz = 0 andz = L 
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An assumed buckled shape given by 
A . WZ . TZ . TZ ( ) 
— sin v= 45 sin 0 = 43 sin 8 7 
s L L L 


in which 41, 42, and 43 are unknown constants, satisfies the preceding boundary conditions. Substituting 
for u,v, and 6 from Eqs. (8.71) into Eqs. (8.61), (8.62), and (8.70), we have 





mE 
rip A2 — PxgA3 = 0 
Ely 


nET 
L2 





I 
PysA1 — Pxs42 — ( PGI= 2p) 43=0 


For nonzero values of 41, A2, and A3, the determinant of Eqs. (8.72) must equal zero; that is, 


0 P= ELE —Pxg 
Pw El,,/L? 0 Pys =0 (8.73) 
Pys —Pxg IoP/A — n?ET /L? — GJ 


The roots of the cubic equation formed by the expansion of the determinant give the critical loads for 
the flexuraltorsional buckling of the column; clearly the lowest value is significant. 

In the case where the shear center of the column and the centroid of area coincide—that is, the 
column has a doubly symmetrical cross section—xs = ys = 0, and Eqs. (8.61), (8.62), and (8.70) reduce, 
respectively, to 


dy 
Elaa = —Py (8.74) 
d2u 
Ely aa = —Pu (8.75) 
d46 P\ d6 
ET— (GJ-h-)— = 
JA (o 0) J2 0 (8.76) 


Equations (8.74), (8.75), and (8.76), unlike Eqs. (8.61), (8.62), and (8.70), are uncoupled and provide 
three separate values of buckling load. Thus, Eqs. (8.74) and (8.75) give values for the Euler buckling 
loads about the x and y axes, respectively, whereas Eq. (8.76) gives the axial load which would produce 
pure torsional buckling; clearly the buckling load of the column is the lowest of these values. For the 
column whose buckled shape is defined by Eqs. (8.71), substitution for v, vu, and 6 in Eqs. (8.74), (8.75), 
and (8.76), respectively, gives 


nH, 
L2 








m Elx 
Pcreax = —— Pero) = 


A mET 
Pero) =—|{G/+ (8.77) 
L2 Io 


L2 
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Example 8.3 

A thin-walled pin-ended column is 2m long and has the cross section shown in Fig. 8.17. If the ends 
of the column are free to warp, determine the lowest value of axial load which will cause buckling, and 
specify the buckling mode. Take E =75 000 N/mm? and G=21000N/mm/?. 


Since the cross section of the column is doubly symmetrical, the shear center coincides with the 
centroid of area, and x5 =ys =0; Eqs. (8.74), (8.75), and (8.76) therefore apply. Further, the boundary 
conditions are those of the column whose buckled shape is defined by Eqs. (8.71) so that the buckling 
load of the column is the lowest of the three values given by Eqs. (8.77). 

The cross-sectional area A of the column is 


A =2.5(2 x 37.5 +75) = 375mm? 


The second moments of area of the cross section about the centroidal axes Cxy are (see Chapter 15), 
respectively, 


Tey = 2 x 37.5 x 2.5 x 37.57 +2.5 x 753/12 = 3.52 x 10°mm4 
Ly =2 x 2.5 x 37.53/12 = 0.22 x 10°mm* 
The polar second moment of area Jp is 


Io = Lex + Ly + A(xg + Xe) (see derivation of Eq. (8.69)) 


2.5mm 


75mm 





37.5mm 


Column section of Example 8.3. 


Fig. 8.17 
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that is, 
To = 3.52 x 105 +0.22 x 105 = 3.74 x 105 mmf 
The torsion constant J is obtained using Eq. (18.11) which gives 
J =2 x 37.5 x 2.5°/3 +75 x 2.5? /3 = 781.3 mmf 
Finally, T is found to be (see Ref. 3) 
T =2.5 x 37.53 x 757/24 = 30.9 x 10°mm® 
Substituting the preceding values in Eqs. (8.77), we obtain 
Porox) =6.5X104*N = Porgy) =0.41x 104N Pero) = 2.22 x 104N 


The column will, therefore, buckle in bending about the Cy axis when subjected to an axial load of 
0.41 x 104N. 

Equation (8.73) for the column whose buckled shape is defined by Eqs. (8.71) may be rewritten in 
terms of the three separate buckling loads given by Eqs. (8.77). Thus, 


0 P— Pcrox) —Pxs 
P- Pcrwy) 0 Pys =0 (8.78) 
Pys —Pxs Io(P — Pcro))/A 


If the column has, say, Cx as an axis of symmetry, then the shear center lies on this axis, and ys =0. 
Equation (8.78) thereby reduces to 


P—Pcroex) —Pxg 


=0 8.79 
—Pxg Io(P —Pcry)/A ee) 


The roots of the quadratic equation formed by expanding Eq. (8.79) are the values of axial load, which 
will produce flexural—torsional buckling about the longitudinal and x axes. If Pcr(yyy is less than the 
smallest of these roots, the column will buckle in pure bending about the y axis. 


=——__£§£§—_1 


Example 8.4 
A column of length 1m has the cross section shown in Fig. 8.18. If the ends of the column are pinned 
and free to warp, calculate its buckling load; E=70 000 N/mm”, G=30000 N/mm. m 


In this case, the shear center S is positioned on the Cx axis so that ys =0 and Eq. (8.79) applies. The 
distance x of the centroid of area C from the web of the section is found by taking first moments of area 
about the web. Thus, 


2(100 + 100 + 100)x = 2 x 2 x 100 x 50 


which gives 


A 
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100 mm 





| 100mm | 


Column section of Example 8.4. 


Fig. 8.18 





The position of the shear center S is found using the method of Example 16.2; this gives 
Xs =—76.2mm. The remaining section properties are found by the methods specified in Example 8.3 
and are listed next: 


A =600 mm? Ix=1.17 x 106mm Jy =0.67 x 106 mmf 
Ip =5.32 x 10°mm?+* J =800mm4 T =2488 x 10°mm® 


From Eq. (8.77) 
Pcroy) = 4.63 x 10°N Pera) = 8.08 x 10°N Pero) = 1.97 x 10°N 
Expanding Eq. (8.79) 
(P — Pcrax))(P — Per@))lo/A — P°xg = 0 (i) 
Rearranging Eq. (i) 
P?(1 — Axd/Io) — P(Pcrox) + Perey) + PcroxPcro) = 0 (ii) 
Substituting the values of the constant terms in Eq. (ii), we obtain 
P? — 29.13 x 10°P + 46.14 x 10!° =0 (iii) 
The roots of Eq. (iii) give two values of critical load, the lowest of which is 


P=1.68 x 10°N 
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It can be seen that this value of flexural—torsional buckling load is lower than any of the uncoupled 
buckling loads Pero), PcRGy), OF Per); the reduction is due to the interaction of the bending and 
torsional buckling modes. 


.)]—$§£_ $$ 
Example 8.5 

A thin-walled column has the cross section shown in Fig. 8.19, is of length Z, and is subjected to an 
axial load through its shear center S. If the ends of the column are prevented from warping and twisting, 
determine the value of direct stress when failure occurs due to torsional buckling. 


The torsion bending constant is found using the method described in (see Ref. 3). The position of 
the shear center is given but is obvious by inspection. The swept area 2A.Ap 0 is determined as a function 
of s, and its distribution is shown in Fig. 8.20. The center of gravity of the “wire” is found by taking 
moments about the s axis. 

Then, 


d? 5d? 4 3d? a 5d? y d 
4 2 4 2 


2Ak5td = td (5 + 


which gives 
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Fig. 8.19 


Section of column of Example 8.5. 
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2A'p 








Fig. 8.20 


Determination of torsion bending constant for column section of Example 8.5. 





The torsion bending constant is then the “moment of inertia” of the “wire” and is 
1 td (PN? y? 
T=2d-@y+—(—) x2+d( — 
serg (F) 2+7) 
from which 


13 
T= ` td’ 
12 


Also, the torsion constant J is given by (see Section 3.4) 


Ti se Sa? 
E 3 3 


The shear center of the section and the centroid of area coincide so that the torsional buckling load is 
given by Eq. (8.76). Rewriting this equation 


a + oe =0 (i) 
where 

Ww =(cl)-G)/ET (0 =P/A) 
The solution of Eq. (i) is 


0 = Acos uz + B sin uz + Cz + D (ii) 
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The boundary conditions are 6 = 0 when z =0 and z = L, and since the warping is suppressed at the ends 


of the beam, 
do 


E =0 whenz=Oandz=L (see Eq. (17.19)) 


Putting 0 =0 at z=0 in Eq. (ii) 
0=A+D 


or 


Also, 

dé : 

E —puAsinuz+ uBcosuz+ C 
and since (d6/dz) =0 at z=0, 

C=-puB 

When z =L, 6 =0 so that, from Eq. (ii), 

0=AcosuL+BsnuL+CL+D 
which may be rewritten 

0 = B(sinuL — uL) +4A(cosu L — 1) 

Then for (d6/dz) =0 at z=L, 

0=uBcosuLl —pAsnul—wBsB 
or 

0=BCcosuL—1)—AsinuL 

Eliminating A from Eqs. (iti) and (iv) 

0 = B[2(1 — cos u L) — u L sin u L] 
Similarly, in terms of the constant C 

0 = —C[2(1 — cosu L) — u Lsin u L] 
or 
B=-C 

But B=—C/w so that to satisfy both equations B= C=0 and 


0 = Acos uz — Á = A (cos uz — 1) 


(iii) 


(iv) 


(v) 


(vi) 


(vii) 
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Since 6=0 at z=/, 








cosuL=1 
or 
uL =2nr 
Therefore, 
WL? = 4n* x? 
or 
oly—GJ — 4n?x? 
BT P 
The lowest value of torsional buckling load corresponds to n= 1 so that, rearranging the preceding, 
p= 5 (o #2 m) (viii) 


The polar second moment of area Jp is given by 


lo =x +y (see Ref. 2) 


that is, 
td>\ 3t? a2 
ge ae + ~ ee 
0 ( $ 3 J+ DD + 4 
which gives 
4ltd? 
h=- 
12 


Substituting for Jo, J, and T in Eq. (viii) 


7 a 137° Ed* 
= gB PS r 
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Problems 


P.8.1 The system in Fig. P.8.1 consists of two bars, AB and BC, each of bending stiffness EZ elastically hinged 
together at B by a spring of stiffness K (i.e., bending moment applied by spring =K x change in slope across B). 

Regarding A and C as simple pin-joints, obtain an equation for the first buckling load of the system. What are 
the lowest buckling loads when (a) K + oo, (b) EI > oo. Note that B is free to move vertically. 


Ans. wK/tanpl. 


l j l 


Fig. P.8.1 








P.8.2 A pin-ended column of length / and constant flexural stiffness E/ is reinforced to give a flexural stiffness 
4EI over its central half (see Fig. P.8.2). 





Considering symmetric modes of buckling only, obtain the equation whose roots yield the flexural buckling 
loads and solve for the lowest buckling load. 


Ans. tanyl/8=1//2,P=24.2EI/2? 


P.8.3 A uniform column of length / and bending stiffness E/ is built-in at one end and free at the other and has 
been designed so that its lowest flexural buckling load is P (see Fig. P.8.3). 





Fig. P.8.3 


Subsequently, it has to carry an increased load, and for this, it is provided with a lateral spring at the free end. 
Determine the necessary spring stiffness k so that the buckling load becomes 4P. 


Ans. k=4Pu/(ul—tanp/). 
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P.8.4 A uniform, pin-ended column of length / and bending stiffness E/ has an initial curvature such that the 
lateral displacement at any point between the column and the straight line joining its ends is given by 


4z y 
vo = aa (l-z) (see Fig. P.8.4) 


Show that the maximum bending moment due to a compressive end load P is given by 


M 8aP Al i 
r a 
S AN2 2 


where 


= P/EI 





P.8.5 The uniform pin-ended column shown in Fig. P.8.5 is bent at the center so that its eccentricity there is 6. If 
the two halves of the column are otherwise straight and have a flexural stiffness EY, find the value of the maximum 
bending moment when the column carries a compression load P. 


25 JEI /P 1 
Ans. —P—,/—tan,/ —-. 
IVP EI 2 





Fig. P.8.5 


P.8.6 A straight uniform column of length / and bending stiffness EJ is subjected to uniform lateral loading 
w/unit length. The end attachments do not restrict rotation of the column ends. The longitudinal compressive force 
P has eccentricity e from the centroids of the end sections and is placed so as to oppose the bending effect of the 
lateral loading, as shown in Fig. P.8.6. The eccentricity e can be varied and is to be adjusted to the value which, for 
given values of P and w, will result in the least maximum bending moment on the column. Show that 


e = (w/Pu’) tan? 1/4 
where 
u? =PJEI 


Deduce the end moment which will give the optimum condition when P tends to zero. 
Ans. wl?/16. 
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w/unit length 





Fig. P.8.6 
P.8.7 The relation between stress ø and strain £ in compression for a certain material is 


6 o 16 
10.5 x 10% =o +21000(—7—) 
49000 

Assuming the tangent modulus equation to be valid for a uniform strut of this material, plot the graph of op against 
1/r, where op is the flexural buckling stress, / the equivalent pin-ended length, and r the least radius of gyration of 
the cross section. 

Estimate the flexural buckling load for a tubular strut of this material, of 1.5 units outside diameter and 0.08 
units wall thickness with effective length 20 units. 


Ans. 14 454 force units. 


P.8.8 A rectangular portal frame ABCD is rigidly fixed to a foundation at A and D and is subjected to a com- 
pression load P applied at each end of the horizontal member BC (see Fig. P.8.8). If the members all have the same 
bending stiffness E/, show that the buckling loads for modes which are symmetrical about the vertical center line 
are given by the transcendental equation 


where 





Fig. P.8.8 


P.8.9 A compression member (Fig. P.8.9) is made of circular section tube, diameter d, thickness t. The member 
is not perfectly straight when unloaded, having a slightly bowed shape which may be represented by the expression 


v= ôsin (7) 


Show that when the load P is applied, the maximum stress in the member can be expressed as 


P bie 1 48 
O; = — — — 
max” tdt l-ad 
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Fig. P.8.9 


where 
a=P/Pe, Pe = nEI/Ê 


Assume ź is small compared with d so that the following relationships are applicable: 


e Cross-sectional area of tube = x dt. 
* Second moment of area of tube = 7 d?t /8. 


P.8.10 Figure P.8.10 illustrates an idealized representation of part of an aircraft control circuit. A uniform, straight 
bar of length a and flexural stiffness E/ is built in at the end A and hinged at B to a link BC, of length b, whose 
other end C is pinned so that it is free to slide along the line ABC between smooth, rigid guides. A, B, and C are 
initially in a straight line, and the system carries a compression force P, as shown. 





Fig. P.8.10 


Assuming that the link BC has a sufficiently high flexural stiffness to prevent its buckling as a pin-ended strut, 
show, by setting up and solving the differential equation for flexure of AB, that buckling of the system, of the type 
illustrated in Fig. P.8.10, occurs when P has such a value that 


tan àa = A(a +b) 


where 


X =PJEI 


P.8.11 A pin-ended column of length / has its central portion reinforced, the second moment of its area being /2, 
while that of the end portions, each of length a, is /;. Use the energy method to determine the critical load of the 
column, assuming that its center-line deflects into the parabola v=kz(/—z) and taking the more accurate of the 
two expressions for the bending moment. 

In the case where J) = 1.6/; and a=0.2/, find the percentage increase in strength due to reinforcement, and 
compare it with the percentage increase in weight on the basis that the section’s radius of gyration is not altered. 


Ans. Por =14.96EI; /I2,52%,36%. 
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P.8.12 A tubular column of length / is tapered in wall-thickness so that the area and the second moment of area 
of its cross section decrease uniformly from 4, and J; at its center to 0.24; and 0.2/; at its ends. 

Assuming a deflected center-line of parabolic form, and taking the more correct form for the bending moment, 
use the energy method to estimate its critical load when tested between pin-center, in terms of the preceding data 
and Young’s modulus E. Hence, show that the saving in weight by using such a column instead of one having the 
same radius of gyration and constant thickness is about 15%. 


Ans. 7.01EI, /?. 


P.8.13 A uniform column (Fig. P.8.13) of length / and bending stiffness E/ is rigidly built in at end z=0 and simply 
supported at end z=/. The column is also attached to an elastic foundation of constant stiffness k/unit length. 





k/unit length 
Fig. P.8.13 


Representing the deflected shape of the column by a polynomial 


p 
v= S ann”, where 7 = z// 
n=0 


determine the form of this function by choosing a minimum number of terms p, such that all the kinematic 
(geometric) and static boundary conditions are satisfied, allowing for one arbitrary constant only. 

Using the result thus obtained, find an approximation to the lowest flexural buckling load Pcr by the Rayleigh- 
Ritz method. 


Ans. Pop =21.05EI/I2 +0.09K/. 


P.8.14 Figure P.8.14 shows the doubly symmetrical cross section of a thin-walled column with rigidly fixed ends. 
Find an expression, in terms of the section dimensions and Poisson’s ratio, for the column length for which the 
purely flexural and the purely torsional modes of instability would occur at the same axial load. 

In which mode would failure occur if the length were less than the value found? The possibility of local 
instability is to be ignored. 


Ans. l= (2b? /t),./0 + v)/255. Torsion. 


P.8.15 A column of length 2/ with the doubly symmetric cross section shown in Fig. P.8.15 is compressed between 
the parallel platens of a testing machine which fully prevents twisting and warping of the ends. 
Using the following data, determine the average compressive stress at which the column first buckles in torsion 


1=500mm, b=25.0mm, t=2.5mm, E =70000N/mm”, E/G=2.6 


AnS. ocR= 282 N/mm2. 
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Fig. P.8.14 





Fig. P.8.15 


P.8.16 A pin-ended column of length 1.0m has the cross section shown in Fig. P.8.16. If the ends of the column 
are free to warp, determine the lowest value of axial load which will cause the column to buckle, and specify the 
mode. Take E = 70000 N/mm? and G=25 000 N/mm”. 


Ans. 5527N. Column buckles in bending about an axis in the plane of its web. 


20mm 


1.6mm 
1.5mm 
40mm 
1.5mm 
20mm 
Fig. P.8.16 


P.8.17 A pin-ended column of height 3.0 m has a circular cross section of diameter 80mm, wall thickness 2.0mm, 
and is converted to an open section by a narrow longitudinal slit; the ends of the column are free to warp. Determine 
the values of axial load which would cause the column to buckle in (a) pure bending and (b) pure torsion. Hence, 
determine the value of the flexural—torsional buckling load. Take E =70000 N/mm? and G=22000N/mm?. 

Note: The position of the shear center of the column section may be found using the method described in 
Chapter 16. 


Ans. (a) 3.09 x 104N, (b) 1.78 x 104N, 1.19 x 104N. 


o C 


Thin Plates 


We shall see in Chapter 11 when we examine the structural components of aircraft that they consist 
mainly of thin plates stiffened by arrangements of ribs and stringers. Thin plates under relatively small 
compressive loads are prone to buckle and so must be stiffened to prevent this. The determination of 
buckling loads for thin plates in isolation is relatively straightforward, but when stiffened by ribs and 
stringers, the problem becomes complex and frequently relies on an empirical solution. In fact, it may 
be the stiffeners which buckle before the plate, and these, depending on their geometry, may buckle as 
a column or suffer local buckling of, say, a flange. 

In this chapter, we shall present the theory for the determination of buckling loads of flat plates and 
then examine some of the different empirical approaches which various researchers have suggested. 
In addition, we shall investigate the particular case of flat plates which, when reinforced by horizontal 
flanges and vertical stiffeners, form the spars of aircraft wing structures; these are known as tension 
field beams. 


9.1 BUCKLING OF THIN PLATES 


A thin plate may buckle in a variety of modes depending on its dimensions, the loading, and the 
method of support. Usually, however, buckling loads are much lower than those likely to cause failure 
in the material of the plate. The simplest form of buckling arises when compressive loads are applied 
to simply supported opposite edges and the unloaded edges are free, as shown in Fig. 9.1. A thin 
plate in this configuration behaves in exactly the same way as a pin-ended column so that the critical 
load is that predicted by the Euler theory. Once this critical load is reached, the plate is incapable of 
supporting any further load. This is not the case, however, when the unloaded edges are supported 
against displacement out of the xy plane. Buckling, for such plates, takes the form of a bulging dis- 
placement of the central region of the plate, while the parts adjacent to the supported edges remain 
straight. These parts enable the plate to resist higher loads, which is an important factor in aircraft 
design. 

At this stage, we are not concerned with this postbuckling behavior but rather with the prediction 
of the critical load which causes the initial bulging of the central area of the plate. For the analysis, we 
may conveniently use the method of total potential energy, since we have already, in Chapter 7, derived 
expressions for strain and potential energy corresponding to various load and support configurations. 
In these expressions, we assumed that the displacement of the plate comprises bending deflections only 
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N,/unit length 


Fig. 9.1 
Buckling of a thin flat plate. 





and that these are small compared with the thickness of the plate. These restrictions therefore apply in 
the subsequent theory. 

First, we consider the relatively simple case of the thin plate of Fig. 9.1, loaded as shown, but 
simply supported along all four edges. We have seen in Chapter 7 that its true deflected shape may be 
represented by the infinite double trigonometrical series 


ia ee — sin = 


m=1n=1 





Also, the total potential energy of the plate is, from Eqs. (7.37) and (7.45), 


3?w „2w 7 
v+v=3 l LE) 
ay? 
32w 3?w a2w 5 awy? 
a0 | ay (=) |] n (E) laa 


The integration of Eq. (9.1) on substituting for w is similar to those integrations carried out in Chapter 7. 
Thus, by comparing with Eq. (7.47), 


pee SSi Bay (7 + na oN E Erh, (9.2) 


m=1n=1 m=1n=1 


(9.1) 








The total potential energy of the plate has a stationary value in the neutral equilibrium of its buckled 
state (i.e., Ny = Ny,cr). Therefore, differentiating Eq. (9.2) with respect to each unknown coefficient 
Amn, We have 


a(U+V) _ x4abD c I xb 
mn 


Am 4 a b 4a 





Ny CRM Amn =0 
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and for a nontrivial solution 
1 (mM R 2 
Ny, CR = ma D— (5 + =) (9.3) 
Exactly the same result may have been deduced from Eq. (ii) of Example 7.3, where the displacement 
w would become infinite for a negative (compressive) value of Ny equal to that of Eq. (9.3). 

We observe from Eq. (9.3) that each term in the infinite series for displacement corresponds, as in 
the case of a column, to a different value of critical load (note the problem is an eigenvalue problem). 
The lowest value of critical load evolves from some critical combination of integers m and n—that is, 
the number of half-waves in the x and y directions, and the plate dimensions. Clearly n = 1 gives a 
minimum value so that no matter what the values of m,a, and b, the plate buckles into a half sine wave 
in the y direction. Thus, we may write Eq. (9.3) as 


Sin, 1 [m DS 
Ny cR = 7a Da Z p 
or 
kr?D 
Ny CR = > (9.4) 
where the plate buckling coefficient k is given by the minimum value of 
b 2 
= (2 + 5) (9.5) 
a mb 


for a given value of a/b. To determine the minimum value of k for a given value of a/b, we plot k as a 
function of a/b for different values of m as shown by the dotted curves in Fig. 9.2. The minimum value 
of k is obtained from the lower envelope of the curves shown solid in the figure. 

It can be seen that m varies with the ratio a/b and that k and the buckling load are a minimum when 
k = 4 at values of a/b = 1,2,3,.... As a/b becomes large, k approaches 4 so that long narrow plates 
tend to buckle into a series of squares. 

The transition from one buckling mode to the next may be found by equating values of k for the m 
and m + 1 curves. Hence, 


mo a _(m+1)b a 
a mb a (m+ 1)b 





giving 
7 = /mim +1) 


Substituting m = 1, we have a/b = J/2 = 1.414, and for m = 2,a/b= 6 = 2.45, and so on. 
For a given value of a/b, the critical stress, ocr = Ny,cr/t, is found from Eqs. (9.4) and (7.4), 


that is, 
kn?E ty 
E t 9.6 
PER oa (5) ee) 
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Buckling coefficient & for simply supported plates. 


In general, the critical stress for a uniform rectangular plate, with various edge supports and loaded 
by constant or linearly varying in-plane direct forces (Ny, Ny) or constant shear forces (Nyy) along its 
edges, is given by Eq. (9.6). The value of k remains a function of a/b but also depends on the type of 
loading and edge support. Solutions for such problems have been obtained by solving the appropriate 
differential equation or by using the approximate (Rayleigh-Ritz) energy method. Values of k for a 
variety of loading and support conditions are shown in Fig. 9.3. In Fig. 9.3(c), where k becomes the 
shear buckling coefficient, b is always the smaller dimension of the plate. 

We see from Fig. 9.3 that k is very nearly constant for a/b >3. This fact is particularly useful in 
aircraft structures where longitudinal stiffeners are used to divide the skin into narrow panels (having 
small values of b), thereby increasing the buckling stress of the skin. 





9.2 INELASTIC BUCKLING OF PLATES 


For plates having small values of b/t, the critical stress may exceed the elastic limit of the material of 
the plate. In such a situation, Eq. (9.6) is no longer applicable, since, as we saw in the case of columns, E 
becomes dependent on stress, as does Poisson’s ratio v. These effects are usually included in a plasticity 
correction factor 7 so that Eq. (9.6) becomes 


= n kr?E t\? 
POR m Tn) (5) OD 
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Unloaded edges clamped 
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Fig. 9.3 





(a) Buckling coefficients for flat plates in compression; (b) buckling coefficients for flat plates in bending; 
(c) shear buckling coefficients for flat plates. 
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where E and v are elastic values of Young’s modulus and Poisson’s ratio. In the linearly elastic region, 
n = 1, which means that Eq. (9.7) may be applied at all stress levels. The derivation of a general 
expression for 7 is outside the scope of this book, but one [Ref. 1] giving good agreement with 


experiment is 
1 
_ 1- Wks 1 171,34) 
T= T-weE|2 7244" 4z, 


where £ and E; are the tangent modulus and secant modulus (stress/strain) of the plate in the inelastic 
region and ve and vp are Poisson’s ratio in the elastic and inelastic ranges. 








9.3 EXPERIMENTAL DETERMINATION OF CRITICAL 
LOAD FOR A FLAT PLATE 


In Section 8.3, we saw that the critical load for a column may be determined experimentally, without 
actually causing the column to buckle, by means of the Southwell plot. The critical load for an actual, 
rectangular, thin plate is found in a similar manner. 

The displacement of an initially curved plate from the zero load position was found in Section 7.5, 





to be 
MTX . NTY 
=> Bm sin 2 sin 222 
m=1n=1 
where 
AmN, 
Brn = 2 = ; 2 
SP (m+ tie) — Ns 


We see that the coefficients B,,, increase with an increase of compressive load intensity N,.. It follows 
that when Ny approaches the critical value, N, cr, the term in the series corresponding to the buckled 
shape of the plate becomes the most significant. For a square plate, n = 1 and m = 1 give a minimum 
value of critical load so that at the center of the plate 


Au 
Ny,cR — Ny 


or rearranging 


=N R —A 
XOR N 11 


Thus, a graph of w, plotted against w;/N, will have a slope, in the region of the critical load, equal to 
Ny,cr- 
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9.4 LOCAL INSTABILITY 


We distinguished in the introductory remarks to Chapter 8 between primary and secondary (or local) 
instability. The latter form of buckling usually occurs in the flanges and webs of thin-walled columns 
having an effective slenderness ratio, /./r <20. For /./r > 80, this type of column is susceptible to pri- 
mary instability. In the intermediate range of /./r between 20 and 80, buckling occurs by a combination 
of both primary and secondary modes. 

Thin-walled columns are encountered in aircraft structures in the shape of longitudinal stiffeners, 
which are normally fabricated by extrusion processes or by forming from a flat sheet. A variety of 
cross sections are used, although each is usually composed of flat plate elements arranged to form 
angle, channel, Z-, or “top hat” sections, as shown in Fig. 9.4. We see that the plate elements fall into 
two distinct categories: flanges which have a free unloaded edge and webs which are supported by the 
adjacent plate elements on both unloaded edges. 

In local instability, the flanges and webs buckle like plates, with a resulting change in the cross 
section of the column. The wavelength of the buckle is of the order of the widths of the plate elements, 
and the corresponding critical stress is generally independent of the length of the column when the length 
is equal to or greater than three times the width of the largest plate element in the column cross section. 

Buckling occurs when the weakest plate element, usually a flange, reaches its critical stress, although 
in some cases all the elements reach their critical stresses simultaneously. When this occurs, the rotational 
restraint provided by adjacent elements to one another disappears, and the elements behave as though 
they are simply supported along their common edges. These cases are the simplest to analyze and are 
found where the cross section of the column is an equal-legged angle, T-, cruciform, or a square tube 
of constant thickness. Values of local critical stress for columns possessing these types of section may 
be found using Eq. (9.7) and an appropriate value of k. For example, k for a cruciform section column 
is obtained from Fig. 9.3(a) for a plate which is simply supported on three sides with one edge free and 
has a/b > 3. Hence, k = 0.43, and if the section buckles elastically, then n = 1 and 


2 
t 
OCR = 0.3886 (+) (v = 0.3) 


It must be appreciated that the calculation of local buckling stresses is generally complicated with no 
particular method gaining universal acceptance, much of the information available being experimental. 
A detailed investigation of the topic is therefore beyond the scope of this book. Further information 
may be obtained from all the references listed at the end of this chapter. 


(a) (b) (c) (d) 


(a) Extruded angle; (b) formed channel; (c) extruded Z; (d) formed “top hat.” 


Fig. 9.4 
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9.5 INSTABILITY OF STIFFENED PANELS 


It is clear from Eq. (9.7) that plates having large values of b/t buckle at low values of critical stress. 
An effective method of reducing this parameter is to introduce stiffeners along the length of the plate, 
thereby dividing a wide sheet into a number of smaller and more stable plates. Alternatively, the sheet 
may be divided into a series of wide, short columns by stiffeners attached across its width. In the former 
type of structure, the longitudinal stiffeners carry part of the compressive load, while in the latter, all 
of the load is supported by the plate. Frequently, both methods of stiffening are combined to form a 
grid-stiffened structure. 

Stiffeners in earlier types of stiffened panel possessed a relatively high degree of strength compared 
with the thin skin resulting in the skin buckling at a much lower stress level than the stiffeners. Such 
panels may be analyzed by assuming that the stiffeners provide simply supported edge conditions to a 
series of flat plates. 

A more efficient structure is obtained by adjusting the stiffener sections so that buckling occurs in 
both stiffeners and skin at about the same stress. This is achieved by a construction involving closely 
spaced stiffeners of comparable thickness to the skin. Since their critical stresses are nearly the same, 
there is an appreciable interaction at buckling between skin and stiffeners so that the complete panel must 
be considered a unit. However, caution must be exercised, since it is possible for the two simultaneous 
critical loads to interact and reduce the actual critical load of the structure [Ref. 2] (see Example 8.4). 
Various modes of buckling are possible, including primary buckling, where the wavelength is of the 
order of the panel length, and local buckling, with wavelengths of the order of the width of the plate 
elements of the skin or stiffeners. A discussion of the various buckling modes of panels having Z-section 
stiffeners has been given by Argyris and Dunne [Ref. 3]. 

The prediction of critical stresses for panels with a large number of longitudinal stiffeners is difficult 
and relies heavily on approximate (energy) and semiempirical methods. Bleich [Ref. 4] and Timoshenko 
(see [Ref. 1], Chapter 8) gave energy solutions for plates with one and two longitudinal stiffeners and 
also consider plates having a large number of stiffeners. Gerard and Becker [Ref. 5] have summarized 
much of the work on stiffened plates, and a large amount of theoretical and empirical data are presented 
by Argyris and Dunne in the Handbook of Aeronautics [Ref. 3]. 

For detailed work on stiffened panels, reference should be made to as much as possible of the 
preceding works. The literature is, however, extensive so that here we present a relatively simple approach 
suggested by Gerard [Ref. 1]. Figure 9.5 represents a panel of width w stiffened by longitudinal members 
which may be flats (as shown), Z-, I-, channel, or “top hat” sections. It is possible for the panel to behave 
as an Euler column, its cross section being that shown in Fig. 9.5. If the equivalent length of the panel 





Fig. 9.5 





Stiffened panel. 
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acting as a column is le, then the Euler critical stress is 
WE 
(l/r)? 


as in Eq. (8.8). In addition to the column buckling mode, individual plate elements comprising the panel 
cross section may buckle as long plates. The buckling stress is then given by Eq. (9.7), that is, 


n knr? E ty? 
ock = ————— |- 
R= d= 12) Xb 


OCR,E = 


where the values of k,t, and b depend on the particular portion of the panel being investigated. For 
example, the portion of skin between stiffeners may buckle as a plate simply supported on all four sides. 
Thus, for a/b >3, k = 4 from Fig. 9.3(a), and, assuming that buckling takes place in the elastic range, 


An2E (tee \” 
ocR = = | — 
CR 9002) \ bx 


A further possibility is that the stiffeners may buckle as long plates simply supported on three sides 


with one edge free. Thus, 
O OBE (tt \? 
R= DAA (ba 


Clearly, the minimum value of the preceding critical stresses is the critical stress for the panel taken as 
a whole. 

The compressive load is applied to the panel over its complete cross section. To relate this load to 
an applied compressive stress oq acting on each element of the cross section, we divide the load per 
unit width, say Ny, by an equivalent skin thickness +, hence 


where 


and Ást is the stiffener area. 

The preceding remarks are concerned with the primary instability of stiffened panels. Values of 
local buckling stress have been determined by Boughan, Baab, and Gallaher for idealized web, Z-, and 
T-stiffened panels. The results are reproduced by Rivello [Ref. 6] together with the assumed geometries. 

Further types of instability found in stiffened panels occur where the stiffeners are riveted or spot 
welded to the skin. Such structures may be susceptible to interrivet buckling, in which the skin buckles 
between rivets with a wavelength equal to the rivet pitch, or wrinkling, where the stiffener forms an 
elastic line support for the skin. In the latter mode, the wavelength of the buckle is greater than the rivet 
pitch, and separation of skin and stiffener does not occur. Methods of estimating the appropriate critical 
stresses are given in the study of Rivello and the Handbook of Aeronautics [Ref. 3]. 
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9.6 FAILURE STRESS IN PLATES AND STIFFENED PANELS 


The previous discussion on plates and stiffened panels investigated the prediction of buckling stresses. 
However, as we have seen, plates retain some of their capacity to carry load even though a portion of 
the plate has buckled. In fact, the ultimate load is not reached until the stress in the majority of the plate 
exceeds the elastic limit. The theoretical calculation of the ultimate stress is difficult, since nonlinearity 
results from both large deflections and the inelastic stress-strain relationship. 

Gerard [Ref. 1] proposes a semiempirical solution for flat plates supported on all four edges. After 
elastic buckling occurs, theory and experiment indicate that the average compressive stress, Og, in the 
plate and the unloaded edge stress, o¢, are related by the following expression: 


= n 
7a =a( as ) (9.8) 
OCR OCR 


= kn*E i 
PCR = 191 — v2) Vb 
and a, is some unknown constant. Theoretical work by Stowell [Ref. 7] and Mayers and Budiansky 


[Ref. 8] shows that failure occurs when the stress along the unloaded edge is approximately equal to 
the compressive yield strength, ocy, of the material. Hence, substituting ogy for oe in Eq. (9.8) and 


rearranging give 
Of o pn 
as =an( =) (9.9) 


Ocy Ocy 








where 





where the average compressive stress in the plate has become the average stress at failure of. Substituting 
for ocr in Eq. (9.9) and putting 


ar20- 


m20 =n 


_ pe 1720n) 
Zuli (=) | (9.10) 
Ocy b \Ocy 

Be Ef EN? |. 

Ep (5) (9.11) 

Ocy b \ acy 


where 6 = wk”/*. The constants 6 and m are determined by the best fit of Eq. (9.11) to test data. 
Experiments on simply supported flat plates and square tubes of various aluminum and magnesium 


alloys and steel show that 6 = 1.42 and m= 0.85 fit the results within +10 percent up to the yield 
strength. Corresponding values for long, clamped, flat plates are 6 = 1.80, m = 0.85. 


yield 


or, in a simplified form, 
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Gerard [Refs. 9-12] extended the preceding method to the prediction of local failure stresses for the 
plate elements of thin-walled columns. Equation (9.11) becomes 


E et? E 1 m 
a S (C) (o) | ea 


where A is the cross-sectional area of the column, g and m are empirical constants, and g is the number 
of cuts required to reduce the cross section to a series of flanged sections plus the number of flanges 
that would exist after the cuts are made. Examples of the determination of g are shown in Fig. 9.6. 

The local failure stress in longitudinally stiffened panels was determined by Gerard [Refs. 10, 12] 
using a slightly modified form of Eqs. (9.11) and (9.12). Thus, for a section of the panel consisting of 
a stiffener and a width of skin equal to the stiffener spacing 


14m 
O tskt E \2 
oh 5. | eat = (=) | (9.13) 
Ocy A Ocy 


where f,, and f,, are the skin and stiffener thicknesses, respectively. A weighted yield stress oy is used 
for a panel in which the material of the skin and stiffener have different yield stresses; thus, 
gaz Ocy + Ocy,sk[(t/tst) -1] 
Y= = $< 7) OO 
? t / tst 


where f is the average or equivalent skin thickness previously defined. The parameter g is obtained in 
a similar manner to that for a thin-walled column, except that the number of cuts in the skin and the 


Angle Tube T-section Cruciform 
I 
I 
l 
I 
Basic section g = 4 cuts g = 3 flanges g = 4 flanges 
g=2 + 8 flanges = 12 
I-section Z-section 





g = 1 cut + 6 flanges = 7 g = icut + 4 flanges = 5 
Fig. 9.6 


Determination of empirical constant g. 
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Cut not included 
Fig. 9.7 


Determination of g for two types of stiffener/skin combinations. 





number of equivalent flanges of the skin are included. A cut to the left of a stiffener is not counted, since 
it is regarded as belonging to the stiffener to the left of that cut. The calculation of g for two types of 
skin/stiffener combination is illustrated in Fig. 9.7. Equation (9.13) is applicable to either monolithic or 
built-up panels when, in the latter case, interrivet buckling and wrinkling stresses are greater than the 
local failure stress. 

The values of failure stress given by Eqs. (9.11), (9.12), and (9.13) are associated with local or sec- 
ondary instability modes. Consequently, they apply when /./r < 20. In the intermediate range between 
the local and primary modes, failure occurs through a combination of both. At the moment, there is no 
theory that predicts satisfactorily failure in this range, and we rely on test data and empirical methods. 
The NACA (now NASA) have produced direct reading charts for the failure of “top hat,’ Z-, and 
Y-section stiffened panels; a bibliography of the results is given by Gerard [Ref. 10]. 

It must be remembered that research into methods of predicting the instability and postbuckling 
strength of the thin-walled types of structure associated with aircraft construction is a continuous 
process. Modern developments include the use of the computer-based finite element technique (see 
Chapter 6) and the study of the sensitivity of thin-walled structures to imperfections produced during 
fabrication; much useful information and an extensive bibliography are contained in the study of Murray 
[Ref. 2]. 





9.7 TENSION FIELD BEAMS 


The spars of aircraft wings usually comprise an upper and a lower flange connected by thin, stiffened 
webs. These webs are often of such a thickness that they buckle under shear stresses at a fraction of 
their ultimate load. The form of the buckle is shown in Fig. 9.8(a), where the web of the beam buckles 
under the action of internal diagonal compressive stresses produced by shear, leaving a wrinkled web 
capable of supporting diagonal tension only in a direction perpendicular to that of the buckle; the beam 
is then said to be a complete tension field beam. 
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Fig. 9.8 





Diagonal tension field beam. 


9.7.1 Complete Diagonal Tension 


The theory presented here is due to Wagner [Ref. 13]. The beam shown in Fig. 9.8(a) has concentrated 
flange areas having a depth d between their centroids and vertical stiffeners which are spaced uniformly 
along the length of the beam. It is assumed that the flanges resist the internal bending moment at any 
section of the beam, while the web, of thickness f, resists the vertical shear force. The effect ofthis assump- 
tion is to produce a uniform shear stress distribution through the depth of the web (see Section 19.3) at 
any section. Therefore, at a section of the beam where the shear force is S, the shear stress t is given by 


5S 
— td 


Consider now an element ABCD ofthe web in a panel of the beam, as shown in Fig. 9.8(a). The element 
is subjected to tensile stresses, o;, produced by the diagonal tension on the planes AB and CD; the angle 
of the diagonal tension is a. On a vertical plane FD in the element, the shear stress is t and the direct 
stress is oz. Now, considering the equilibrium of the element FCD (Fig. 9.8(b)) and resolving forces 
vertically, we have (see Section 1.6) 


i (9.14) 


o,CDtsina = tFDt 
which gives 


T 2T 
o = ——————— = -— (9.15) 
sinacosa  sin2a 





or, substituting for t from Eq. (9.14) and noting that in this case S = W at all sections of the beam, 


_ Ww 
~ tdsin2a 





Ot (9.16) 
Further, resolving forces horizontally for the element FCD, 


o-FDt = o,CDtcosa 
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which gives 
= 2 
Oz = OY COS" a 


or, substituting for o; from Eq. (9.15), 





BS tana 
or, for this particular beam, from Eq. (9.14) 


W 
0z = —— 
tdtana 


(9.17) 


(9.18) 


Since t and ot are constant through the depth of the beam, it follows that oz is constant through the 


depth of the beam. 


The direct loads in the flanges are found by considering a length z of the beam, as shown in Fig. 9.9. 
On the plane mm, there are direct and shear stresses o; and t acting in the web, together with direct loads 
Fr and Fp in the top and bottom flanges, respectively. Fr and Fg are produced by a combination of 
the bending moment Wz at the section plus the compressive action (0z) of the diagonal tension. Taking 


moments about the bottom flange, 


td? 
Wz = Frd - Z 


Hence, substituting for o, from Eq. (9.18) and rearranging, 


Wz 


Fr = — 
T d Eina 











Fig. 9.9 


(9.19) 





Determination of flange forces. 
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Now, resolving forces horizontally, 
Fg — Fr + oztd = 0 
which gives, on substituting for o, and Fr from Eqs. (9.18) and (9.19), 


Wz W 
Fg = — — 9.20 
B d 2tana ( ) 





The diagonal tension stress o; induces a direct stress o, on horizontal planes at any point in the web. 
Then, on a horizontal plane HC in the element ABCD of Fig. 9.8, there is a direct stress oy and a 
complementary shear stress t, as shown in Fig. 9.10. 

From a consideration of the vertical equilibrium of the element HDC, we have 


oyHCt = o,CDtsina 
which gives 
2 


Oy = oy sin“ a 


Substituting for o; from Eq. (9.15), 


oy = Ttana (9.21) 
or, from Eq. (9.14), in which S = W 
W 
oy = aqme (9.22) 


The tensile stresses o, on horizontal planes in the web of the beam cause compression in the vertical 
stiffeners. Each stiffener may be assumed to support half of each adjacent panel in the beam so that the 





Fig. 9.10 


Stress system on a horizontal plane in the beam web. 
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compressive load P in a stiffener is given by 
P=oytb 
which becomes, from Eq. (9.22), 


Wb 
P = — tang (9.23) 
d 
If the load P is sufficiently high, the stiffeners will buckle. Tests indicate that they buckle as columns 
of equivalent length 


or 


peua ebei 
E E | (9.24) 


k=d for b > 1.5d 


In addition to causing compression in the stiffeners, the direct stress o, produces bending of the beam 
flanges between the stiffeners, as shown in Fig. 9.11. Each flange acts as a continuous beam carrying a 
uniformly distributed load of intensity o,¢. The maximum bending moment in a continuous beam with 
ends fixed against rotation occurs at a support and is wL7/12, in which w is the load intensity and L is 
the beam span. In this case, therefore, the maximum bending moment Mmax occurs at a stiffener and is 





given by 
otb? 
Mmax = 5 2 
or, substituting for oy from Eq. (9.22), 
Wb? tang 
Mmax = “Ra (9.25) 


Midway between the stiffeners this bending moment reduces to Wb? tan œ /24d. 

The angle @ adjusts itself such that the total strain energy of the beam is a minimum. If it is assumed 
that the flanges and stiffeners are rigid, then the strain energy comprises the shear strain energy of the 
web only and a = 45°. In practice, both flanges and stiffeners deform so that œ is somewhat less than 


"l 


Fig. 9.11 


Bending of flanges due to web stress. 
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45°, usually of the order of 40° and, in the type of beam common to aircraft structures, rarely below 
38°. For beams having all components made of the same material, the condition of minimum strain 
energy leads to various equivalent expressions for a, one of which is 
Ot + OF 
Or + Os 


tan? a = (9.26) 
in which of and og are the uniform direct compressive stresses induced by the diagonal tension in 
the flanges and stiffeners, respectively. Thus, from the second term on the right-hand side of either 
Eq. (9.19) or Eq. (9.20), 


W 
= —__ 9.27 
SE 2Ar tan œ ( ) 
in which Af is the cross-sectional area of each flange. Also, from Eq. (9.23), 
Wb 
os = —— tana (9.28) 


— Asd 


where Ag is the cross-sectional area of a stiffener. Substitution of o; from Eq. (9.16) and of and og from 

Eqs. (9.27) and (9.28) into Eq. (9.26) produces an equation which may be solved for œ. An alternative 

expression for a, again derived from a consideration of the total strain energy of the beam, is 
4 _ 1+td/2Ap 


tan gœ = 


9.29 
1 +¢tb/As ( ) 


————— eee eee 
Example 9.1 

The beam shown in Fig. 9.12 is assumed to have a complete tension field web. If the cross-sectional areas 
of the flanges and stiffeners are, respectively, 350 mm and 300 mm” and the elastic section modulus of 
each flange is 750 mm*, determine the maximum stress in a flange and also whether or not the stiffeners 
will buckle. The thickness of the web is 2mm, and the second moment of area of a stiffener about an 
axis in the plane of the web is 2000mm‘*; E = 70000 N/mm”. E 


From Eq. (9.29), 


4 _ 1+2 x 400/(2 x 350) 


tan’ a = = 0.7143 
1+2 x 300/300 


so that 
a = 42.6° 


The maximum flange stress occurs in the top flange at the built-in end where the bending moment 
on the beam is greatest and the stresses due to bending and diagonal tension are additive. Therefore, 
from Eq. (9.19), 

_ 5x 1200 5 
T 400 2tan42.6° 
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400 mm 
300 mm 
1200 mm =] 
Fig. 9.12 
Beam of Example 9.1. 
that is, 
Fr = 17.7kN 


Hence, the direct stress in the top flange produced by the externally applied bending moment and the 
diagonal tension is 17.7 x 103/350 = 50.7 N/mm?. In addition to this uniform compressive stress, local 
bending of the type shown in Fig. 9.11 occurs. The local bending moment in the top flange at the built-in 
end is found using Eq. (9.25), that is, 
3 2 o 
Mmax = 5 x 10” x 300” tan42.6° = 8.6 x 10fN mm 
12 x 400 
The maximum compressive stress corresponding to this bending moment occurs at the lower extrem- 
ity of the flange and is 8.6 x 104/750 =114.9N/mm?. Thus, the maximum stress in a flange occurs 
on the inside of the top flange at the built-in end of the beam, is compressive, and is equal to 
114.9 +50.7 =165.6 N/mm’. 
The compressive load in a stiffener is obtained using Eq. (9.23), that is, 


p= 5 x 300tan 42.6° 
z 400 


Since, in this case, b < 1.5d, the equivalent length of a stiffener as a column is given by the first of 
Eqs. (9.24), that is, 


= 3.4kN 


le = 400/,/4 — 2 x 300/400 = 253 mm 


From Eq. (8.7), the buckling load of a stiffener is then 


2 
x2 x 70000 x 2000 
Pog = ee ee ON 
CR, 2532 


Clearly, the stiffener will not buckle. 
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In Egs. (9.28) and (9.29), it is implicitly assumed that a stiffener is fully effective in resisting axial 
load. This will be the case if the centroid of area of the stiffener lies in the plane of the beam web. 
Such a situation arises when the stiffener consists of two members symmetrically arranged on opposite 
sides of the web. In the case where the web is stiffened by a single member attached to one side, the 
compressive load P is offset from the stiffener axis, thereby producing bending in addition to axial load. 
For a stiffener having its centroid a distance e from the center of the web, the combined bending and 
axial compressive stress, oc, at a distance e from the stiffener centroid is 


P Pe? 
Oc = — + 


As Agr? 





in which r is the radius of gyration of the stiffener cross section about its neutral axis. (Note: second 


moment of area 7 = Ar?.) Then, 
P e\2 
sl =) 
ce =| HO | 


or 
P 
0g = — 
c As, 
where 
Ag 
Ag. = ———~ 9.30 
ST + (er)? oy 


and is termed the effective stiffener area [Ref. 1]. 


9.7.2 Incomplete Diagonal Tension 


In modern aircraft structures, beams having extremely thin webs are rare. They retain, after buckling, 
some of their ability to support loads so that even near failure they are in a state of stress somewhere 
between that of pure diagonal tension and the prebuckling stress. Such a beam is described as an 
incomplete diagonal tension field beam and may be analyzed by semiempirical theory as follows. 

It is assumed that the nominal web shear t (= S/td) may be divided into a “true shear” component 
Ts and a diagonal tension component tpr by writing 


TDT = kT, ts =(l1—k)rt (9.31) 


where k, the diagonal tension factor, is a measure of the degree to which the diagonal tension is 
developed. A completely unbuckled web has k = 0, whereas k = 1 for a web in complete diagonal 
tension. The value of k corresponding to a web having a critical shear stress tcr is given by the 
empirical expression 


pē anh (0.Stog =) (9.32) 
TCR 
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The ratio t/TcR is known as the loading ratio or buckling stress ratio. The buckling stress tcr may be 
calculated from the formula 


t\? 1 b\3 
TCR, elastic = kssE b Ra + 2 (Rp — Ra) d (9.33) 


where kg, is the coefficient for a plate with simply supported edges, and Rg and Ry are empirical restraint 
coefficients for the vertical and horizontal edges of the web panel, respectively. Graphs giving Kgs, Ra, 
and Rp are reproduced in the study of Kuhn [Ref. 13]. 

The stress equations (9.27) and (9.28) are modified in the light of these assumptions and may be 
rewritten in terms of the applied shear stress t as 


kt cota 
~ (2Ap/td) +0.50 —k) 
7 kt tana 
~ (4s/tb) +0.5(1 — k) 


OF (9.34) 


os (9.35) 


Further, the web stress ot given by Eq. (9.15) becomes two direct stresses: o1 along the direction of œ 
given by 


E 2kt 
~ sin2a 





ol +r (1 -— k)sin2a (9.36) 


and o2 perpendicular to this direction given by 
02 = —t(1—A)sin2a (9.37) 


The secondary bending moment of Eq. (9.25) is multiplied by the factor k, while the effective lengths 
for the calculation of stiffener buckling loads become (see Eqs. (9.24)) 


le =ds/\/1 +2 —2b/ds) forb < 1.5d 


o: i= d for b > 1.5d 


where ds is the actual stiffener depth, as opposed to the effective depth d of the web, taken between the 
web/flange connections, as shown in Fig. 9.13. We observe that Eqs. (9.34) through (9.37) are applicable 
to either incomplete or complete diagonal tension field beams, since, for the latter case, k = 1 giving 
the results of Eqs. (9.27), (9.28), and (9.15). 

In some cases, beams taper along their lengths, in which case the flange loads are no longer horizontal 
but have vertical components which reduce the shear load carried by the web. Thus, in Fig. 9.14, where 
d is the depth of the beam at the section considered, we have, resolving forces vertically, 


W — (Fy + Fg) sin B — o¢(dcosa) sina = 0 (9.38) 
For horizontal equilibrium, 


(Fy — Fp) cos B — o¢tdcos*a =0 (9.39) 
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Effect of taper on diagonal tension field beam calculations. 


Taking moments about B, 
Wz — Frd cos p + otd? cos’ œ = 0 (9.40) 


Solving Egs. (9.38), (9.39), and (9.40) for o;, Fy, and Fz, 














2W 2z 
= 1——t Al 
"= id sin 2a ( g a ) (41) 
W dcota 2z 
Fr = — 1-——t 42 
E dcos ß E 2 ( d mp) ed) 
W dcota 2z 
FR= = 1-——t 9.43 
$ dcos ß |- 2 ( d np) ee) 


Equation (9.23) becomes 


b 2 
P= T ana (1 2 = anp) (9.44) 
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Also, the shear force S at any section of the beam is, from Fig. 9.14, 
S= W — (Fr + Fp)sin £ 


or, substituting for Fr and Fg from Eqs. (9.42) and (9.43), 


2z 
S= w(1 — Z anp) (9.45) 


9.7.3 Postbuckling Behavior 


Sections 9.7.1 and 9.7.2 are concerned with beams in which the thin webs buckle to form tension 
fields; the beam flanges are then regarded as being subjected to bending action as in Fig. 9.11. It is 
possible, if the beam flanges are relatively light, for failure due to yielding to occur in the beam flanges 
after the web has buckled so that plastic hinges form and a failure mechanism of the type shown in 
Fig. 9.15 exists. This postbuckling behavior was investigated by Evans et al. [Ref. 14], who developed 
a design method for beams subjected to bending and shear. It is their method of analysis which is 
presented here. 

Suppose that the panel AXBZ in Fig. 9.15 has collapsed due to a shear load S and a bending moment 
M; plastic hinges have formed at W, X, Y, and Z. In the initial stages of loading, the web remains 
perfectly flat until it reaches its critical stresses: Ter in shear and og in bending. The values of these 
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Collapse mechanism of a panel of a tension field beam. 
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stresses may be found approximately from 


Omb Tm ž 
( ) +(=) =1 (9.46) 
Ocrb Ter 


where Oc is the critical value of bending stress with S=0, M0, and Tc; is the critical value of 
shear stress when S40 and M =0. Once the critical stress is reached, the web starts to buckle and 
cannot carry any increase in compressive stress so that, as we have seen in Section 9.7.1, any additional 
load is carried by tension field action. It is assumed that the shear and bending stresses remain at their 
critical values Tm and omb and that there are additional stresses op which are inclined at an angle 0 to 
the horizontal and which carry any increases in the applied load. At collapse—that is, at ultimate load 
conditions—the additional stress o; reaches its maximum value Ot(max), and the panel is in the collapsed 
state shown in Fig. 9.15. 

Consider now the small rectangular element on the edge AW of the panel before collapse. The 
stresses acting on the element are shown in Fig. 9.16(a). The stresses on planes parallel to and perpen- 
dicular to the direction of the buckle may be found by considering the equilibrium of triangular elements 
within this rectangular element. Initially, we shall consider the triangular element CDE which is sub- 
jected to the stress system shown in Fig. 9.16(b) and is in equilibrium under the action of the forces corre- 
sponding to these stresses. Note that the edge CE of the element is parallel to the direction of the buckle in 
the web. 

For equilibrium of the element in a direction perpendicular to CE (see Section 1.6), 





o¢CE + ompEDcosé — tmEDsiné — tmDCcosé = 0 
Dividing by CE and rearranging, we have 
Or =—Omb cos” 6 + Tm sin20 (9.47) 


Similarly, by considering the equilibrium of the element in the direction EC, we have 




















o, 
Tng = — > sin 20 — Tm cos 20 (9.48) 
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Fig. 9.16 


Determination of stresses on planes parallel and perpendicular to the plane of the buckle. 
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Further, the direct stress o,, on the plane FD (Fig. 9.16(c)) which is perpendicular to the plane of the 
buckle is found from the equilibrium of the element FED. Then, 


6,FD + ompED sin@ + tmEF siné + tmDEcosé = 0 
Dividing by FD and rearranging give 
On = —Omb sin? 6 — Tt sin20 (9.49) 


Note that the shear stress on this plane forms a complementary shear stress system with Tyg. 
The failure condition is reached by adding ot(max) to o¢ and using the von Mises theory of elastic 
failure (see [Ref. 15]), that is, 


oy =o; +07 — 0102 +307 (9.50) 


where oy is the yield stress of the material, o; and o2 are the direct stresses acting on two mutually 
perpendicular planes, and t is the shear stress acting on the same two planes. Hence, when the yield 
stress in the web is oyw, failure occurs when 


Osy = (o + Ot(max)) + Oo, — On (Gz + Ot(max)) + 3T (9.51) 


Eqs. (9.47), (9.48), (9.49), and (9.51) may be solved for ot(max), Which is then given by 


1 1 1 
Pmax) = -74+ 514° — ACG + 3TA — Oy)? (9.52) 
where 
A =3tTmsin20 + omb sin? 9 — 20mb cos” 6 (9.53) 


These equations have been derived for a point on the edge of the panel but are applicable to any point 
within its boundary. Therefore, the resultant force Fw corresponding to the tension field in the web may 
be calculated and its line of action determined. 

If the average stresses in the compression and tension flanges are og¢ and o¢¢ and the yield stress of 
the flanges is oyf, the reduced plastic moments in the flanges are (see [Ref. 15]) 


2 
M; c = Mpe i — (=) | (compression flange) (9.54) 
M’ =My| 1- (Œ (tension flange) (9.55) 
ot = Mor a ension flange : 


The position of each plastic hinge may be found by considering the equilibrium of a length of flange 
and using the principle of virtual work. In Fig. 9.17, the length WX of the upper flange of the beam is 
given a virtual displacement ¢. The work done by the shear force at X is equal to the energy absorbed 
by the plastic hinges at X and W and the work done against the tension field stress ot(max). Suppose 
that the average value of the tension field stress is ote—that is, the stress at the midpoint of WX. 
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Determination of plastic hinge position. 





Then, 


7 n2 Ge 
SyCcb = 2M cP + Otc tw sin* @ FI 


The minimum value of Sy is obtained by differentiating with respect to ce, that is, 











dS% 5 Mpc sin? 0 
— O71 — 
dce c2 Ew 
which gives 
4M!’ 
= —___ (9.56) 


7 Otc tw sin? 6 
Similarly, in the tension flange, 


4M’ 
cf = — (9.57) 
Ott tw sin“ 0 
Clearly, for the plastic hinges to occur within a flange, both c, and c; must be less than b. Therefore, 
from Eq. (9.56), 


twb? sin? 0 
Moc = ge (9.58) 
where oj, is found from Eqs. (9.52) and (9.53) at the midpoint of WX. 
The average axial stress in the compression flange between W and X is obtained by considering the 
equilibrium of half of the length of WX (Fig. 9.18). 
Then, 


C g Éi 
F.=ocpAce + ctw > sin cos + Tmbw > 
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Determination of flange stress. 





from which 


Fe — 5 (Ste sin 6 cos@ + Tm )twCe 


9.59 
AG (9.59) 





Of = 


where F's is the force in the compression flange at W and Aes is the cross-sectional area ofthe compression 
flange. 
Similarly, for the tension flange, 


Fi+ 5 (rt sin6 cos@ + Tm) twCt 


of = 9.60) 
: Att ( 





The forces F, and F; are found by considering the equilibrium of the beam to the right of WY (Fig. 9.19). 
Then, resolving vertically and noting that Sor =tmtwd, 


Sut = Fwsin@ + tatwd + >) Wn (9.61) 
Resolving horizontally and noting that Hor = Tmtw (b — ce — Ct), 
F, — Fy = Fy cos0 — tmtw(b — Ce — ct) (9.62) 
Taking moments about O, we have 


b+cce— ct 


2 
Fit R= fsa (s+ 7 


) + Mpt — Mpe 
(9.63) 


+Fuq -Mu — D Waz | 
n 


where W1 to Wn are external loads applied to the beam to the right of WY and Mw is the bending 
moment in the web when it has buckled and become a tension field, that is, 


Ombba2 
Mri a 
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Determination of flange forces. 
The flange forces are then 
F Sult d 
c= zg, cotd +2s+b+c.— ct) 
1 
+ i( n — Mpe +Fwqg -My -> mza) (9.64) 
n 
1 
— 5 tmbw(dcote +b—-—ce—c) 
Sult 
Fu =z, (deotd +28 + b+ ce — cr) 
1 
oe (1 -M —Fwq-Mv- >. maz) (9.65) 
n 


1 
+ 5 timtw(d cot 8 +b-—ce— ct) 


Evans et al. [Ref. 14] adopted an iterative procedure for solving Eqs. (9.61) through (9.65) in which an 
initial value of 6 was assumed and ocr and o;¢ were taken to be zero. Then, ce and cy were calculated, 
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and approximate values of F, and F, are found, giving better estimates for oof and otf. The procedure 
was then repeated until the required accuracy was obtained. 
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Problems 


P.9.1 A thin square plate of side a and thickness ¢ is simply supported along each edge and has a slight initial 
curvature, giving it an initial deflected shape. 

_ ax . TY 

wo = 6sin — sin — 
a a 

If the plate is subjected to a uniform compressive stress o in the x-direction (see Fig. P.9.1), find an expression 
for the elastic deflection w normal to the plate. Show also that the deflection at the midpoint of the plate can be 
presented in the form of a Southwell plot and illustrate your answer with a suitable sketch. 


Ans. w=[o15/(4n7D/a? — ot)]sin & sin 7 


P.9.2 A uniform flat plate of thickness ¢ has a width 5 in the y direction and length / in the x direction (see 
Fig. P.9.2). The edges parallel to the x axis are clamped, and those parallel to the y axis are simply supported. 
A uniform compressive stress o is applied in the x direction along the edges parallel to the y axis. Using an energy 
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Fig. P.9.1 Fig. P.9.2 


method, find an approximate expression for the magnitude of the stress o which causes the plate to buckle, assuming 
that the deflected shape of the plate is given by 
27y 

b 





5 x. 
w = ay; sin sin 
For the particular case / = 25, find the number of half-waves m corresponding to the lowest critical stress, expressing 
the result to the nearest integer. Determine also the lowest critical stress. 


Ans. m=3, ocr =[6E/(1 —v*)](t/b)? 


P.9.3 A panel, comprising flat sheet and uniformly spaced Z-section stringers, a part of whose cross section is 

shown in Fig. P.9.3, is to be investigated for strength under uniform compressive loads in a structure in which it is 

to be stabilized by frames a distance / apart, / being appreciably greater than the spacing b. 

(a) State modes of failure you would consider and how you would determine appropriate limiting stresses. 

(b) Describe a suitable test to verify your calculations, giving particulars of the specimen, the manner of support, 
and the measurements you would take. The latter should enable you to verify the assumptions made, as well 
as to obtain the load supported. 


Pb b le b Pe 












—| ds — Area = A; 


Fig. P.9.3 


P.9.4 Part ofa compression panel of internal construction is shown in Fig. P.9.4. The equivalent pin-center length 
of the panel is 500 mm. The material has a Young’s modulus of 70 000 N/mm?, and its elasticity may be taken as 
falling catastrophically when a compressive stress of 300 N/mm? is reached. Taking coefficients of 3.62 for buckling 
of a plate with simply supported sides and of 0.385 with one side simply supported and one free, determine (a) the 
load per mm width of panel when initial buckling may be expected and (b) the load per mm for ultimate failure. 
Treat the material as thin for calculating section constants, and assume that after initial buckling, the stress in the 
plate increases parabolically from its critical value in the center of sections. 
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Ans. 613.8N/mm, 844.7 N/mm. 


Smm 


30 mm | | ka mm 


a 


Fig. P.9.4 


P.9.5 A simply supported beam has a span of 2.4m and carries a central concentrated load of 10KN. The flanges 
of the beam each have a cross-sectional area of 300mm2, while that of the vertical web stiffeners is 280mm. 
If the depth of the beam, measured between the centroids of area of the flanges, is 350mm and the stiffeners are 
symmetrically arranged about the web and spaced at 300 mm intervals, determine the maximum axial load in a 
flange and the compressive load in a stiffener. 

It may be assumed that the beam web, of thickness 1.5 mm, is capable of resisting diagonal tension only. 


Ans. 19.9KN, 3.9kN. 


P.9.6 The spar of an aircraft is to be designed as an incomplete diagonal tension beam, the flanges being parallel. 
The stiffener spacing will be 250mm, the effective depth of web will be 750mm, and the depth between web-to- 
flange attachments is 725 mm. 
The spar is to carry an ultimate shear force of 100 000N. The maximum permissible shear stress is 165 N/mm2, 
but it is also required that the shear stress should not exceed 15 times the critical shear stress for the web panel. 
Assuming a to be 40° and using the following relationships: 


(i) Select the smallest suitable web thickness from the following range of standard thicknesses. (Take Young’s 
modulus E as 70 000 N/mm?.) 


0.7 mm, 0.9 mm, 1.2 mm, 1.6 mm 


(ii) Calculate the stiffener end load and the secondary bending moment in the flanges (assume stiffeners to be 
symmetrical about the web). 
The shear stress buckling coefficient for the web may be calculated from the expression 


K =7.10[1 + 0.75(b/d)] 
b and d having their usual significance. 


The relationship between the diagonal tension factor and the buckling stress ratio is 


t/tcR 5 7 9 11 13 15 
k 0.37 0.40 0.42 0.48 0.51 0.53 


Note that «œ is the angle of diagonal tension measured from the spanwise axis of the beam, as in the usual 
notation. 


Ans. 1.2mm, 130As/(1+0.0113Ag), 238910 Nmm. 


P.9.7 The main compressive wing structure of an aircraft consists of stringers, having the section shown in 
Fig. P.9.7(b), bonded to a thin skin (Fig. P.9.7(a)). Find suitable values for the stringer spacing b and rib spacing L 
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if local instability, skin buckling, and panel strut instability all occur at the same stress. Note that in Fig. P.9.7(a), 
only two of several stringers are shown for diagrammatic clarity. Also, the thin skin should be treated as a flat plate, 
since the curvature is small. For a flat plate simply supported along two edges, assume a buckling coefficient of 
3.62. Take E = 69 000N/mm?. 


Ans. b= 56.5mm, L = 700 mm. 
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31.8 mm 











Fig. P.9.7 
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Materials 


With this chapter, we begin the purely aeronautical part of the book, where we consider structures 
peculiar to the field of aeronautical engineering. These structures are typified by arrangements of thin, 
load-bearing skins, frames, and stiffeners, fabricated from lightweight, high-strength materials, of which 
aluminum alloys are the most widely used examples. As a preliminary to the analysis of the basic 
aircraft structural forms presented in subsequent chapters, we shall discuss the materials used in aircraft 
construction. 

Several factors influence the selection of the structural material for an aircraft, but among these, 
strength allied to lightness is probably the most important. Other properties having varying, though 
sometimes critical, significance are stiffness, toughness, resistance to corrosion, fatigue, the effects 
of environmental heating, ease of fabrication, availability and consistency of supply, and, not least 
important, cost. 

The main groups of materials used in aircraft construction have been wood, steel, aluminum alloys 
with, more recently, titanium alloys, and fiber-reinforced composites. In the field of engine design, 
titanium alloys are used in the early stages of a compressor, while nickel-based alloys or steels are used 
for the hotter later stages. As we are concerned primarily with the materials involved in the construction 
of the airframe, discussion of materials used in engine manufacture falls outside the scope of this book. 





10.1 ALUMINUM ALLOYS 


Pure aluminum is a relatively low-strength, extremely flexible metal with virtually no structural applica- 
tions. However, when alloyed with other metals, its properties are improved significantly. Three groups 
of aluminum alloy have been used in the aircraft industry for many years and still play a major role in 
aircraft construction. In the first of these, aluminum is alloyed with copper, magnesium, manganese, 
silicon, and iron and has a typical composition of 4% copper, 0.5% magnesium, 0.5% manganese, 0.3% 
silicon, and 0.2% iron, with the remainder being aluminum. In the wrought, heat-treated, naturally aged 
condition, this alloy possesses a 0.1 percent proof stress not less than 230 N/mm”, a tensile strength not 
less than 390 N/mm“, and an elongation at fracture of 15 percent. Artificial aging at a raised temperature 
of, for example, 170°C increases the proof stress to not less than 370 N/mm? and the tensile strength to 
not less than 460 N/mm2, with an elongation of 8 percent. 

The second group of alloys contains, in addition to the preceding 1 to 2% of nickel, a higher content 
of magnesium and possible variations in the amounts of copper, silicon, and iron. The most important 
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property of these alloys is their retention of strength at high temperatures, which makes them particularly 
suitable for aero engine manufacture. A development of these alloys by Rolls-Royce and High Duty 
Alloys Ltd replaced some of the nickel with iron and reduced the copper content; these RR alloys, as 
they were called, were used for forgings and extrusions in aero engines and airframes. 

The third group of alloys depends on the inclusion of zinc and magnesium for their high strength and 
has atypical composition of 2.5% copper, 5% zinc, 3% magnesium, and up to 1% nickel, with mechanical 
properties of 0.1 percent proof stress 510N/mm*, tensile strength 585 N/mm7, and an elongation of 
8 percent. In a modern development of this alloy, nickel has been eliminated and provision made for 
the addition of chromium and further amounts of manganese. 

Alloys from each of the preceding groups have been used extensively for airframes, skins, and 
other stressed components, the choice of alloy being influenced by factors such as strength (proof and 
ultimate stress), ductility, ease of manufacture (e.g., in extrusion and forging), resistance to corrosion 
and amenability to protective treatment, fatigue strength, freedom from liability to sudden cracking 
due to internal stresses, and resistance to fast crack propagation under load. Clearly, different types 
of aircraft have differing requirements. A military aircraft, for instance, having a relatively short life 
measured in hundreds of hours, does not call for the same degree of fatigue and corrosion resistance as 
a civil aircraft with a required life of 30000 hours or more. 

Unfortunately, as one particular property of aluminum alloys is improved, other desirable proper- 
ties are sacrificed. For example, the extremely high static strength of the aluminum—zinc—magnesium 
alloys was accompanied for many years by a sudden liability to crack in an unloaded condition due 
to the retention of internal stresses in bars, forgings, and sheet after heat treatment. Although varia- 
tions in composition have eliminated this problem to a considerable extent, other deficiencies showed 
themselves. Early postwar passenger aircraft experienced large numbers of stress-corrosion failures of 
forgings and extrusions. The problem became so serious that in 1953 it was decided to replace as many 
aluminum—zinc—manganese components as possible with the aluminum—4% copper Alloy L65 and to 
prohibit the use of forgings in zinc-bearing alloy in all future designs. However, improvements in the 
stress-corrosion resistance of the aluminum—zinc—magnesium alloys have resulted in recent years from 
British, American, and German researches. Both British and American opinions agree on the benefits 
of including about 1% copper but disagree on the inclusion of chromium and manganese, while in 
Germany, the addition of silver has been found extremely beneficial. Improved control of casting 
techniques has brought further improvements in resistance to stress corrosion. The development 
of aluminum—zinc—magnesium—copper alloys has largely met the requirement for aluminum alloys 
possessing high strength, good fatigue crack growth resistance, and adequate toughness. Further devel- 
opment concentrates on the production of materials possessing higher specific properties, bringing 
benefits in relation to weight saving rather than increasing strength and stiffness. 

The first group of alloys possesses a lower static strength than the preceding zinc-bearing alloys 
but are preferred for portions of the structure where fatigue considerations are of primary importance, 
such as the undersurfaces of wings, where tensile fatigue loads predominate. Experience has shown 
that the naturally aged version of these alloys has important advantages over the fully heat-treated 
forms in fatigue endurance and resistance to crack propagation. Furthermore, the inclusion of a higher 
percentage of magnesium was found, in America, to produce, in the naturally aged condition, mechanical 
properties between those of the normal naturally aged and artificially aged alloy. This alloy designated 
2024 (aluminum—copper alloys form the 2000 series) has the nominal composition: 4.5% copper, 1.5% 
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magnesium, 0.6% manganese, with the remainder aluminum and appears to be a satisfactory compromise 
between the various important, but sometimes conflicting, mechanical properties. 

Interest in aluminum—magnesium-silicon alloys has recently increased, although they have been 
in general use in the aerospace industry for decades. The reasons for this renewed interest are that 
they are potentially cheaper than aluminum-—copper alloys and, being weldable, are capable of reducing 
manufacturing costs. In addition, variants, such as the ISO 6013 alloy, have improved property levels 
and, generally, possess a similar high fracture toughness and resistance to crack propagation as the 2000 
series alloys. 

Frequently, a particular form of an alloy is developed for a particular aircraft. An outstanding 
example of such a development is the use of Hiduminium RRS58 as the basis for the main structural 
material, designated CM001, for use previously in the Concorde. Hiduminium RR58 is a complex 
aluminum—copper—magnesium-nickelHron alloy developed during the 1939 to 1945 war specifically 
for the manufacture of forged components in gas turbine aero engines. The chemical composition of 
the version used in the Concorde was decided on the basis of elevated temperature, creep, fatigue, and 
tensile testing programs and has the detailed specification of 


%Cu %Mg = %Si %Fe Ni %Ti %AI 





Minimum 2.25 1.35 0.18 0.90 1.0 — Remainder 
Maximum 2.70 1.65 0.25 1.20 1.30 0.20 


Generally, CM001 is found to possess better overall strength/fatigue characteristics over a wide range 
of temperatures than any of the other possible aluminum alloys. 

The latest aluminum alloys to find general use in the aerospace industry are the aluminum— 
lithium alloys. Of these, the aluminum—lthium—copper—manganese alloy, 8090, developed in the United 
Kingdom, is extensively used in the main fuselage structure of GKN Westland Helicopters’ design 
EH101; it has also been qualified for Eurofighter 2000 (now named the Typhoon) but has yet to be 
embodied. In the United States, the aluminum—lithium—copper alloy, 2095, has been used in the fuse- 
lage frames of the F16 as a replacement for 2124, resulting in a fivefold increase in fatigue life and 
a reduction in weight. Aluminum-lithium alloys can be successfully welded, possess a high fracture 
toughness, and exhibit a high resistance to crack propagation. 


10.2 STEEL 


Theuse of steel for the manufacture of thin-walled, box-section spars in the 1930s has been superseded by 
the aluminum alloys described in Section 10.1. Clearly, its high specific gravity prevents its widespread 
use in aircraft construction, but it has retained some value as a material for castings for small components 
demanding high tensile strengths, high stiffness, and high resistance to wear. Such components include 
undercarriage pivot brackets, wing-root attachments, fasteners, and tracks. 

Although the attainment of high and ultra-high tensile strengths presents no difficulty with steel, 
it is found that other properties are sacrificed and that it is difficult to manufacture into finished 


SSE 
330 CHAPTER 10 Materials 


components. To overcome some of these difficulties, types of steel known as maraging steels were 
developed in 1961, from which carbon is either eliminated entirely or present only in very small 
amounts. Carbon, while producing the necessary hardening of conventional high-tensile steels, causes 
brittleness and distortion; the latter is not easily rectifiable, as machining is difficult and cold form- 
ing impracticable. Welded fabrication is also almost impossible or very expensive. The hardening 
of maraging steels is achieved by the addition of other elements such as nickel, cobalt, and molyb- 
denum. A typical maraging steel would have these elements present in the proportions: nickel 
17 to 19%, cobalt 8 to 9%, molybdenum 3 to 3.5%, with titanium 0.15 to 0.25%. The carbon 
content would be a maximum of 0.03%, with traces of manganese, silicon, sulfur, phosphorus, 
aluminum, boron, calcium, and zirconium. Its 0.2 percent proof stress would be nominally 1400 N/mm? 
and its modulus of elasticity 180000 N/mm/?. 

The main advantages of maraging steels over conventional low-alloy steels are higher fracture 
toughness and notched strength, simpler heat treatment, much lower volume change and distortion 
during hardening, very much simpler to weld, easier to machine, and better resistance to stress corrosion/ 
hydrogen embrittlement. On the other hand, the material cost of maraging steels is three or more times 
greater than the cost of conventional steels, although this may be more than offset by the increased cost 
of fabricating a complex component from the latter steel. Maraging steels have been used in aircraft 
arrester hooks, rocket motor cases, helicopter undercarriages, gears, ejector seats, and various structural 
forgings. 

In addition to the preceding, steel in its stainless form has found applications primarily in the 
construction of supersonic and hypersonic experimental and research aircraft, where temperature effects 
are considerable. Stainless steel formed the primary structural material in the Bristol 188, built to 
investigate kinetic heating effects, and also in the American rocket aircraft, the X-15, capable of speeds 
of the order of Mach 5-6. 





10.3 TITANIUM 


The use of titanium alloys increased significantly in the 1980s, particularly in the construction of 
combat aircraft as opposed to transport aircraft. This increase continued in the 1990s to the stage 
where, for combat aircraft, the percentage of titanium alloy as a fraction of structural weight is of the 
same order as that of aluminum alloy. Titanium alloys possess high specific properties, have a good 
fatigue strength/tensile strength ratio with a distinct fatigue limit, and have some retain considerable 
strength at temperatures up to 400 to 500°C. Generally, there is also a good resistance to corrosion 
and corrosion fatigue, although properties are adversely affected by exposure to temperature and stress 
in a salt environment. The latter poses particular problems in the engines of carrier-operated aircraft. 
Further disadvantages are a relatively high density so that weight penalties are imposed if the alloy 
is extensively used, coupled with high primary and high fabrication costs, approximately seven times 
those of aluminum and steel. 

In spite of this, titanium alloys were used previously in the airframe and engines of Concorde, 
while the Tornado wing carry-through box is fabricated from a weldable medium-strength titantum 
alloy. Titanium alloys are also used extensively in the F15 and F22 American fighter aircraft and are 
incorporated in the tail assembly of the Boeing 777 civil airliner. Other uses include forged components 
such as flap and slat tracks and undercarriage parts. 
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New fabrication processes (e.g., superplastic forming combined with diffusion bonding) enable large 
and complex components to be produced, resulting in a reduction in production man-hours and weight. 
Typical savings are 30 percent in man-hours, 30 percent in weight, and 50 percent in cost compared 
with conventional riveted titanium structures. It is predicted that the number of titanium components 
fabricated in this way for aircraft will increase significantly and include items such as access doors, 
sheet for areas of hot gas impingement, and so forth. 





10.4 PLASTICS 


Plain plastic materials have specific gravities of approximately unity and are therefore considerably 
heavier than wood, although of comparable strength. On the other hand, their specific gravities are less 
than half those of the aluminum alloys so that they find uses as windows or lightly stressed parts whose 
dimensions are established by handling requirements rather than strength. They are also particularly 
useful as electrical insulators and as energy-absorbing shields for delicate instrumentation and even 
structures where severe vibration such as in a rocket or space shuttle launches occurs. 





10.5 GLASS 


The majority of modern aircraft have cabins pressurized for flight at high altitudes. Windscreens and 
windows are therefore subjected to loads normal to their midplanes. Glass is frequently the material used 
for this purpose in the form of plain or laminated plate or heat-strengthened plate. The types of plate 
glass used in aircraft have a modulus of elasticity between 70000 and 75000 N/mm?, with a modulus 
of rupture in bending of 45 N/mm”. Heat-strengthened plate has a modulus of rupture of about four and 
a half times this figure. 





10.6 COMPOSITE MATERIALS 


Composite materials consist of strong fibers such as glass or carbon set in a matrix of plastic or epoxy 
resin, which is mechanically and chemically protective. The fibers may be continuous or discontinuous 
but possess a strength very much greater than that of the same bulk materials. For example, carbon fibers 
have a tensile strength of the order of 2400 N/mm? and a modulus of elasticity of 400000 N/mm”. 

A sheet of fiber-reinforced material is anisotropic—in other words, its properties depend on the 
direction of the fibers. Generally, therefore, in structural form, two or more sheets are sandwiched 
together to form a /ay-up so that the fiber directions match those of the major loads. 

In the early stages of the development of composite materials, glass fibers were used in a matrix 
of epoxy resin. This glass-reinforced plastic (GRP) was used for radomes and helicopter blades but 
found limited use in components of fixed wing aircraft due to its low stiffness. In the 1960s, new fibrous 
reinforcements were introduced; Kevlar, for example, is an aramid material with the same strength as 
glass but is stiffer. Kevlar composites are tough but poor in compression and difficult to machine, so they 
were used in secondary structures. Another composite, using boron fiber and developed in the United 
States, was the first to possess sufficient strength and stiffness for primary structures. 
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These composites have now been replaced by carbon-fiber-reinforced plastics (CFRP), which have 
similar properties to boron composites but are very much cheaper. Typically, CFRP has a modulus 
of the order of three times that of GRP, one and a half times that of a Kevlar composite, and twice 
that of aluminum alloy. Its strength is three times that of aluminum alloy, approximately the same as 
that of GRP, and slightly less than that of Kevlar composites. CFRP does, however, suffer from some 
disadvantages. It is a brittle material and therefore does not yield plastically in regions of high stress 
concentration. Its strength is reduced by impact damage which may not be visible, and the epoxy resin 
matrices can absorb moisture over a long period, which reduces its matrix-dependent properties, such 
as its compressive strength; this effect increases with increase of temperature. Further, the properties 
of CFRP are subject to more random variation than those of metals. All these factors must be allowed 
for in design. On the other hand, the stiffness of CFRP is much less affected than its strength by the 
preceding, and it is less prone to fatigue damage than metals. It is estimated that replacing 40 percent 
of an aluminum alloy structure by CFRP would result in a 12 percent saving in total structural weight. 

CFRP is included in the wing, tailplane, and forward fuselage of the latest Harrier development, is 
used in the Tornado taileron, and has been used to construct a complete Jaguar wing and engine bay 
door for testing purposes. The use of CFRP in the fabrication of helicopter blades has led to significant 
increases in their service life, where fatigue resistance rather than stiffness is of primary importance. 
Figure 10.1 shows the structural complexity of a Sea King helicopter rotor blade, which incorporates 
CFRP, GRP, stainless steel, a honeycomb core, and foam filling. An additional advantage of the use 
of composites for helicopter rotor blades is that the molding techniques used allow variations of cross 
section along the span, resulting in substantial aerodynamic benefits. This approach is being used in the 
fabrication of the main rotor blades of the GKN Westland Helicopters EH101. 
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Fig. 10.1 


Sectional view of helicopter main rotor blade (courtesy Royal Aeronautical Society, Aerospace magazine). 
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A composite (fiberglass and aluminum) is used in the tail assembly of the Boeing 777, while the 
leading edge of the Airbus A310—300/A320 fin assembly is of conventional reinforced glass fiber 
construction, reinforced at the nose to withstand bird strikes. A complete composite airframe was 
produced for the Beechcraft Starship turboprop executive aircraft, which, however, was not acommercial 
success due to its canard configuration causing drag and weight penalties. 

The development of composite materials is continuing with research into the removal of strength- 
reducing flaws and local imperfections from carbon fibers. Other matrices, such as polyetheretherketone 
which absorbs much less moisture than epoxy resin, has an indefinite shelf life, and performs well under 
impact, are being developed; fabrication, however, requires much higher temperatures. Metal matrix 
composites such as graphite—aluminum and boron—aluminum are lightweight and retain their strength 
at higher temperatures than aluminum alloys but are expensive to produce. 

Generally, the use of composites in aircraft construction appears to have reached a plateau, particu- 
larly in civil subsonic aircraft, where the fraction of the structure comprising composites is approximately 
15 percent. This is due largely to the greater cost of manufacturing composites compared with aluminum 
alloy structures, since composites require handcrafting of the materials and manual construction pro- 
cesses. These increased costs are particularly important in civil aircraft construction and are becoming 
increasingly important in military aircraft. 





10.7 PROPERTIES OF MATERIALS 


In Sections 10.1 to 10.6, we discussed the various materials used in aircraft construction and listed 
some of their properties. We shall now examine in more detail their behavior under load and also define 
different types of material. 


Ductility 


A material is said to be ductile if it is capable of withstanding large strains under load before fracture 
occurs. These large strains are accompanied by a visible change in cross-sectional dimensions and 
therefore give warning of impending failure. Materials in this category include mild steel, aluminum, 
and some of its alloys, copper, and polymers. 


Brittleness 


A brittle material exhibits little deformation before fracture, the strain normally being below 5 percent. 
Brittle materials therefore may fail suddenly without visible warning. Included in this group are concrete, 
cast iron, high-strength steel, timber, and ceramics. 


Elastic Materials 


A material is said to be elastic if deformations disappear completely on removal of the load. All known 
engineering materials are, in addition, linearly elastic within certain limits of stress so that strain, within 
these limits, is directly proportional to stress. 
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Plasticity 


A material is perfectly plastic if no strain disappears after the removal of load. Ductile materials are 
elastoplastic and behave in an elastic manner until the elastic limit is reached, after which they behave 
plastically. When the stress is relieved, the elastic component of the strain is recovered, but the plastic 
strain remains as a permanent set. 


Isotropic Materials 


In many materials, the elastic properties are the same in all directions at each point in the material, 
although they may vary from point to point; such a material is known as isotropic. An isotropic material 
having the same properties at all points is known as homogeneous (e.g., mild steel). 


Anisotropic Materials 


Materials having varying elastic properties in different directions are known as anisotropic. 


Orthotropic Materials 


Although a structural material may possess different elastic properties in different directions, this vari- 
ation may be limited, as in the case of timber, which has just two values of Young’s modulus, one in 
the direction of the grain and one perpendicular to the grain. A material whose elastic properties are 
limited to three different values in three mutually perpendicular directions is known as orthotropic. 


10.7.1 Testing of Engineering Materials 


The properties of engineering materials are determined mainly by the mechanical testing of specimens 
machined to prescribed sizes and shapes. The testing may be static or dynamic in nature depend- 
ing on the particular property being investigated. Possibly the most common mechanical static tests 
are tensile and compressive tests which are carried out on a wide range of materials. Ferrous and 
nonferrous metals are subjected to both forms of test, while compression tests are usually carried out 
on many nonmetallic materials. Other static tests include bending, shear, and hardness tests, while 
the toughness of a material—in other words, its ability to withstand shock loads—is determined by 
impact tests. 


Tensile Tests 


Tensile tests are normally carried out on metallic materials and, in addition, timber. Test pieces are 
machined from a batch of material, their dimensions being specified by Codes of Practice. They are 
commonly circular in cross section, although flat test pieces having rectangular cross sections are used 
when the batch of material is in the form of a plate. A typical test piece would have the dimensions 
specified in Fig. 10.2. Usually, the diameter of a central portion of the test piece is fractionally less than 
that of the remainder to ensure that the test piece fractures between the gauge points. 

Before the test begins, the mean diameter of the test piece is obtained by taking measurements 
at several sections using a micrometer screw gauge. Gauge points are punched at the required gauge 
length, the test piece is placed in the testing machine, and a suitable strain measuring device, usually 
an extensometer, is attached to the test piece at the gauge points so that the extension is measured 
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Standard cylindrical test piece. 





over the given gauge length. Increments of load are applied and the corresponding extensions recorded. 
This procedure continues until yield occurs, when the extensometer is removed as a precaution against 
the damage which would be caused if the test piece fractured unexpectedly. Subsequent extensions are 
measured by dividers placed in the gauge points until, ultimately, the test piece fractures. The final 
gauge length and the diameter of the test piece in the region of the fracture are measured so that the 
percentage elongation and percentage reduction in area may be calculated. These two parameters give 
a measure of the ductility of the material. 

A stress-strain curve is drawn (see Figs. 10.9 and 10.13), the stress normally being calculated on 
the basis of the original cross-sectional area of the test piece—that is, a nominal stress as opposed to 
an actual stress (which is based on the actual area of cross section). 

For ductile materials there is a marked difference in the latter stages of the test, as a considerable 
reduction in cross-sectional area occurs between yield and fracture. From the stress—strain curve, the 
ultimate stress, the yield stress, and Young’s modulus, £, are obtained. 

There are a number of variations on the basic tensile test just described. Some of these depend 
on the amount of additional information required and some on the choice of equipment. There is a 
wide range of strain measuring devices to choose from, extending from different makes of mechanical 
extensometer, such as Huggenberger, Lindley, Cambridge, to the electrical resistance strain gauge. The 
last would normally be used on flat test pieces, one on each face to eliminate the effects of possible 
bending. At the same time, a strain gauge could be attached in a direction perpendicular to the direction 
of loading so that lateral strains are measured. The ratio lateral strain/longitudinal strain is Poisson’s 
ratio, v. 

Testing machines are usually driven hydraulically. More sophisticated versions use load cells to 
record load and automatically plot load against extension or stress against strain on a pen recorder as 
the test proceeds, an advantage when investigating the distinctive behavior of mild steel at yield. 


Compression Tests 


A compression test is similar in operation to a tensile test, with the obvious difference that the load 
transmitted to the test piece is compressive rather than tensile. This is achieved by placing the test 
piece between the platens of the testing machine and reversing the direction of loading. Test pieces are 
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normally cylindrical and are limited in length to eliminate the possibility of failure being caused by 
instability. Again, contractions are measured over a given gauge length by a suitable strain measuring 
device. 

Variations in test pieces occur when only the ultimate strength of the material in compression is 
required. For this purpose, concrete test pieces may take the form of cubes having edges approximately 
10 cm long, while mild steel test pieces are still cylindrical in section but are of the order of 1 cm long. 


Bending Tests 


Many structural members are subjected primarily to bending moments. Bending tests are therefore 
carried out on simple beams constructed from the different materials to determine their behavior under 
this type of load. 

Two forms of loading are used, the choice depending on the type specified in Codes of 
Practice for the particular material. In the first, a simply supported beam is subjected to a “two-point” 
loading system, as shown in Fig. 10.3(a). Two concentrated loads are applied symmetrically to the 
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Fig. 10.3 


Bending test on a beam, “two-point” load. 





ae 
10.7 Properties of Materials 337 





N|S 


Shear force diagram 


N|S 





Bending moment diagram 


(c) 


Fig. 10.4 


Bending test on a beam, single load. 





beam, producing zero shear force and constant bending moment in the central span of the beam 
(Fig. 10.3(b) and (c)). The condition of pure bending is therefore achieved in the central span. 

The second form of loading system consists of a single concentrated load at midspan (Fig. 10.4(a)) 
which produces the shear force and bending moment diagrams shown in Fig. 10.4(b) and (c). 

The loads may be applied manually by hanging weights on the beam or by a testing machine. 
Deflections are measured by a dial gauge placed underneath the beam. From the recorded results, a 
load-deflection diagram is plotted. 

For most ductile materials, the test beams continue to deform without failure and fracture does not 
occur. Thus, plastic properties—for example, the ultimate strength in bending—cannot be determined 
for such materials. In the case of brittle materials, including cast iron, timber, and various plastics, 
failure does occur so that plastic properties can be evaluated. For such materials, the ultimate strength 
in bending is defined by the modulus of rupture. This is taken to be the maximum direct stress in 
bending, ox, corresponding to the ultimate moment M,, and is assumed to be related to M, by the 
elastic relationship 

Mu 


Oxu = Ymax 


I 
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Other bending tests are designed to measure the ductility of a material and involve the bending of a bar 
around a pin. The angle of bending at which the bar starts to crack is then taken as an indication of its 
ductility. 


Shear Tests 


Two main types of shear test are used to determine the shear properties of materials. One type investigates 
the direct or transverse shear strength of a material and is used in connection with the shear strength of 
bolts, rivets, and beams. A typical arrangement is shown diagrammatically in Fig. 10.5, where the test 
piece is clamped to a block and the load is applied through the shear tool until failure occurs. In the 
arrangement shown, the test piece is subjected to double shear, whereas if it is extended only partially 
across the gap in the block, it would be subjected to single shear. In either case, the average shear 
strength is taken as the maximum load divided by the shear resisting area. 

The other type of shear test is used to evaluate the basic shear properties of a material, such as 
the shear modulus, G, the shear stress at yield, and the ultimate shear stress. In the usual form of 
test, a solid circular-section test piece is placed in a torsion machine and twisted by controlled incre- 
ments of torque. The corresponding angles of twist are recorded and torque—twist diagrams are plotted, 
from which the shear properties of the material are obtained. The method is similar to that used to 
determine the tensile properties of a material from a tensile test and uses relationships derived in 
Chapter 3. 


Hardness Tests 


The machinability of a material and its resistance to scratching or penetration are determined by its 
“hardness.” There also appears to be a connection between the hardness of some materials and their 
tensile strength so that hardness tests may be used to determine the properties of a finished structural 
member where tensile and other tests would be impracticable. Hardness tests are also used to investigate 
the effects of heat treatment, hardening and tempering, and cold forming. Two types of hardness tests 
are in common use: indentation tests and scratch and abrasion tests. 

Indentation tests may be subdivided into two classes: static and dynamic. Of the static tests, the 
Brinell is the most common. In this, a hardened steel ball is pressed into the material under test by a 
static load acting for a fixed period of time. The load in kg divided by the spherical area of the indentation 
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Fig. 10.5 
Shear test. 
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Brinell hardness test. 





in mm? is called the Brinell hardness number (BHN). In Fig. 10.6, if D is the diameter of the ball, F is 
the load in kg, / is the depth of the indentation, and d is the diameter of the indentation, then 


BHN £ - 
xDh x D[D— VD? — d?| 
In practice, the hardness number of a given material is found to vary with F and D so that for uniformity 
the test is standardized. For steel and hard materials F = 3000 kg and D= 10 mm, while for soft materials, 
F=500kg and D= 10mm; in addition, the load is usually applied for 15s. 

In the Brinell test, the dimensions of the indentation are measured by means of a microscope. To 
avoid this rather tedious procedure, direct reading machines have been devised, of which the Rockwell 
is typical. The indenting tool, again a hardened sphere, is first applied under a definite light load. This 
indenting tool is then replaced by a diamond cone with a rounded point which is then applied under a 
specified indentation load. The difference between the depth of the indentation under the two loads is 
taken as a measure of the hardness of the material and is read directly from the scale. 

A typical dynamic hardness test is performed by the Shore Scleroscope, which consists of a small 
hammer approximately 20 mm long and 6 mm in diameter fitted with a blunt, rounded, diamond point. 
The hammer is guided by a vertical glass tube and allowed to fall freely from a height of 25cm onto 
the specimen, which it indents before rebounding. A certain proportion of the energy of the hammer 
is expended in forming the indentation so that the height of the rebound, which depends on the energy 
still possessed by the hammer, is taken as a measure of the hardness of the material. 

A number of tests have been devised to measure the “scratch hardness” of materials. In one test, the 
smallest load in grams which, when applied to a diamond point, produces a scratch visible to the naked 
eye on a polished specimen of material is called its hardness number. In other tests, the magnitude of 
the load required to produce a definite width of scratch is taken as the measure of hardness. Abrasion 
tests, involving the shaking over a period of time of several specimens placed in a container, measure 
the resistance to wear of some materials. In some cases, there appears to be a connection between wear 
and hardness number, although the results show no level of consistency. 


Impact Tests 


It has been found that certain materials, particularly heat-treated steels, are susceptible to failure under 
shock loading, whereas an ordinary tensile test on the same material would show no abnormality. 
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Fig. 10.8 
Charpy impact test. 





Impact tests measure the ability of materials to withstand shock loads and provide an indication of their 
toughness. Two main tests are in use: the /zod and the Charpy. 

Both tests rely on a striker or weight attached to a pendulum. The pendulum is released from a fixed 
height, the weight strikes a notched test piece, and the angle through which the pendulum then swings is a 
measure of the toughness of the material. The arrangement for the Izod test is shown diagrammatically 
in Fig. 10.7(a). The specimen and the method of mounting are shown in detail in Fig. 10.7(b). The 
Charpy test is similar in operation except that the test piece is supported in a different manner, as shown 
in the plan view in Fig. 10.8. 


10.7.2 Stress—Strain Curves 


We shall now examine in detail the properties of the different materials from the viewpoint of the results 
obtained from tensile and compression tests. 
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Stress-strain curve for mild steel. 





Low Carbon Steel (Mild Steel) 


A nominal stress—strain curve for mild steel, a ductile material, is shown in Fig. 10.9. From 0 to “a”, 
the stress-strain curve is linear, the material in this range obeying Hooke’s law. Beyond “a,” the limit 
of proportionality, stress is no longer proportional to strain, and the stress-strain curve continues to 
“b,” the elastic limit, which is defined as the maximum stress that can be applied to a material without 
producing a permanent plastic deformation or permanent set when the load is removed. In other words, 
if the material is stressed beyond “b” and the load then removed, a residual strain exists at zero load. 
For many materials, it is impossible to detect a difference between the limit of proportionality and the 
elastic limit. From 0 to “b,” the material is said to be in the elastic range, while from “b” to fracture, the 
material is in the plastic range. The transition from the elastic to the plastic range may be explained by 
considering the arrangement of crystals in the material. As the load is applied, slipping occurs between 
the crystals which are aligned most closely to the direction of load. As the load is increased, more and 
more crystals slip with each equal load increment until appreciable strain increments are produced and 
the plastic range is reached. 

A further increase in stress from “b” results in the mild steel reaching its upper yield point at 
“c,” followed by a rapid fall in stress to its lower yield point at “d.” The existence of a lower yield 
point for mild steel is a peculiarity of the tensile test wherein the movement of the ends of the test 
piece produced by the testing machine does not proceed as rapidly as its plastic deformation; the load 
therefore decreases, as does the stress. From “d” to “f,” the strain increases at a roughly constant value 
of stress until strain hardening again causes an increase in stress. This increase in stress continues, 
accompanied by a large increase in strain to “g,” the u/timate stress, oy, of the material. At this point, 
the test piece begins, visibly, to “neck,” as shown in Fig. 10.10. The material in the test piece in the 
region of the “neck” is almost perfectly plastic at this stage, and from this point onward to fracture, 
there is a reduction in nominal stress. 
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“Necking” of a test piece in the plastic range. 





Fig. 10.11 


“Cup-and-cone” failure of a mild steel test piece. 





For mild steel, yielding occurs at a stress of the order of 300 N/mm’. At fracture, the strain (i.e., the 
elongation) is of the order of 30 percent. The gradient of the linear portion of the stress—strain curve 
gives a value for Young’s modulus in the region of 200 000 N/mm?. 

The characteristics of the fracture are worthy of examination. In a cylindrical test piece, the two 
halves of the fractured test piece have ends which form a “cup and cone” (Fig. 10.11). The actual failure 
planes in this case are inclined at approximately 45° to the axis of loading and coincide with planes of 
maximum shear stress. Similarly, if a flat tensile specimen of mild steel is polished and then stressed, a 
pattern of fine lines appears on the polished surface at yield. These lines, which were first discovered by 
Liider in 1854, intersect approximately at right angles and are inclined at 45° to the axis of the specimen, 
thereby coinciding with planes of maximum shear stress. These forms of yielding and fracture suggest 
that the crystalline structure of the steel is relatively weak in shear, with yielding taking the form of the 
sliding of one crystal plane over another rather than the tearing apart of two crystal planes. 

The behavior of mild steel in compression is very similar to its behavior in tension, particularly in 
the elastic range. In the plastic range, it is not possible to obtain ultimate and fracture loads, since, due 
to compression, the area of cross section increases as the load increases, producing a “barrelling” effect, 
as shown in Fig. 10.12. This increase in cross-sectional area tends to decrease the true stress, thereby 
increasing the load resistance. Ultimately a flat disc is produced. For design purposes, the ultimate 
stresses of mild steel in tension and compression are assumed to be the same. 

Higher grades of steel have greater strengths than mild steel but are not as ductile. They also possess 
the same Young’s modulus so that the higher stresses are accompanied by higher strains. 


Aluminum 


Aluminum and some of its alloys are also ductile materials, although their stress—strain curves do not 
have the distinct yield stress of mild steel. A typical stress-strain curve is shown in Fig. 10.13. The 
points “a” and “b” again mark the limit of proportionality and elastic limit, respectively, but are difficult 
to determine experimentally. Instead, a proof stress is defined which is the stress required to produce a 
given permanent strain on removal of the load. In Fig. 10.13, a line drawn parallel to the linear portion 


of the stress-strain curve from a strain of 0.001 (i.e., a strain of 0.1 percent) intersects the stress-strain 
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“Barrelling” of a mild steel test piece in compression. 
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Stress-strain curve for aluminum. 





Fig. 10.14 


“Double-cup” failure of an aluminum alloy test piece. 





curve at the 0.1 percent proof stress. For elastic design, this, or the 0.2 percent proof stress, is taken 
as the working stress. Beyond the limit of proportionality, the material extends plastically, reaching its 
ultimate stress, Cuit, at “d” before finally fracturing under a reduced nominal stress at “f.” 

A feature of the fracture of aluminum alloy test pieces is the formation of a “double cup” as shown 
in Fig. 10.14, implying that failure was initiated in the central portion of the test piece, while the outer 
surfaces remained intact. Again, considerable “necking” occurs. 
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In compression tests on aluminum and its ductile alloys, similar difficulties are encountered to those 
experienced with mild steel. The stress—strain curve is very similar in the elastic range to that obtained 
in a tensile test, but the ultimate strength in compression cannot be determined; in design its value is 
assumed to coincide with that in tension. 

Aluminum and its alloys can suffer a form of corrosion particularly in the salt-laden atmosphere of 
coastal regions. The surface becomes pitted and covered by a white, furry deposit. This can be prevented 
by an electrolytic process called anodizing, which covers the surface with an inert coating. Aluminum 
alloys will also corrode if they are placed in direct contact with other metals, such as steel. To prevent 
this, plastic is inserted between the possible areas of contact. 


Brittle Materials 


These include cast iron, high-strength steel, concrete, timber, ceramics, glass, and so on. The plastic 
range for brittle materials extends to only small values of strain. A typical stress-strain curve for a brittle 
material under tension is shown in Fig. 10.15. Little or no yielding occurs, and fracture takes place very 
shortly after the elastic limit is reached. 

The fracture of a cylindrical test piece takes the form of a single failure plane approximately per- 
pendicular to the direction of loading with no visible “necking” and an elongation of the order of 2 to 
3 percent. 

In compression, the stress—strain curve for a brittle material is very similar to that in tension except 
that failure occurs at a much higher value of stress; for concrete, the ratio is of the order of 10:1. 
This is thought to be due to the presence of microscopic cracks in the material, giving rise to high 
stress concentrations which are more likely to have a greater effect in reducing tensile strength than 
compressive strength. 


Composites 


Fiber composites have stress-strain characteristics which indicate that they are brittle materials 
(Fig. 10.16). There is little or no plasticity, and the modulus of elasticity is less than that of steel 
Stress, o 


Fracture 


Strain, £ 
Fig. 10.15 


Stress—strain curve for a brittle material. 
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Fig. 10.16 


Stress—strain curve for a fiber composite. 





and aluminum alloy. However, the fibers themselves can have much higher values of strength and mod- 
ulus of elasticity than the composite. For example, carbon fibers have a tensile strength of the order 
2400 N/mm? and a modulus of elasticity of 400000 N/mm”. 

Fiber composites are highly durable, require no maintenance, and can be used in hostile chemical 
and atmospheric environments; vinyls and epoxy resins provide the best resistance. 

All the stress-strain curves described in the preceding discussion are those produced in tensile or 
compression tests in which the strain is applied at a negligible rate. A rapid strain application would 
result in significant changes in the apparent properties of the materials, giving possible variations in 
yield stress of up to 100 percent. 


10.7.3 Strain Hardening 


The stress-strain curve for a material is influenced by the strain history, or the loading and unloading 
of the material, within the plastic range. For example, in Fig. 10.17, a test piece is initially stressed 
in tension beyond the yield stress at “a” to a value at “b.” The material is then unloaded to “c” and 
reloaded to “f,” producing an increase in yield stress from the value at “a” to the value at “d.” Subsequent 
unloading to “g” and loading to “j” increases the yield stress still further to the value at “h.” This increase 
in strength resulting from the loading and unloading is known as strain hardening. It can be seen from 
Fig. 10.17 that the stress—strain curve during the unloading and loading cycles forms loops (the shaded 
areas in Fig. 10.17). These indicate that strain energy is lost during the cycle, the energy being dissipated 
in the form of heat produced by internal friction. This energy loss is known as mechanical hysteresis 
and the loops as hysteresis loops. Although the ultimate stress is increased by strain hardening, it is not 
influenced to the same extent as yield stress. The increase in strength produced by strain hardening is 
accompanied by decreases in toughness and ductility. 
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Fig. 10.17 


Strain hardening of a material. 
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Fig. 10.18 


Typical creep curve. 


10.7.4 Creep and Relaxation 


We have seen in Chapter | that a given load produces a calculable value of stress in a structural member 
and hence a corresponding value of strain once the full value of the load is transferred to the member. 
However, after this initial or “instantaneous” stress and its corresponding value of strain have been 
attained, a great number of structural materials continue to deform slowly and progressively under load 
over a period of time. This behavior is known as creep. A typical creep curve is shown in Fig. 10.18. 
Some materials, such as plastics and rubber, show creep at room temperatures, but most structural 
materials require high temperatures or long-duration loading at moderate temperatures. In some “soft” 
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metals, such as zinc and lead, creep occurs over a relatively short period of time, whereas materials 
such as concrete may be subject to creep over a period of years. Creep occurs in steel to a slight extent 
at normal temperatures but becomes very important at temperatures above 316°C. 

Closely related to creep is relaxation. Whereas creep involves an increase in strain under constant 
stress, relaxation is the decrease in stress experienced over a period of time by a material subjected to 
a constant strain. 


10.7.5 Fatigue 


Structural members are frequently subjected to repetitive loading over a long period of time. For example, 
the members of a bridge structure suffer variations in loading possibly thousands of times a day as traffic 
moves over the bridge. In these circumstances, a structural member may fracture at a level of stress 
substantially below the ultimate stress for nonrepetitive static loads; this phenomenon is known as 
fatigue. 

Fatigue cracks are most frequently initiated at sections in a structural member where changes in 
geometry, such as holes, notches, or sudden changes in section, cause stress concentrations. Designers 
seek to eliminate such areas by ensuring that rapid changes in section are as smooth as possible. At 
re-entrant corners, for example, fillets are provided, as shown in Fig. 10.19. 

Other factors which affect the failure of a material under repetitive loading are the type of loading 
(fatigue is primarily a problem with repeated tensile stresses due, probably, to the fact that microscopic 
cracks can propagate more easily under tension), temperature, the material, surface finish (machine 
marks are potential crack propagators), corrosion, and residual stresses produced by welding. 

Frequently, in structural members, an alternating stress, Cart, is superimposed on a static or mean 
stress, Omean, as illustrated in Fig. 10.20. The value of oa} is the most important factor in determining the 
number of cycles of load that produce failure. The stress dar that can be withstood for a specified number 
of cycles is called the fatigue strength of the material. Some materials, such as mild steel, possess a stress 
level that can be withstood for an indefinite number of cycles. This stress is known as the endurance limit 
of the material; no such limit has been found for aluminum and its alloys. Fatigue data are frequently 
presented in the form of an S—n curve or stress—endurance curve, as shown in Fig. 10.21. 


Location of stress Provision of fillet 
concentration minimizes stress 
concentration 


Fig. 10.19 


Stress concentration location. 
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Fig. 10.20 


Alternating stress in fatigue loading. 
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Fig. 10.21 


Stress-endurance curves. 





In many practical situations, the amplitude of the alternating stress varies and is frequently random 
in nature. The S-n curve does not, therefore, apply directly and an alternative means of predicting failure 
is required. Miner’s cumulative damage theory suggests that failure occurs when 


ni n2 Ny 

—+—4+---+—=1 10.1 

N No N, ( ) 
where 71,2, ...,n, are the number of applications of stresses ait, Omean, and N1, M2,...,N, are the 


number of cycles to failure of stresses dalt, amean- 
We shall examine fatigue and its effect on aircraft design in much greater detail in Chapter 14. 
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Problems 


P.10.1 Describe a simple tensile test and show, with the aid of sketches, how measures of the ductility of the 
material of the specimen may be obtained. Sketch typical stress-strain curves for mild steel and an aluminum alloy 
showing their important features. 


P.10.2 A bar of metal 25mm in diameter is tested on a length of 250mm. In tension, the results shown in 
Table P.10.2(a) were recorded. 





Table P.10.2(a) 


Load (kN) 10.4 31.2 52.0 72.8 
Extension (mm) 0.036 0.089 0.140 0.191 











A torsion test gave the results shown in Table P.10.2(b). 





Table P.10.2(b) 





Torque (kN m) 0.051 0.152 0.253 0.354 
Angle of twist (degrees) 0.24 0.71 1.175 1.642 








Represent these results in graphical form and hence determine Young’s modulus, E£; the modulus of rigidity, 
G; Poisson’s ratio, v; and the bulk modulus, K, for the metal. 


Ans. E ~205000N/mm2, G ~ 80700N/mm2, v ~ 0.272, K ~ 148500 N/mm. 


P.10.3 The actual stress-strain curve for a particular material is given by o = Ce”, where C is a constant. Assuming 
that the material suffers no change in volume during plastic deformation, derive an expression for the nominal 
stress-strain curve and show that this has a maximum value when £ =n/(1 —n). 

AnS. Onom=Ce"/(1 +6). 


P.10.4 A structural member is to be subjected to a series of cyclic loads which produce different levels of alternating 
stress as shown in Table P.10.4. Determine whether or not a fatigue failure is probable. 


Ans. Not probable (m1 /Nj +n2/N2+---=0.39). 





Table P.10.4 
Number of Cycles 
Loading Number of Cycles to Failure 
1 104 5x 104 
2 108 106 
3 108 24x 107 
4 107 12x107 
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Structural Components 
of Aircraft 


Aircraft are generally built up from the basic components of wings, fuselages, tail units, and control sur- 
faces. There are variations in particular aircraft; for example, a delta wing aircraft would not necessarily 
possess a horizontal tail, although this is present in a canard configuration such as that of the Eurofighter 
(Typhoon). Each component has one or more specific functions and must be designed to ensure that it 
can carry out these functions safely. In this chapter, we shall describe the various loads to which aircraft 
components are subjected, their function and fabrication, and also the design of connections. 





11.1 LOADS ON STRUCTURAL COMPONENTS 


The structure of an aircraft is required to support two distinct classes of load: the first, termed ground 
loads, includes all loads encountered by the aircraft during movement or transportation on the ground 
such as taxiing and landing loads, towing, and hoisting loads, and the second, air loads, comprises 
loads www.trafalgar.com/USA/DisplayTour? TourID=8642&RegionID=4&CountryID= 0&TypeID=0 
&LengthID= 3&BudgetID= 0&TimelID=49&Keywords= &BrochureTypeID=— 1 imposed on the struc- 
ture during flight by maneuvers and gusts. In addition, aircraft designed for a particular role encounter 
loads peculiar to their sphere of operation. Carrier-borne aircraft, for instance, are subjected to catapult 
takeoff and arrested landing loads: most large civil and practically all military aircraft have pressurized 
cabins for high-altitude flying; amphibious aircraft must be capable of landing on water, and aircraft 
designed to fly at high speeds at low altitude, such as the Tornado, require a structure of above-average 
strength to withstand the effects of flight in extremely turbulent air. 

The two classes of loads may be further divided into surface forces which act upon the surface of 
the structure, such as aerodynamic and hydrostatic pressure, and body forces which act over the volume 
of the structure and are produced by gravitational and inertial effects. Calculation of the distribution of 
aerodynamic pressure over the various surfaces of an aircraft’s structure is presented in numerous texts 
on aerodynamics and will therefore not be attempted here. We shall, however, discuss the types of load 
induced by these various effects and their action on the different structural components. 

Basically, all air loads are the results ofthe pressure distribution over the surfaces ofthe skin produced 
by steady flight, maneuver, or gust conditions. Generally, these results cause direct loads, bending, shear, 
and torsion in all parts of the structure in addition to local, normal pressure loads imposed on the skin. 

Conventional aircraft usually consist of fuselage, wings, and tailplane. The fuselage contains crew 
and payload, the latter being passengers, cargo, weapons, plus fuel, depending on the type of aircraft 
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Aircraft weight 
Fig. 11.1 


Principal aerodynamic forces on an aircraft during flight. 








Fig. 11.2 


(a) Pressure distribution around an aerofoil; (b) transference of lift and drag loads to the AC. 





and its function; the wings provide the lift, and the tailplane is the main contributor to directional 
control. In addition, ailerons, elevators, and the rudder enable the pilot to maneuver the aircraft and 
maintain its stability in flight, while wing flaps provide the necessary increase of lift for takeoff and 
landing. Figure 11.1 shows typical aerodynamic force resultants experienced by an aircraft in steady 
flight. 

The force on an aerodynamic surface (wing, vertical or horizontal tail) results from a differential 
pressure distribution caused by incidence, camber, or a combination of both. Such a pressure distribution, 
shown in Fig. 11.2(a), has vertical (lift) and horizontal (drag) resultants acting at a center of pressure 
(CP). (In practice, lift and drag are measured perpendicular and parallel to the flight path, respectively.) 
Clearly, the position of the CP changes as the pressure distribution varies with speed or wing incidence. 
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Fig. 11.3 


Typical lift distribution for a wing/fuselage combination. 





However, there is, conveniently, a point in the aerofoil section about which the moment due to the lift 
and drag forces remains constant. We therefore replace the lift and drag forces acting at the CP by 
lift and drag forces acting at the aerodynamic center (AC) plus a constant moment Mo, as shown in 
Fig. 11.2(b). (Actually, at high Mach numbers the position of the AC changes due to compressibility 
effects.) 

While the chordwise pressure distribution fixes the position of the resultant aerodynamic load in 
the wing cross section, the spanwise distribution locates its position in relation, say, to the wing root. 
A typical distribution for a wing/fuselage combination is shown in Fig. 11.3. Similar distributions occur 
on horizontal and vertical tail surfaces. 

Therefore, we see that wings, tailplane, and the fuselage are each subjected to direct, bending, 
shear, and torsional loads and must be designed to withstand critical combinations of these. Note that 
maneuvers and gusts do not introduce different loads but result only in changes of magnitude and 
position of the type of existing loads shown in Fig. 11.1. Over and above these basic in-flight loads, 
fuselages may be pressurized and thereby support hoop stresses, wings may carry weapons and/or extra 
fuel tanks with resulting additional aerodynamic and body forces contributing to the existing bending, 
shear, and torsion, while the thrust and weight of engines may affect either fuselage or wings depending 
on their relative positions. 

Ground loads encountered in landing and taxiing subject the aircraft to concentrated shock loads 
through the undercarriage system. The majority of aircraft have their main undercarriage located in the 
wings, with a nosewheel or tailwheel in the vertical plane of symmetry. Clearly the position of the main 
undercarriage should be such as to produce minimum loads on the wing structure compatible with the 
stability of the aircraft during ground maneuvers. This may be achieved by locating the undercarriage 
just forward of the flexural axis of the wing and as close to the wing root as possible. In this case, the 
shock landing load produces a given shear, minimum bending plus torsion, with the latter being reduced 
as far as practicable by offsetting the torque caused by the vertical load in the undercarriage leg by a 
torque in an opposite sense due to braking. 

Other loads include engine thrust on the wings or fuselage which acts in the plane of symmetry 
but may, in the case of engine failure, cause severe fuselage bending moments, as shown in Fig. 11.4; 
concentrated shock loads during a catapult launch; and hydrodynamic pressure on the fuselages or floats 
of seaplanes. 
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Fig. 11.4 


Fuselage and wing bending caused by an unsymmetrical engine load. 





In Chapter 12, we shall examine in detail the calculation of ground and air loads for a variety of 
cases. 





11.2 FUNCTION OF STRUCTURAL COMPONENTS 


The basic functions of an aircraft’s structure are to transmit and resist the applied loads, to provide an 
aerodynamic shape, and to protect passengers, payload, systems, and so forth from the environmental 
conditions encountered in flight. These requirements, in most aircraft, result in thin shell structures 
where the outer surface or skin of the shell is usually supported by longitudinal stiffening members 
and transverse frames to enable it to resist bending, compressive, and torsional loads without buckling. 
Such structures are known as semi-monocoque, while thin shells which rely entirely on their skins for 
their capacity to resist loads are referred to as monocoque. 

First, we shall consider wing sections which, while performing the same function, can differ widely 
in their structural complexity, as can be seen by comparing Figs. 11.5 and 11.6. In Fig. 11.5, the wing of 
the small, light passenger aircraft, the De Havilland Canada Twin Otter, comprises a relatively simple 
arrangement of two spars, ribs, stringers, and skin, while the wing of the Harrier in Fig. 11.6 consists of 
numerous spars, ribs, and skin. However, no matter how complex the internal structural arrangement, 
the different components perform the same kind of function. The shape of the cross section is governed 
by aerodynamic considerations and clearly must be maintained for all combinations of load; this is 
one of the functions of the ribs. They also act with the skin in resisting the distributed aerodynamic 
pressure loads; they distribute concentrated loads (e.g., undercarriage and additional wing store loads) 
into the structure and redistribute stress around discontinuities, such as undercarriage wells, inspection 
panels, and fuel tanks, in the wing surface. Ribs increase the column buckling stress of the longitudinal 
stiffeners by providing end restraint and establishing their column length; in a similar manner, they 
increase the plate buckling stress of the skin panels. 

The dimensions of ribs are governed by their spanwise position in the wing and by the loads they are 
required to support. In the outer portions of the wing, where the cross section may be relatively small if 


ae 
11.2 Function of Structural Components 355 


the wing is tapered and the loads are light, ribs act primarily as formers for the aerofoil shape. A light 
structure is sufficient for this purpose, whereas at sections closer to the wing root, where the ribs are 
required to absorb and transmit large, concentrated applied loads, such as those from the undercarriage, 
engine thrust, and fuselage attachment point reactions, a much more rugged construction is necessary. 
Between these two extremes are ribs which support hinge reactions from ailerons, flaps, and other 
control surfaces, plus the many internal loads from fuel, armament, and systems installations. 

The primary function of the wing skin is to form an impermeable surface for supporting the aerody- 
namic pressure distribution from which the lifting capability of the wing is derived. These aerodynamic 
forces are transmitted in turn to the ribs and stringers by the skin through plate and membrane action. 
Resistance to shear and torsional loads is supplied by shear stresses developed in the skin and spar webs, 
while axial and bending loads are reacted by the combined action of skin and stringers. 

Although the thin skin is efficient for resisting shear and tensile loads, it buckles under comparatively 
low compressive loads. Rather than increase the skin thickness and suffer a consequent weight penalty, 
stringers are attached to the skin and ribs, thereby dividing the skin into small panels and increasing the 
buckling and failing stresses. This stabilizing action of the stringers on the skin is, in fact, reciprocated 
to some extent, although the effect normal to the surface of the skin is minimal. Stringers rely chiefly on 
rib attachments for preventing column action in this direction. We have noted in the previous paragraph 
the combined action of stringers and skin in resisting axial and bending loads. 

The role of spar webs in developing shear stresses to resist shear and torsional loads has been 
mentioned previously; they perform a secondary but significant function in stabilizing, with the skin, 
the spar flanges, or caps, which are therefore capable of supporting large compressive loads from axial 
and bending effects. In turn, spar webs exert a stabilizing influence on the skin in a similar manner to 
the stringers. 

While the majority of the preceding remarks have been directed toward wing structures, they apply, 
as can be seen by referring to Figs. 11.5 and 11.6, to all the aerodynamic surfaces, namely, wings, 
horizontal and vertical tails, except in the obvious cases of undercarriage loading, engine thrust, and 
so on. 

Fuselages, while of different shape to the aerodynamic surfaces, comprise members which perform 
similar functions to their counterparts in the wings and tailplane. However, there are differences in the 
generation of the various types of load. Aerodynamic forces on the fuselage skin are relatively low; on the 
other hand, the fuselage supports large, concentrated loads such as wing reactions, tailplane reactions, 
and undercarriage reactions, and it carries payloads of varying size and weight, which may cause large 
inertia forces. Furthermore, aircraft designed for high-altitude flight must withstand internal pressure. 
The shape of the fuselage cross section is determined by operational requirements. For example, the 
most efficient sectional shape for a pressurized fuselage is circular or a combination of circular elements. 
Irrespective of shape, the basic fuselage structure is essentially a single cell thin-walled tube comprising 
skin, transverse frames, and stringers; transverse frames which extend completely across the fuselage are 
known as bulkheads. Three different types of fuselage are shown in Figs. 11.5 to 11.7. In Fig. 11.5, the 
fuselage is unpressurized so that, in the passenger-carrying area, a more rectangular shape is employed 
to maximize the space. The Harrier fuselage in Fig. 11.6 contains the engine, fuel tanks, and so on, so that 
its cross-sectional shape is, to some extent, predetermined, while in Fig. 11.7, the passenger-carrying 
fuselage of the British Aerospace 146 is pressurized and therefore circular in its cross section. 





Fig. 11.5 





De Havilland Canada Twin Otter (courtesy of De Havilland Aircraft of Canada Ltd.). 





Fig. 11.6 





Harrier (courtesy of Pilot Press Ltd.). 
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Fig. 11.7 


British Aerospace 146 (courtesy of British Aerospace). 








11.3 FABRICATION OF STRUCTURAL COMPONENTS 


The introduction of all-metal, stressed skin aircraft resulted in methods and types of fabrication which 
remain in use to the present day. However, improvements in engine performance and advances in 
aerodynamics have led to higher maximum lift, higher speeds, and therefore to higher wing loadings 
so that improved techniques of fabrication are necessary, particularly in the construction of wings. The 
increase in wing loading from about 350 N/m? for 1917-1918 aircraft to around 4800 N/m? for modern 
aircraft, coupled with a drop in the structural percentage of the total weight from 30 to 40 to 22 to 25 
percent, gives some indication of the improvements in materials and structural design. 

For purposes of construction, aircraft are divided into a number of subassemblies. These are built 
in specially designed jigs, possibly in different parts of the factory or even different factories, before 
being forwarded to the final assembly shop. A typical breakdown into subassemblies of a medium-sized 
civil aircraft is shown in Fig. 11.8. Each subassembly relies on numerous minor assemblies such as 
spar webs, ribs, and frames, and these, in turn, are supplied with individual components from the detail 
workshop. 
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Fig. 11.8 


Typical subassembly breakdown. 





Although the wings (and tailsurfaces) of fixed wing aircraft generally consist of spars, ribs, skin, 
and stringers, methods of fabrication and assembly differ. The wing of the aircraft in Fig. 11.5 relies on 
fabrication techniques that have been employed for many years. In this form of construction, the spars 
comprise thin aluminium alloy webs and flanges, the latter being extruded or machined and are bolted 
or riveted to the web. The ribs are formed in three parts from sheet metal by large presses and rubber 
dies and have flanges round their edges so that they can be riveted to the skin and spar webs; cut outs 
around their edges allow the passage of spanwise stringers. Holes are cut in the ribs at positions of low 
stress for lightness and to accommodate control runs, fuel, and electrical systems. 

Finally, the skin is riveted to the rib flanges and longitudinal stiffeners. Where the curvature of the 
skin is large—for example, at the leading edge—the aluminium alloy sheets are passed through “rolls” 
to preform them to the correct shape. A further, aerodynamic requirement is that forward chordwise 
sections of the wing should be as smooth as possible to delay transition from laminar to turbulent 
flow. Thus, countersunk rivets are used in these positions as opposed to dome-headed rivets nearer the 
trailing edge. 

The wing is attached to the fuselage through reinforced fuselage frames, frequently by bolts. In 
some aircraft, the wing spars are continuous through the fuselage depending on the demands of space. 
In a high wing aircraft (Fig. 11.5), deep spars passing through the fuselage would cause obstruction 
problems. In this case, a short third spar provides an additional attachment point. The ideal arrangement 
is obviously where continuity of the structure is maintained over the entire surface of the wing. In 
most practical cases, this is impossible since cut outs in the wing surface are required for retracting 
undercarriages, bomb and gun bays, inspection panels, and so forth. The last are usually located on the 
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Fig. 11.9 


Wing ribs for the European Airbus (courtesy of British Aerospace). 





undersurface of the wing and are fastened to stiffeners and rib flanges by screws, enabling them to resist 
direct and shear loads. Doors covering undercarriage wells and weapon bays are incapable of resisting 
wing stresses so that provision must be made for transferring the loads from skin, flanges, and shear 
webs around the cut out. This may be achieved by inserting strong bulkheads or increasing the spar 
flange areas, although, no matter the method employed, increased cost, and weight result. 

The different structural requirements of aircraft designed for differing operational roles lead to a 
variety of wing constructions. For instance, high-speed aircraft require relatively thin wing sections, 
which support high wing loadings. To withstand the correspondingly high surface pressures and to obtain 
sufficient strength, much thicker skins are necessary. Wing panels are therefore frequently machined 
integrally with stringers from solid slabs of material, as are the wing ribs. Figure 11.9 shows wing 
ribs for the European Airbus in which web stiffeners, flanged lightness holes, and skin attachment lugs 
have been integrally machined from solid. This integral method of construction involves no new design 
principles and has the advantages of combining a high grade of surface finish, free from irregularities, 
with a more efficient use of material, since skin thicknesses are easily tapered to coincide with the 
spanwise decrease in bending stresses. 

An alternative form of construction is the sandwich panel, which comprises a light honeycomb or 
corrugated metal core sandwiched between two outer skins of the stress-bearing sheet (see Fig. 11.10). 
The primary function of the core is to stabilize the outer skins, although it may be stress bearing 
as well. Sandwich panels are capable of developing high stresses, have smooth internal and external 
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Typical flat panel edging methods 














Fig. 11.10 


Sandwich panels (courtesy of Ciba-Geigy Plastics). 


surfaces, and require small numbers of supporting rings or frames. They also possess a high resistance 
to fatigue from jet efflux. The uses of this method of construction include lightweight “planks” for 
cabin furniture, monolithic fairing shells generally having plastic facing skins, and the stiffening of 
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flying control surfaces. Thus, for example, the ailerons and rudder of the British Aerospace Jaguar are 
fabricated from aluminium honeycomb, while fiberglass- and aluminium-faced honeycomb are used 
extensively in the wings and tail surfaces of the Boeing 747. Some problems, mainly disbonding and 
internal corrosion, have been encountered in service. 

The general principles relating to wing construction are applicable to fuselages, with the exception 
that integral construction is not used in fuselages for obvious reasons. Figures 11.5, 11.6, and 11.7 
show that the same basic method of construction is employed in aircraft having widely differing roles. 
Generally, the fuselage frames that support large, concentrated floor loads or loads from wing or tailplane 
attachment points are heavier than lightly loaded frames and require stiffening, with additional provision 
for transmitting the concentrated load into the frame and hence the skin. 

With the frames in position in the fuselage jig, stringers, passing through cutouts, are riveted to the 
frame flanges. Before the skin is riveted to the frames and stringers, other subsidiary frames such as 
door and window frames are riveted or bolted in position. The areas of the fuselage in the regions of 
these cutouts are reinforced by additional stringers, portions of frame, and increased skin thickness, to 
react to the high shear flows and direct stresses developed. 

On completion, the various subassemblies are brought together for final assembly. Fuselage sections 
are usually bolted together through flanges around their peripheries, while wings and the tailplane are 
attached to pick up points on the relevant fuselage frames. Wing spars on low wing civil aircraft usually 
pass completely through the fuselage, simplifying wing design and the method of attachment. On 
smaller, military aircraft, engine installations frequently prevent this so that wing spars are attached 
directly to and terminate at the fuselage frame. Clearly, at these positions frame/stringer/skin structures 
require reinforcement. 





11.4 CONNECTIONS 


The fabrication of aircraft components, generally, involves the joining of one part of the component 
to another. For example, fuselage skins are connected to stringers and frames, whereas wing skins 
are connected to stringers and wing ribs unless, as in some military aircraft with high wing loadings, 
the stringers are machined integrally with the wing skin (see Section 11.3). With the advent of all- 
metal—aluminum alloy—construction, riveted joints became the main form of connection with some 
welding, although aluminum alloys are difficult to weld, and, in the moder era, some glued joints which 
use epoxy resin. In this section, we shall concentrate on the still predominant method of connection: 
riveting. 

In general, riveted joints are stressed in complex ways, and an accurate analysis is very often difficult 
to achieve because of the discontinuities in the region of the joint. Fairly crude assumptions as to joint 
behavior are made, but, when combined with experience, safe designs are produced. 


11.4.1 Simple Lap Joint 


Figure 11.11 shows two plates of thickness ¢ connected together by a single line of rivets; this type of 
joint is termed a lap joint and is one of the simplest used in construction. 
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Fig. 11.11 


Simple riveted lap joint. 





Suppose that the plates carry edge loads of P/unit width that the rivets are of diameter d and are 
spaced at a distance b apart and that the distance from the line of rivets to the edge of each plate is a. 
There are four possible modes of failure which must be considered as follows. 


Rivet Shear 


The rivets may fail by shear across their diameter at the interface of the plates. Then, if the maximum 
shear stress the rivets will withstand is t1, failure will occur when 


nd? 
Ph= T1 (5) 


d2 
P= WaT, 
4b 


which gives 





(11.1) 


Bearing Pressure 


Either the rivet or plate may fail due to bearing pressure. Suppose that pp is this pressure then failure 
will occur when 


Pb 
Jg =P 
so that 
td 
pa (11.2) 


pe 
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Plate Failure in Tension 
The area of plate in tension along the line of rivets is reduced due to the presence of rivet holes. Therefore, 
if the ultimate tensile stress in the plate is oy, failure will occur when 
Pb 
t(b—d) 





= Oult 


from which 


p= outa (11.3) 


Shear Failure in a Plate 


Shearing of the plates may occur on the planes cc resulting in the rivets being dragged out of the plate. 
If the maximum shear stress at failure of the material of the plates is t2, then a failure of this type will 
occur when 





Pb = 2at t2 
which gives 
2at 
Pea e (11.4) 





Example 11.1 

A joint in a fuselage skin is constructed by riveting the abutting skins between two straps as shown in 
Fig. 11.12. The fuselage skins are 2.5 mm thick and the straps are each 1.2 mm thick; the rivets have a 
diameter of 4mm. If the tensile stress in the fuselage skin must not exceed 125 N/mm? and the shear 
stress in the rivets is limited to 120 N/mm?, determine the maximum allowable rivet spacing such that 























the joint is equally strong in shear and tension. = 
1.2mm 
| 2.5 mm 
+ 
skin j S 
4mm diameter 
strap rivets 


Fig. 11.12 
Joint of Example 11.1. 
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A tensile failure in the plate will occur on the reduced plate cross section along the rivet lines. This 
area is given by 


Ap = (6-4) x 2.5mm? 


The failure load/unit width Pr is then given by 





Pgb = (b — 4) x 2.5 x 125 (i) 
The area of cross section of each rivet is 
nm x 42 2 
Ap = 4 = 12.6mm 


Since each rivet is in double shear (i.e., two failure shear planes), the area of cross section in shear is 
2 x 12.6 = 25.2mm? 
Then, the failure load/unit width in shear is given by 
Peb = 25.2 x 120 (ii) 
For failure to occur simultaneously in shear and tension—that is, equating Eqs. (i) and (ii) 
25.2 x 120 = (b — 4) x 2.5 x 12.5 
from which 
b = 13.7mm 


Say, a rivet spacing of 13 mm. 


11.4.2 Joint Efficiency 


The efficiency of a joint or connection is measured by comparing the actual failure load with that which 
would apply if there were no rivet holes in the plate. Then, for the joint shown in Fig. 11.11, the joint 
efficiency ņ is given by 
outt(b—-d)/b_ b-d 
n SS SS 


as 11.5 
Oult Í b ( ) 


11.4.3 Group-Riveted Joints 


Rivets may be grouped on each side of a joint such that the efficiency of the joint is a maximum. Suppose 
that two plates are connected as shown in Fig. 11.13 and that six rivets are required on each side. If it 
is assumed that each rivet is equally loaded, then the single rivet on the line aa will take one-sixth of 
the total load. The two rivets on the line bb will then share two-sixths of the load, while the three rivets 
on the line cc will share three-sixths of the load. On the line bb, the area of cross section of the plate 
is reduced by two rivet holes and that on the line cc by three rivet holes so that, relatively, the joint is 
as strong at these sections as at aa. Therefore, a more efficient joint is obtained than if the rivets were 
arranged in, say, two parallel rows of three. 
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Fig. 11.13 


A group-riveted joint. 





11.4.4 Eccentrically Loaded Riveted Joints 


The bracketed connection shown in Fig. 11.14 carries a load P offset from the centroid of the rivet 
group. The rivet group is then subjected to a shear load P through its centroid and a moment or torque 
Pe about its centroid. 

It is assumed that the shear load P is distributed equally among the rivets, causing a shear force in 
each rivet parallel to the line of action of P. The moment Pe is assumed to produce a shear force S in 
each rivet, where S acts in a direction perpendicular to the line joining a particular rivet to the centroid 
of the rivet group. Furthermore, the value of S is assumed to be proportional to the distance of the rivet 
from the centroid of the rivet group. Then 

Pe= DS Sr 


If S=kr, where k is a constant for all rivets, then 


Pe=k yr’ 


from which k = Pe f > r? 
and 
Pe 


The resultant force on a rivet is then the vector sum of the forces due to P and Pe. 


x $$$ $A $a 


Example 11.2 
The bracket shown in Fig. 11.15 carries an offset load of 5kN. Determine the resultant shear forces in 
the rivets A and B. = 


The vertical shear force on each rivet is 5/6=0.83kN. The moment (Pe) on the rivet group is 
5 x 75 =375kNmm. The distance of rivet A (and B, G, and H) from the centroid C of the rivet group is 
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Fig. 11.14 
Eccentrically loaded joint. 
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Fig. 11.15 





Joint of Example 11.2. 
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Rivet B 


0.83 kN 





(a) (b) 
Fig. 11.16 


Force diagrams for rivets of Example 11.2. 





given by 
r = (202 +252) !/2 = (1025)!/? = 32.02mm 
The distance of D (and F) from C is 20 mm. Therefore, 


> 2 = 2 x 400 +4 x 1025 = 4900 


From Eq. (11.6) the shear forces on rivets A and B due to the moment are 


S= ele x 32.02 = 2.45kN 
4900 


On rivet A, the force system due to P and Pe is shown in Fig. 11.16(a), while that on B is shown in 
Fig. 11.16(b). 

The resultant forces may then be calculated using the rules of vector addition or determined 
graphically using the parallelogram of forces [Ref. 1]. 

The design of riveted connections is carried out in the actual design of the rear fuselage of a 
single-engined trainer/semiaerobatic aircraft in the Appendix of the 2005 book. 


11.4.5 Use of Adhesives 


In addition to riveted connections, adhesives have been used and are still being used in aircraft con- 
struction, although, generally, they are employed in areas of low stress since their application is still 
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a matter of research. Of these adhesives, epoxy resins are the most frequently used since they have 
the advantages over, say, polyester resins, of good adhesive properties, low shrinkage during cure so 
that residual stresses are reduced, good mechanical properties, and thermal stability. The modulus and 
ultimate strength of epoxy resin are, typically, 5000 and 100N/mm?. Epoxy resins are now found 
extensively as the matrix component in fibrous composites. 





Reference 
[1] Megson, T.H.G., Structural and Stress Analysis, 2nd edition, Elsevier, 2005. 


Problems 


P.11.1 Examine possible uses of new materials in future aircraft manufacture. 


P.11.2 Describe the main features of a stressed skin structure. Discuss the structural functions of the various 
components with particular reference either to the fuselage or to the wing of a medium-sized transport aircraft. 


P.11.3 The double-riveted butt joint shown in Fig. P.11.3 connects two plates which are each 2.5 mm thick, and 
the rivets have a diameter of 3mm. If the failure strength of the rivets in shear is 370N/mm7 and the ultimate 
tensile strength of the plate is 465 N/mm7, determine the necessary rivet pitch if the joint is to be designed so that 
failure due to shear in the rivets and failure due to tension in the plate occur simultaneously. Calculate also the joint 
efficiency. 
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Fig. P.11.3 


Ans. Rivet pitch is 12mm, joint efficiency is 75 percent. 


P.11.4 The rivet group shown in Fig. P.11.4 connects two narrow lengths of plate, one of which carries a 15kN load 
positioned as shown. If the ultimate shear strength of a rivet is 350 N/mm? and its failure strength in compression 
is 600N/mm_2, determine the minimum allowable values of rivet diameter and plate thickness. 
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Fig. P.11.4 


Ans. Rivet diameter is 4.0mm, plate thickness is 1.83 mm. 
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Airworthiness 


The airworthiness of an aircraft is concerned with the standards of safety incorporated in all aspects 
of its construction. These range from structural strength to the provision of certain safeguards in the 
event of crash landings, and include design requirements relating to aerodynamics, performance, and 
electrical and hydraulic systems. The selection of minimum standards of safety is largely the concern 
of “national and international” airworthiness authorities who prepare handbooks of official require- 
ments. The handbooks include operational requirements, minimum safety requirements, recommended 
practices and design data, and so on. 

In this chapter, we shall concentrate on the structural aspects of airworthiness which depend, chiefly, 
on the strength and stiffness of the aircraft. Stiffness problems may be conveniently grouped under the 
heading aeroelasticity. Strength problems arise, as we have seen, from ground and air loads, and their 
magnitudes depend on the selection of maneuvering and other conditions applicable to the operational 
requirements of a particular aircraft. 





12.1 FACTORS OF SAFETY-FLIGHT ENVELOPE 


The control of weight in aircraft design is of extreme importance. Increases in weight require stronger 
structures to support them, which in turn lead to further increases in weight and so on. Excesses of 
structural weight mean lesser amounts of payload, thereby affecting the economic viability of the air- 
craft. The aircraft designer is therefore constantly seeking to pare his aircraft’s weight to the minimum 
compatible with safety. However, to ensure general minimum standards of strength and safety, airwor- 
thiness regulations lay down several factors which the primary structure of the aircraft must satisfy. 
These are the limit load, which is the maximum load that the aircraft is expected to experience in 
normal operation; the proof load, which is the product of the limit load and the proof factor (1.0—1.25); 
and the ultimate load, which is the product of the limit load and the ultimate factor (usually 1.5). The 
aircraft’s structure must withstand the proof load without detrimental distortion and should not fail 
until the ultimate load has been achieved. The proof and ultimate factors may be regarded as factors of 
safety and provide for various contingencies and uncertainties, which are discussed in greater detail in 
Section 12.2. 

The basic strength and flight performance limits for a particular aircraft are selected by the 
airworthiness authorities and are contained in the flight envelope or V—n diagram shown in Fig. 12.1. 


Copyright © 2010, T. H. G. Megson. Published by Elsevier Ltd. All rights reserved. 
DOI: 10.1016/B978-1-85617-932-4.00012-9 3 7 3 
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Fig. 12.1 
Flight envelope. 





The curves OA and OF correspond to the stalled condition of the aircraft and are obtained from the 
well-known aerodynamic relationship 


Lift = nW = 4p V° SCL,max 


Therefore, for speeds below Va (positive wing incidence) and Vp (negative incidence), the maximum 
loads which can be applied to the aircraft are governed by Cymax. AS the speed increases, it is pos- 
sible to apply the positive and negative limit loads, corresponding to n; and 3, without stalling the 
aircraft so that AC and FE represent maximum operational load factors for the aircraft. Above the 
design cruising speed Vc, the cut-off lines CD; and D2E relieve the design cases to be covered since 
it is not expected that the limit loads will be applied at maximum speed. Values of 11, 12, and n3 
are specified by the airworthiness authorities for particular aircraft; typical load factors are shown in 
Table 12.1. 

A particular flight envelope is applicable to one altitude only because CL max is generally reduced 
with an increase of altitude, and the speed of sound decreases with altitude, thereby reducing the critical 
Mach number and hence the design diving speed Vp. Flight envelopes are therefore drawn for a range 
of altitudes from sea level to the operational ceiling of the aircraft. 
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Table 12.1 
Category 
Load Factor n Normal Semiaerobatic Aerobatic 
nı 2.1+ 24000/(W + 10000) 4.5 6.0 
n2 0.75n, but nx 2.0 3.1 4.5 
n3 1.0 1.8 3.0 





12.2 LOAD FACTOR DETERMINATION 


Several problems require solutions before values for the various load factors in the flight envelope 
can be determined. The limit load, for example, may be produced by a specified maneuver or by an 
encounter with a particularly severe gust (gust cases and the associated gust envelope are discussed in 
Section 13.4. Clearly, some knowledge of possible gust conditions is required to determine the limiting 
case. Furthermore, the fixing of the proofand ultimate factors also depend on the degree of uncertainty of 
design, variations in structural strength, structural deterioration, and so forth. We shall now investigate 
some of these problems to see their comparative influence on load factor values. 


12.2.1 Limit Load 


An aircraft is subjected to a variety of loads during its operational life, the main classes of which are as 
follows: maneuver loads, gust loads, undercarriage loads, cabin pressure loads, buffeting, and induced 
vibrations. Of these, maneuver, undercarriage, and cabin pressure loads are determined with reasonable 
simplicity since maneuver loads are controlled design cases, undercarriages are designed for given 
maximum descent rates, and cabin pressures are specified. The remaining loads depend to a large extent 
on the atmospheric conditions encountered during flight. Therefore, estimates of the magnitudes of such 
loads are only possible if in-flight data on these loads are available. 

Obviously, it requires a great number of hours of flying if the experimental data are to include 
possible extremes of atmospheric conditions. In practice, the amount of data required to establish the 
probable period of flight time before an aircraft encounters, say, a gust load of a given severity is a great 
deal more than that available. Therefore, it becomes a problem in statistics to extrapolate the available 
data and calculate the probability of an aircraft being subjected to its proof or ultimate load during its 
operational life. The aim would be for a zero or negligible rate of occurrence of its ultimate load and 
an extremely low rate of occurrence of its proof load. Having decided on an ultimate load, then the 
limit load may be fixed as defined in Section 12.1, although the value of the ultimate factor includes, 
as we have already noted, allowances for uncertainties in design, variation in structural strength, and 
structural deterioration. 


12.2.2 Uncertainties in Design and Structural Deterioration 


Neither of these presents serious problems in modern aircraft construction and therefore do not require 
large factors of safety to minimize their effects. Modern methods of aircraft structural analysis are 
refined, and, in any case, tests to determine actual failure loads are carried out on representative full-scale 
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components to verify design estimates. The problem of structural deterioration due to corrosion and wear 
may be largely eliminated by close inspection during service and the application of suitable protective 
treatments. 


12.2.3 Variation in Structural Strength 


To minimize the effect of the variation in structural strength between two apparently identical com- 
ponents, strict controls are employed in the manufacture of materials and in the fabrication of the 
structure. Material control involves the observance of strict limits in chemical composition and close 
supervision of manufacturing methods such as machining, heat treatment, rolling, and so on. In addition, 
the inspection of samples by visual, radiographic, and other means, and the carrying out of strength 
tests on specimens enable below-limit batches to be isolated and rejected. Thus, if a sample of a batch 
of material falls below a specified minimum strength, then the batch is rejected. This means, of course, 
that an actual structure always comprises materials with properties equal to or better than those assumed 
for design purposes, an added but unallowed for “bonus” in considering factors of safety. 

Similar precautions are applied to assembled structures with regard to dimension tolerances, quality 
of assembly, welding, and so on. Again, visual and other inspection methods are employed and, in 
certain cases, strength tests are carried out on sample structures. 


12.2.4 Fatigue 


Although adequate precautions are taken to ensure that an aircraft’s structure possesses sufficient strength 
to withstand the most severe expected gust or maneuver load, there still remains the problem of fatigue. 
Practically, all components of the aircraft’s structure are subjected to fluctuating loads which occur a 
great many times during the life of the aircraft. It has been known for many years that materials fail 
under fluctuating loads at much lower values of stress than their normal static failure stress. A graph 
of failure stress against number of repetitions of this stress has the typical form shown in Fig. 12.2. 


Failure stress 


No. of repetitions 
Fig. 12.2 





Typical form of S—N diagram. 
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For some materials, such as mild steel, the curve (usually known as an S—N curve or diagram) is asymp- 
totic to a certain minimum value, which means that the material has an actual infinite-life stress. Curves 
for other materials, for example, aluminium and its alloys, do not always appear to have asymptotic 
values so that these materials may not possess an infinite-life stress. We shall discuss the implications 
of this a little later. 

Prior to the mid-1940s, little attention had been paid to fatigue considerations in the design of aircraft 
structures. It was felt that sufficient static strength would eliminate the possibility of fatigue failure. 
However, evidence began to accumulate that several aircraft crashes had been caused by fatigue failure. 
The seriousness of the situation was highlighted in the early 1950s by catastrophic fatigue failures 
of two Comet airliners. These were caused by the once-per-flight cabin pressurization cycle which 
produced circumferential and longitudinal stresses in the fuselage skin. Although these stresses were 
well below the allowable stresses for single cycle loading, stress concentrations occurred at the corners 
of the windows and around rivets which raised local stresses considerably above the general stress level. 
Repeated cycles of pressurization produced fatigue cracks which propagated disastrously, causing an 
explosion of the fuselage at high altitude. 

Several factors contributed to the emergence of fatigue as a major factor in design. For example, 
aircraft speeds and sizes increased, calling for higher wing and other loadings. Consequently, the effect 
of turbulence was magnified and the magnitudes of the fluctuating loads became larger. In civil aviation, 
airliners had a greater utilization and a longer operational life. The new “zinc-rich” alloys, used for their 
high static strength properties, did not show a proportional improvement in fatigue strength, exhibited 
high crack propagation rates and were extremely notch sensitive. 

Despite the fact that the causes of fatigue were reasonably clear at that time, its elimination as a 
threat to aircraft safety was a different matter. The fatigue problem has two major facets: the prediction 
of the fatigue strength of a structure and a knowledge of the loads causing fatigue. Information was 
lacking on both counts. The Royal Aircraft Establishment (RAE) and the aircraft industry, therefore, 
embarked on an extensive test program to determine the behavior of complete components, joints, and 
other detail parts under fluctuating loads. These included fatigue testing by the RAE of some 50 Meteor 
4 tailplanes at a range of temperatures, plus research, also by the RAE, into the fatigue behavior of joints 
and connections. Further work was undertaken by some universities and by the industry itself into the 
effects of stress concentrations. 

In conjunction with their fatigue strength testing, the RAE initiated research to develop a suitable 
instrument for counting and recording gust loads over long periods of time. Such an instrument was 
developed by J. Taylor in 1950 and was designed so that the response fell off rapidly above 10 Hz. 
Crossings of g thresholds from 0.2 to 1.8 g at 0.1 g intervals were recorded (note that steady level flight 
is 1 g flight) during experimental flying at the RAE on three different aircraft over 28 000 km, and the best 
techniques for extracting information from the data established. Civil airlines cooperated by carrying 
the instruments on their regular air services for a number of years. Eight different types of aircraft were 
equipped so that by 1961 records had been obtained for regions including Europe, the Atlantic, Africa, 
India, and the Far East, representing 19000 hours and 8 million km of flying. 

Atmospheric turbulence and the cabin pressurization cycle are only two of the many fluctuating 
loads which cause fatigue damage in aircraft. On the ground, the wing is supported on the undercarriage 
and experiences tensile stresses in its upper surfaces and compressive stresses in its lower surfaces. In 
flight, these stresses are reversed as aerodynamic lift supports the wing. Also, the impact of landing and 
ground maneuvering on imperfect surfaces cause stress fluctuations while, during landing and take-off, 
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flaps are lowered and raised, producing additional load cycles in the flap support structure. Engine 
pylons are subjected to fatigue loading from thrust variations in take-off and landing and also to inertia 
loads produced by lateral gusts on the complete aircraft. 

A more detailed investigation of fatigue and its associated problems is presented in Chapter 14, 


while a fuller discussion of airworthiness as applied to civil jet aircraft is presented in Jenkinson et al. 
[Ref. 1]. 


Reference 
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Airframe Loads 


In Chapter 11, we discussed in general terms the types of load to which aircraft are subjected during 
their operational life. We shall now examine in more detail the loads which are produced by various 
maneuvers and the manner in which they are calculated. 





13.1 AIRCRAFT INERTIA LOADS 


The maximum loads on the components of an aircraft’s structure generally occur when the aircraft is 
undergoing some form of acceleration or deceleration, such as in landings, take-offs, and maneuvers 
within the flight and gust envelopes. Thus, before a structural component can be designed, the inertia 
loads corresponding to these accelerations and decelerations must be calculated. For these purposes, we 
shall suppose that an aircraft is a rigid body and represent it by a rigid mass, m, as shown in Fig. 13.1. 
We shall also, at this stage, consider motion in the plane of the mass which would correspond to pitching 
of the aircraft without roll or yaw. We shall also suppose that the center of gravity (CG) of the mass has 
coordinates x, y referred to x and y axes having an arbitrary origin O; the mass is rotating about an axis 
through O perpendicular to the xy plane with a constant angular velocity w. 

The acceleration of any point, a distance r from O, is wr and is directed toward O. Thus, the 
inertia force acting on the element, 5m, is w*rém in a direction opposite to the acceleration, as shown 
in Fig. 13.1. The components of this inertia force, parallel to the x and y axes, are w*r5mcos6 and 
wrdmsind, respectively, or, in terms of x and y, w*xdm and wydm. The resultant inertia forces, Fy 


and F’,, are then given by 
FY. = [exam = a? f xam 


Fy= | oyam =o? [yam 


in which we note that the angular velocity w is constant and may therefore be taken outside the integral 
sign. In the above expressions, {x dm and { ydm are the moments of the mass, m, about the y and x 
axes, respectively, so that 


F; = a° xm (13.1) 


Copyright © 2010, T. H. G. Megson. Published by Elsevier Ltd. All rights reserved. 
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Fig. 13.1 


Inertia forces on a rigid mass having a constant angular velocity. 








Fig. 13.2 


Inertia forces on a rigid mass subjected to an angular acceleration. 





and 


Fy =o°ym (13.2) 


If the CG lies on the x axis, y=0 and Fy, =0. Similarly, if the CG lies on the y axis, F; =0. Clearly, if 
O coincides with the CG, x =y=0 and Fy =Fy=0. 

Suppose now that the rigid body is subjected to an angular acceleration (or deceleration) œ in addition 
to the constant angular velocity, w, as shown in Fig. 13.2. An additional inertia force, adm, acts on the 
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element ôm in a direction perpendicular to r and in the opposite sense to the angular acceleration. This 
inertia force has components arédmcosé and ardmsin6, i.e. axdm and ayém, in the y and x directions, 
respectively. Thus, the resultant inertia forces, Fy and Fy, are given by 


Fy= f aydm=a | yam 
Fy=— [exam =—a f xam 


for a in the direction shown. Then, as before 


and 


F, = ym (13.3) 
and 
Fy =axm (13.4) 


Also, if the CG lies on the x axis, y=0 and F,,=0. Similarly, if the CG lies on the y axis, x =0 and 
Fy=0. 

The torque about the axis of rotation produced by the inertia force corresponding to the angular 
acceleration on the element ôm is given by 


ôTo = ar?5m 


To = | ar?am =e [ dm 


The integral term in this expression is the moment of inertia, Jo, of the mass about the axis of rotation. 
Thus, 


Thus, for the complete mass 


Tools (13.5) 


Equation (13.5) may be rewritten in terms of Jcg, the moment of inertia of the mass about an axis 
perpendicular to the plane of the mass through the CG. Hence, using the parallel axes theorem 


Io = mF}? + Ica 
where 7 is the distance between O and the CG. Then 
Io = m[(&)* + G7] + Ice 
and 


To = mE) + la + Ico (13.6) 
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E 
Example 13.1 

An aircraft having a total weight of 45 kN lands on the deck of an aircraft carrier and is brought to rest 
by means of a cable engaged by an arrester hook, as shown in Fig. 13.3. If the deceleration induced 
by the cable is 3 g, determine the tension, T, in the cable, the load on an undercarriage strut, and the 
shear and axial loads in the fuselage at the section AA; the weight of the aircraft aft of AA is 4.5kN. 
Calculate also the length of deck covered by the aircraft before it is brought to rest if the touch-down 
speed is 25 m/s. = 


The aircraft is subjected to a horizontal inertia force ma, where m is the mass of the aircraft and a 
its deceleration. Thus, resolving forces horizontally 


T cos 10° — ma = 0 

that is, 

T cos 10° — Bye 

& 
which gives 
T = 137.1kN 

Now, resolving forces vertically 

R-—W-—Tsin10° =0 
that is, 

R=45+4+131.1sin 10° = 68.8kN 


Assuming two undercarriage struts, the load in each strut will be (R/2)/cos 20° =36.6kN. 





Wheel 
reaction R hook 


Arrester 


Fig. 13.3 


Forces on the aircraft of Example 13.1. 
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Let N and S be the axial and shear loads at the section AA, as shown in Fig. 13.4. The inertia load 
acting at the CG of the fuselage aft of AA is m,a, where m is the mass of the fuselage aft of AA. Then, 


4.5 
ma = — 3g = 13.5kKN 
& 


Resolving forces parallel to the axis of the fuselage 
N—T+myacos 10° — 4.5sin10° = 0 
that is, 
N — 137.1 + 13.5c0s10° — 4.5 sin 10° = 0 
from which 
N = 124.6kN 

Now resolving forces perpendicular to the axis of the fuselage 

S — myasin 10° — 4.5cos 10° =0 
that is, 

S— 13.5sin 10° — 4.5cos 10° =0 
so that 

S = 6.8kN 


Note that, in addition to the axial load and shear load at the section AA, there will also be a bending 
moment. 
Finally, from elementary dynamics 


v= v3 +2as 





4.5 kN 


Fig. 13.4 


Shear and axial loads at the section AA of the aircraft of Example 13.1. 
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where vo is the touchdown speed, v is the final speed (= 0), and s is the length of deck covered. Then, 
VG = —2as 
that is, 
25? = —2(-3 x 9.81)s 
which gives 


s = 10.6m 


E 
Example 13.2 

An aircraft having a weight of 250 kN and a tricycle undercarriage lands at a vertical velocity of 3.7 m/s, 
such that the vertical and horizontal reactions on the main wheels are 1200 kN and 400 KN, respectively; 
at this instant, the nose wheel is 1.0m from the ground, as shown in Fig. 13.5. If the moment of inertia 
of the aircraft about its CG is 5.65 x 108 Ns* mm, determine the inertia forces on the aircraft, the time 
taken for its vertical velocity to become zero, and its angular velocity at this instant. E 


The horizontal and vertical inertia forces may and ma, act at the CG, as shown in Fig. 13.5, m is the 
mass of the aircraft and a, and ay its accelerations in the horizontal and vertical directions, respectively. 
Then, resolving forces horizontally 


ma, — 400 = 0 
from which 

ma, = 400kN 
Now resolving forces vertically 


may + 250 — 1200 = 0 









Nose wheel ma, 


1b 


1.0m 


2.5m 


1200 kN 
5.0m 1.0m 
Fig. 13.5 


Geometry of the aircraft of Example 13.2. 
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which gives 


may = 9SO0KN 
Then 
y= = sa = 388 (1) 

Now taking moments about the CG 

Icga — 1200 x 1.0 — 400 x 2.5 =0 (ii) 
from which 

Icqa = 2200mkN 

Hence, 


_ Icga _ 2200 x 10° 


a AOE eee Se ie ii 
* = Ieg 5.65 x108 tads oo 


From Eq. (i), the aircraft has a vertical deceleration of 3.8g from an initial vertical velocity of 
3.7m/s. Therefore, from elementary dynamics, the time, f, taken for the vertical velocity to become 
zero is given by 


v= vo + ayt (iv) 
in which v=0 and vp =3.7 m/s. Hence, 
0 =3.7— 3.8 x 9.81t 
from which 
t = 0.099s 
In a similar manner to Eq. (iv), the angular velocity of the aircraft after 0.099 s is given by 
w = wo + Qt 


in which wo =0 and a =3.9rad/s?. Hence, 


w = 3.9 x 0.099 
that is, 


@ = 0.39rad/s 
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13.2 SYMMETRIC MANEUVER LOADS 


We shall now consider the calculation of aircraft loads corresponding to the flight conditions specified 
by flight envelopes. There are, in fact, an infinite number of flight conditions within the boundary 
of the flight envelope although, structurally, those represented by the boundary are the most severe. 
Furthermore, it is usually found that the corners A, C, D1, D2, E, and F (see Fig. 12.1) are more 
critical than points on the boundary between the corners so that, in practice, only the six conditions 
corresponding to these corner points need to be investigated for each flight envelope. 

In symmetric maneuvers, we consider the motion of the aircraft initiated by movement of the control 
surfaces in the plane of symmetry. Examples of such maneuvers are loops, straight pull-outs, and bunts, 
and the calculations involve the determination of lift, drag, and tailplane loads at given flight speeds 
and altitudes. The effects of atmospheric turbulence and gusts are discussed in Section 13.4. 


13.2.1 Level Flight 


Although steady level flight is not a maneuver in the strict sense of the word, it is a useful condition to 
investigate initially since it establishes points of load application and gives some idea of the equilibrium 
of an aircraft in the longitudinal plane. The loads acting on an aircraft in steady flight are shown in 
Fig. 13.6, with the following notation: 


L is the lift acting at the aerodynamic center of the wing. 

D is the aircraft drag. 

Mo is the aerodynamic pitching moment of the aircraft less its horizontal tail. 

P is the horizontal tail load acting at the aerodynamic center of the tail, usually taken to be at 
approximately one-third of the tailplane chord. 

W is the aircraft weight acting at its CG. 

T is the engine thrust, assumed here to act parallel to the direction of flight in order to simplify 
calculation. 








Aerodynamic Ww 
center 


Fig. 13.6 


Aircraft loads in level flight. 
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The loads are in static equilibrium since the aircraft is in a steady, unaccelerated, level flight condition. 
Thus, for vertical equilibrium 


L+P-W=0 (13.7) 
for horizontal equilibrium 
T-D=0 (13.8) 
and taking moments about the aircraft’s CG in the plane of symmetry 
La — Db — Tc — Mọ — PI = 0 (13.9) 


For a given aircraft weight, speed, and altitude, Eqs. (13.7, 13.8, and 13.9) may be solved for the 
unknown lift, drag, and tail loads. However, other parameters in these equations, such as Mo, depend 
upon the wing incidence œ, which in turn is a function of the required wing lift so that, in practice, a 
method of successive approximation is found to be the most convenient means of solution. 

As a first approximation, we assume that the tail load P is small compared with the wing lift L so 
that, from Eq. (13.7), Læ W. From aerodynamic theory with the usual notation, 


1 2 
L==pV’SC, 
2 
Hence, 
1 
50V SCL xW (13.10) 


Equation (13.10) gives the approximate lift coefficient Cr and thus (from C —a@ curves established by 
wind tunnel tests) the wing incidence «œ. The drag load D follows (knowing V and œ) and hence we 
obtain the required engine thrust T from Eq. (13.8). Also, Mo, a, b, c, and / may be calculated (again, 
since V and œ are known) and Eq. (13.9) solved for P. As a second approximation, this value of P is 
substituted in Eq. (13.7) to obtain a more accurate value for L, and the procedure is repeated. Usually 
three approximations are sufficient to produce reasonably accurate values. 
In most cases, P, D, and T are small compared with the lift and aircraft weight. Therefore, from 
Eq. (13.7) L~ W, and substitution in Eq. (13.9) gives, neglecting D and T 
A e al (13.11) 
l l 
We see from Eq. (13.11) that if a is large, then P will most likely be positive. In other words, the tail 
load acts upward when the CG of the aircraft is far aft. When a is small or negative—in other words, a 
forward CG—then P will probably be negative and act downward. 


13.2.2 General Case of a Symmetric Maneuver 


In a rapid pull-out from a dive a downward load is applied to the tailplane, causing the aircraft to pitch 
nose upward. The downward load is achieved by a backward movement of the control column, thereby 
applying negative incidence to the elevators, or horizontal tail if the latter is all-moving. If the maneuver 
is carried out rapidly, the forward speed of the aircraft remains practically constant so that increases 
in lift and drag result from the increase in wing incidence only. Since the lift is now greater than that 
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required to balance the aircraft weight, the aircraft experiences an upward acceleration normal to its 
flight path. This normal acceleration combined with the aircraft’s speed in the dive results in the curved 
flight path shown in Fig. 13.7. As the drag load builds up with an increase of incidence, the forward 
speed of the aircraft falls since the thrust is assumed to remain constant during the maneuver. It is usual, 
as we observed in the discussion of the flight envelope, to describe the maneuvers of an aircraft in 
terms of a maneuvering load factor n. For steady level flight »=1, giving | g flight, although in fact 
the acceleration is zero. What is implied in this method of description is that the inertia force on the 
aircraft in the level flight condition is 1.0 times its weight. It follows that the vertical inertia force on an 
aircraft carrying out an ng maneuver is nW. We may, therefore, replace the dynamic conditions of the 
accelerated motion by an equivalent set of static conditions in which the applied loads are in equilibrium 
with the inertia forces. Thus, in Fig. 13.7, n is the maneuver load factor, while f is a similar factor giving 
the horizontal inertia force. Note that the actual normal acceleration in this particular case is (n — 1)g. 

For vertical equilibrium of the aircraft, we have, referring to Fig. 13.7 where the aircraft is shown 
at the lowest point of the pull-out 


L+P+4+Tsiny —nW =0 (13.12) 
For horizontal equilibrium, 
Tcosy+fW—-—D=0 (13.13) 
and for pitching moment equilibrium about the aircraft’s CG, 
La — Db — Tc — Mọ — PI = 0 (13.14) 


Equation (13.14) contains no terms representing the effect of pitching acceleration of the aircraft; this 
is assumed to be negligible at this stage. 

Again, the method of successive approximation is found to be most convenient for the solution of 
Eqs. (13.12, 13.13, and 13.14). There is, however, a difference to the procedure described for the steady 


P 








Fig. 13.7 


Aircraft loads in a pull-out from a dive. 
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level flight case. The engine thrust T is no longer directly related to the drag D, as the latter changes 
during the maneuver. Generally, the thrust is regarded as remaining constant and equal to the value 
appropriate to conditions before the maneuver began. 


Se 
Example 13.3 

The curves Cp, a, and Cy,ca for a light aircraft are shown in Fig. 13.8(a). The aircraft weight is 8000N, 
its wing area 14.5 mĉ, and its mean chord 1.35 m. Determine the lift, drag, tail load, and forward inertia 
force for a symmetric maneuver corresponding to n=4.5 and a speed of 60m/s. Assume that engine- 
off conditions apply and that the air density is 1.223 kg/m>. Figure 13.8(b) shows the relevant aircraft 
dimensions. = 


o 
Co a” Cmce 


0.20 20 0.10 








Cu,ce 
015 15 0.075 
0.10 10 0.05 3 Co 
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ling O-——_Tuselage d Sat) ep of T/P 
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(b) 


Fig. 13.8 





(a) Cp, a, Cu,cq — CL curves for Example 13.3; (b) geometry of Example 13.3. 
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As a first approximation, we neglect the tail load P. Therefore, from Eq. (13.12), since T=0, we 
have 


Lx~nw (i) 


Hence 





i ae 4.5 x 8000 
© Toys 1x 1.223 x 602 x 14.5 
From Fig. 13.8(a), a= 13.75° and Cu,cg = 0.075. The tail arm /, from Fig. 13.8(b), is 


= 1.113 


1 = 4.18cos(w — 2) +0.31 sin(a —2) (ii) 


Substituting the above value of a gives / = 4.123 m. In Eq. (13.14) the terms La — Db — Mo are equivalent 
to the aircraft pitching moment Mcg about its CG. Equation (13.14) may therefore be written 


Mcco — P!=0 
or 
1 
Pl= 5 eV *ScCu.cc (iii) 
where c= wing mean chord. Substituting P from Eq. (iii) into Eq. (13.12) we have 
L772 
5 pV *ScC 
+ ay 
or dividing through by 4pV7S 
c nW 
CL+=C me i 
ET 7 MCG TVs (iv) 


We now obtain a more accurate value for Cy, from Eq. (iv) 


c,=1113— 22> x 0,075 = 1.088 
= 1. — — Xv. = l. 
p 4.123 


giving a = 13.3° and Cm,ca =0.073. Substituting this value of œ into Eq. (ii) gives a second approxi- 
mation for /, namely /=4.161m. 

Equation (iv) now gives a third approximation for CL: CL = 1.099. Since the three calculated values 
of Cy are all extremely close, further approximations will not give values of Cr very much different 
from those above. Therefore, we shall take Cy = 1.099. From Fig. 13.8(a), Cp =0.0875. 

The values of lift, tail load, drag, and forward inertia force then follow: 


1 1 
Lit L = se SCL =5% 1.223 x 60% x 14.5 x 1.099 = 35000N 
Tail load P = nW — L = 4.5 x 8000 — 35000 = 1000N 
1 1 
Drag D = 5 pV*SCp = ae 1.223 x 607 x 14.5 x 0.0875 = 2790N 


Forward inertia force fW = D (From Eq. (13.13)) = 2790N 
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13.3 NORMAL ACCELERATIONS ASSOCIATED WITH VARIOUS 
TYPES OF MANEUVER 


In Section 13.2, we determined aircraft loads corresponding to a given maneuver load factor n. Clearly, 
it is necessary to relate this load factor to given types of maneuver. Two cases arise: the first, involving 
a steady pull-out from a dive and the second, a correctly banked turn. Although the latter is not a 
symmetric maneuver in the strict sense of the word, it gives rise to normal accelerations in the plane of 
symmetry and is therefore included. 


13.3.1 Steady Pull-Out 


Let us suppose that the aircraft has just begun its pull-out from a dive so that it is describing a curved 
flight path but is not yet at its lowest point. The loads acting on the aircraft at this stage of the maneuver 
are shown in Fig. 13.9, where R is the radius of curvature of the flight path. In this case, the lift vector 
must equilibrate the normal (to the flight path) component of the aircraft weight and provide the force 
producing the centripetal acceleration V/R of the aircraft toward the center of curvature of the flight 
path. Thus, 


wv 
L = — + W cos0 
gR 


ve 


R Centripetal acceleration D 





Fig. 13.9 


Aircraft loads and acceleration during a steady pull-out. 
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or, since L=nW (see Section 13.2) 


y2 
n = — + cos (13.15) 
gR 
At the lowest point of the pull-out, 0 =0, and 
y2 
= — +1 13.16 
n ZR + ( ) 


We see from either Eq. (13.15) or Eq. (13.16) that the smaller the radius of the flight path, that is the 
more severe the pull-out, the greater the value of n. It is quite possible, therefore, for a severe pull-out 
to overstress the aircraft by subjecting it to loads which lie outside the flight envelope and which may 
even exceed the proof or ultimate loads. In practice, the control surface movement may be limited by 
stops incorporated in the control circuit. These stops usually operate only above a certain speed, giving 
the aircraft adequate maneuverability at lower speeds. For hydraulically operated controls, “artificial 
feel” is built in to the system whereby the stick force increases progressively as the speed increases—a 
necessary precaution in this type of system since the pilot is merely opening and closing valves in the 
control circuit and therefore receives no direct physical indication of control surface forces. 

Alternatively, at low speeds, a severe pull-out or pull-up may stall the aircraft. Again safety pre- 
cautions are usually incorporated in the form of stall warning devices, since, for modern high-speed 
aircraft, a stall can be disastrous, particularly at low altitudes. 


13.3.2 Correctly Banked Turn 


In this maneuver, the aircraft flies in a horizontal turn with no sideslip at constant speed. If the radius of 
the turn is R and the angle of bank ¢, then the forces acting on the aircraft are those shown in Fig. 13.10. 
The horizontal component of the lift vector in this case provides the force necessary to produce the 
centripetal acceleration of the aircraft toward the center of the turn. Then 


wv? 
Lsing = —— (13.17) 
gR 






2 
Centripetai acceleration + = 


Fig. 13.10 


Correctly banked turn. 
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and for vertical equilibrium 

Lcoos¢ =W (13.18) 
or 

L = W seco (13.19) 


From Eq. (13.19), we see that the load factor n in the turn is given by 


n = sec h (13.20) 
Also, dividing Eq. (13.17) by Eq. (13.18) 
y2 
tang = — (13.21) 
gR 


Examination of Eq. (13.21) reveals that the tighter the turn the greater the angle of bank required to 
maintain horizontal flight. Furthermore, we see from Eq. (13.20) that an increase in bank angle results 
in an increased load factor. Aerodynamic theory shows that for a limiting value of n, the minimum time 
taken to turn through a given angle at a given value of engine thrust occurs when the lift coefficient CL 
is a maximum—that is, with the aircraft on the point of stalling. 


13.4 GUST LOADS 


In Section 13.2, we considered aircraft loads resulting from prescribed maneuvers in the longitudinal 
plane of symmetry. Other types of in-flight load are caused by air turbulence. The movements of the air 
in turbulence are generally known as gusts and produce changes in wing incidence, thereby subjecting 
the aircraft to sudden or gradual increases or decreases in lift from which normal accelerations result. 
These may be critical for large, high-speed aircraft and may possibly cause higher loads than control 
initiated maneuvers. 

At the present time, two approaches are employed in gust analysis. One method, which has been in 
use for a considerable number of years, determines the aircraft response and loads due to a single or 
“discrete” gust of a given profile. This profile is defined as a distribution of vertical gust velocity over 
a given finite length or given period of time. Examples of these profiles are shown in Fig. 13.11. 

Early airworthiness requirements specified an instantaneous application of gust velocity u, resulting 
in the “sharp-edged” gust of Fig. 13.11(a). Calculations of normal acceleration and aircraft response 
were based on the assumptions that the aircraft’s flight is undisturbed while the aircraft passes from 
still air into the moving air of the gust and during the time taken for the gust loads to build up; that 
the aerodynamic forces on the aircraft are determined by the instantaneous incidence of the particular 
lifting surface; and finally that the aircraft’s structure is rigid. The second assumption here relating 
the aerodynamic force on a lifting surface to its instantaneous incidence neglects the fact that in a 
disturbance such as a gust there is a gradual growth of circulation and hence of lift to a steady state 
value (Wagner effect). This, in general, leads to an overestimation of the upward acceleration of an 
aircraft and therefore of gust loads. 
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Fig. 13.11 





(a) Sharp-edged gust; (b) graded gust; (c) 1 — cosine gust. 


The “sharp-edged” gust was replaced when it was realized that the gust velocity built up to a 
maximum over a period of time. Airworthiness requirements were modified on the assumption that the 
gust velocity increased linearly to a maximum value over a specified gust gradient distance H. Hence, 
the “graded” gust of Fig. 13.11(b). In the United Kingdom H is taken as 30.5 m. Since, as far as the 
aircraft is concerned, the gust velocity builds up to a maximum over a period of time, it is no longer 
allowable to ignore the change of flight path as the aircraft enters the gust. By the time the gust has 
attained its maximum value, the aircraft has developed a vertical component of velocity and, in addition, 
may be pitching, depending on its longitudinal stability characteristics. The effect of the former is to 
reduce the severity of the gust, whereas the latter may either increase or decrease the loads involved. 
To evaluate the corresponding gust loads, the designer may either calculate the complete motion of 
the aircraft during the disturbance and hence obtain the gust loads or replace the “graded” gust by an 
equivalent “sharp-edged” gust, producing approximately the same effect. We shall discuss the latter 
procedure in greater detail later. 

The calculation of the complete response of the aircraft to a “graded” gust may be obtained from 
its response to a “sharp-edged” or “step” gust, by treating the former as comprising a large number of 
small “steps” and superimposing the responses to each of these. Such a process is known as convolution 
or Duhamel integration. This treatment is desirable for large or unorthodox aircraft where aeroelastic 
(structural flexibility) effects on gust loads may be appreciable or unknown. In such cases, the assumption 
of a rigid aircraft may lead to an underestimation of gust loads. The equations of motion are therefore 
modified to allow for aeroelastic in addition to aerodynamic effects. For small and medium-sized aircraft 
having orthodox aerodynamic features, the equivalent “sharp-edged” gust procedure is satisfactory. 
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Although the “graded” or “ramp” gust is used as a basis for gust load calculations, other shapes 
of gust profile are in current use. Typical of these is the “l—cosine” gust of Fig. 13.11(c), where the 
gust velocity u is given by u(t) =(U/2)[l— cos(zt/T)]. Again, the aircraft response is determined by 
superimposing the responses to each of a large number of small steps. 

Although the “discrete” gust approach still finds widespread use in the calculation of gust loads, 
alternative methods based on power spectral analysis are being investigated. The advantage of the 
power spectral technique lies in its freedom from arbitrary assumptions of gust shapes and sizes. It is 
assumed that gust velocity is a random variable which may be regarded for analysis as consisting of a 
large number of sinusoidal components whose amplitudes vary with frequency. The power spectrum of 
such a function is then defined as the distribution of energy over the frequency range. This may then be 
related to gust velocity. Establishing appropriate amplitude and frequency distributions for a particular 
random gust profile requires a large amount of experimental data. The collection of such data has been 
previously referred to in Section 12.2. 

Calculations of the complete response of an aircraft and detailed assessments of the “discrete” gust 
and power spectral methods of analysis are outside the scope of this book. More information may be 
found in Refs. [1-4] at the end of the chapter. Our present analysis is confined to the “discrete” gust 
approach, in which we consider the “sharp-edged” gust and the equivalent “sharp-edged” gust derived 
from the “graded” gust. 


13.4.1 “Sharp-Edged” Gust 


The simplifying assumptions introduced in the determination of gust loads resulting from the “sharp- 
edged” gust have been discussed in the earlier part of this section. In Fig. 13.12, the aircraft is flying at 
a speed V with wing incidence qo in still air. After entering the gust of upward velocity u, the incidence 
increases by an amount tan~! u/V, or since uw is usually small compared with V, u/V. This is accompanied 


by an increase in aircraft speed from V to (V*+u7)2, but again this increase is neglected since u is 
y P g g 





Still air 





Fig. 13.12 


Increase in wing incidence due to a sharp-edged gust. 
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small. The increase in wing lift AZ is then given by 


1 aCLu 1 CL 
AL = =pV?S——— = =pVS— 13.22 
ga a aa oe 
where dC{/dq@ is the wing lift-curve slope. Neglecting the change of lift on the tailplane as a first 


approximation, the gust load factor An produced by this change of lift is 


1 
5P VS(3CL/3 
ged DIET (13.23) 
W 
where W is the aircraft weight. Expressing Eq. (13.23) in terms of the wing loading, w= W/S, we have 
1 
5pV(dCL/0 
An= ZPV OCL/ða)u (13.24) 
w 


This increment in gust load factor is additional to the steady level flight value n= 1. Therefore, as a 
result of the gust, the total gust load factor is 


1 
5pV(dCL/d 
n=1+ ZPV OCL/ðau (13.25) 
w 
Similarly, for a downgust 
1 
5pV(dCL/d 
nee ZPV OCL/ðau (13.26) 
w 


If flight conditions are expressed in terms of equivalent sea-level conditions, then V becomes the 
equivalent airspeed (EAS), Vg, u becomes ug and the air density p is replaced by the sea-level value 
po. Equations (13.25) and (13.26) are written 


1 po Vg(ðCL/3 
nit AEU me (13.27) 
w 
and 
1 
5poVg(ðCL/3 
yy = 2 POV EOCL/9e) un (13.28) 
w 


We observe from Eqs. (13.25) through (13.28) that the gust load factor is directly proportional to aircraft 
speed but inversely proportional to wing loading. It follows that high speed aircraft with low or moderate 
wing loadings are most likely to be affected by gust loads. 

The contribution to normal acceleration of the change in tail load produced by the gust may be 
calculated using the same assumptions as before. However, the change in tailplane incidence is not 
equal to the change in wing incidence due to downwash effects at the tail. Thus, if AP is the increase 
(or decrease) in tailplane load, then 


1 
AP = 5 po VŽSTACLT (13.29) 
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where Sr is the tailplane area and AC, 7 the increment of tailplane lift coefficient given by 


ƏCL,T UE 
da VE 





ACL tT = (13.30) 


in which dCL,7/dq@ is the rate of change of tailplane lift coefficient with wing incidence. From 
aerodynamic theory, 








dCi. ƏCLT 1 de 
da — ðar 0a 


where 3CL,r/ðær is the rate of change of C7 with tailplane incidence and d¢/dq is the rate of change 
of downwash angle with wing incidence. Substituting for ACL,7 from Eq. (13.30) into Eq. (13.29), we 
have 


1 ƏCL,T 


AP = -~ po VEST UE (13.31) 
2 da 





For positive increments of wing lift and tailplane load 
AnW = AL + AP 


or, from Eqs. (13.27) and (13.31) 


An= 





(13.32) 


w 


5 poVE(CL/da)up Sp ACL 7 /da 
S dC./aa 


13.4.2 The “Graded” Gust 


The “graded” gust of Fig. 13.11(b) may be converted to an equivalent “sharp-edged” gust by multiplying 
the maximum velocity in the gust by a gust alleviation factor, F. Equation (13.27) then becomes 


5poVE(OCL/Ja) Fug 


Ww 


n=1+ (13.33) 
Similar modifications are carried out on Eqs. (13.25), (13.26), (13.28), and (13.32). The gust alleviation 
factor allows for some of the dynamic properties of the aircraft, including unsteady lift, and has been 
calculated taking into account the heaving motion (i.e., the up and down motion with zero rate of pitch) 
of the aircraft only [Ref. 5]. 

Horizontal gusts cause lateral loads on the vertical tail or fin. Their magnitudes may be calculated 
in an identical manner to those above, except that areas and values of lift curve slope are referred to 
the vertical tail. Also, the gust alleviation factor in the “graded” gust case becomes F' and includes 
allowances for the aerodynamic yawing moment produced by the gust and the yawing inertia of the 
aircraft. 
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13.4.3 Gust Envelope 


Airworthiness requirements usually specify that gust loads shall be calculated at certain combinations of 
gust and flight speed. The equations for gust load factor in the above analysis show that n is proportional 
to aircraft speed for a given gust velocity. Therefore, we may plot a gust envelope similar to the flight 
envelope of Fig. 12.1, as shown in Fig. 13.13. The gust speeds +U1, +U2, and +U3 are high, medium, 
and low velocity gusts, respectively. Cutoffs occur at points where the lines corresponding to each gust 
velocity meet specific aircraft speeds. For example, A and F denote speeds at which a gust of velocity 
+U; would stall the wing. 

The lift coefficient-incidence curve is, as we noted in connection with the flight envelope, affected 
by compressibility and therefore altitude so that a series of gust envelopes should be drawn for different 
altitudes. An additional variable in the equations for gust load factor is the wing loading w. Further, 
gust envelopes should therefore be drawn to represent different conditions of aircraft loading. 

Typical values of U1, U2, and U3 are 20 m/s, 15.25 m/s, and 7.5 m/s. It can be seen from the gust 
envelope that the maximum gust load factor occurs at the cruising speed Vc. If this value of n exceeds 
that for the corresponding flight envelope case—that is, nı—then the gust case will be the most critical 
in the cruise. Let us consider a civil, nonaerobatic aircraft for which nı =2.5, w=2400N/m?, and 
əCı/ð& = 5.0/rad. Taking F =0.715 we have, from Eq. (13.33) 




















Fe Tx 1.223 Vo x 5.0 x 0.715 x 15.25 








2400 
giving n=1+0.0139Vc, where the cruising speed Vc is expressed as an EAS. For the gust case to be 
critical 

1+ 0.0139 Ve > 2.5 
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Fig. 13.13 





Typical gust envelope. 
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or 
Vc > 108m/s 


Thus, for civil aircraft of this type having cruising speeds in excess of 108 m/s, the gust case is the most 
critical. This would, in fact, apply to most modern civil airliners. 

Although, the same combination of V and n in the flight and gust envelopes will produce the same 
total lift on an aircraft, the individual wing and tailplane loads will be different, as shown previously 
(see the derivation of Eq. (13.33)). This situation can be important for aircraft such as the Airbus, which 
has a large tailplane and a CG forward of the aerodynamic center. In the flight envelope case, the tail 
load is downward, whereas in the gust case it is upward; clearly there will be a significant difference in 
wing load. 

The transference of maneuver and gust loads into bending, shear and torsional loads on wings, 
fuselage, and tailplanes has been discussed in Section 11.1. Further loads arise from aileron applica- 
tion, in undercarriages during landing, on engine mountings, and during crash landings. Analysis and 
discussion of these may be found in Ref. [6]. 
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Problems 


P.13.1 The aircraft shown in Fig. P.13.1(a) weighs 135kN and has landed such that at the instant of impact the 
ground reaction on each main undercarriage wheel is 200 kN and its vertical velocity is 3.5 m/s. 





(b) 


Fig. P.13.1 
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If each undercarriage wheel weighs 2.25 kN and is attached to an oleo strut, as shown in Fig. P.13.1(b), calculate 
the axial load and bending moment in the strut; the strut may be assumed to be vertical. Determine also the shortening 
of the strut when the vertical velocity of the aircraft is zero. 

Finally, calculate the shear force and bending moment in the wing at the section AA if the wing, outboard of 
this section, weighs 6.6kN and has its CG 3.05 m from AA. 


Ans. 193.3 KN, 29.0 KN m (clockwise); 0.32 m; 19.5kN, 59.6 kN m (anticlockwise). 
P.13.2 Determine, for the aircraft of Example 13.2, the vertical velocity of the nose wheel when it hits the ground. 

Ans. 3.1m/s. 
P.13.3 Figure P.13.3 shows the flight envelope at sea-level for an aircraft of wing span 27.5 m, average wing chord 
3.05 m, and total weight 196000N. The aerodynamic center is 0.915 m forward of the CG and the center of lift for 
the tail unit is 16.7 m aft of the CG. The pitching moment coefficient is 

Cm,0 = —0.0638 (nose-up positive) 

both Cmo and the position of the aerodynamic center are specified for the complete aircraft less tail unit. 
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Fig. P.13.3 


For steady cruising flight at sea-level the fuselage bending moment at the CG is 600000Nm. Calculate the 
maximum value of this bending moment for the given flight envelope. For this purpose, it may be assumed that the 
aerodynamic loadings on the fuselage itself can be neglected—that is, the only loads on the fuselage structure aft 
of the CG are those due to the tail lift and the inertia of the fuselage. 


Ans. 1549500 Nm at n=3.5, V = 152.5 m/s. 


P.13.4 An aircraft weighing 238 000 N has wings 88.5 m2 in area for which Cp =0.0075 +0.045 C? The extra-to- 
wing drag coefficient based on wing area is 0.0128 and the pitching moment coefficient for all parts excluding the 
tailplane about an axis through the CG is given by Cm -c= (0.427C1 — 0.061)m. The radius from the CG to the 
line of action of the tail lift may be taken as constant at 12.2m. The moment of inertia of the aircraft for pitching 
is 204000kg m2. 

During a pull-out from a dive with zero thrust at 215 m/s EAS when the flight path is at 40° to the horizontal with 
a radius of curvature of 1525m, the angular velocity of pitch is checked by applying a retardation of 0.25 rad/s”. 
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Calculate the maneuver load factor both at the CG and at the tailplane CP, the forward inertia coefficient, and the 
tail lift. 


Ans. n=3.78(CG), n=5.19 at TP, f=—0.370, P=18 925N. 


P.13.5 An aircraft flies at sea level in a correctly banked turn of radius 610 m at a speed of 168 m/s. Figure P.13.5 
shows the relative positions of the CG, aerodynamic center of the complete aircraft less tailplane and the tailplane 
center of pressure for the aircraft at zero lift incidence. 


Tail CP 


CG 
Thrust 
line 0.45m 
F 7. 
z 0.915 m Seam 


AC 





Fig. P.13.5 


Calculate the tail load necessary for equilibrium in the turn. The necessary data are given in the usual notation 
as follows: 


Weight W=133500N dC, /da=4.5/rad 
Wing area S=46.5 m? Cp =0.01 + 0.05C? 
Wing mean chord c=3.0m Cm,0 = — 0.03 


Ans. 73,160N. 


P.13.6 The aircraft for which the stalling speed V; in level flight is 46.5 m/s has a maximum allowable maneuver 
load factor n; of 4.0. In assessing gyroscopic effects on the engine mounting, the following two cases are to be 
considered: 


(a) Pull-out at maximum permissible rate from a dive in symmetric flight, the angle of the flight path to the 
horizontal being limited to 60° for this aircraft. 
(b) Steady, correctly banked turn at the maximum permissible rate in horizontal flight. 


Find the corresponding maximum angular velocities in yaw and pitch. 
Ans. (a) Pitch, 0.37 rad/s, (b) Pitch, 0.41 rad/s, Yaw, 0.103 rad/s. 


P.13.7 A tail-first supersonic airliner, whose essential geometry is shown in Fig. P.13.7, flies at 610m/s true 
airspeed at an altitude of 18 300m. Assuming that thrust and drag forces act in the same straight line, calculate the 
tail lift in steady straight and level flight. 

If, at the same altitude, the aircraft encounters a sharp-edged vertical up-gust of 18 m/s true airspeed, calculate 
the changes in the lift and tail load and also the resultant load factor n. 

The relevant data in the usual notation are as follows: 


Wing: S=280 m2, ACL /da = 1.5 
Tail: Sp =28 m2, aCL,r/da =2.0 
Weight W=1600000N 
Cu,o =—0.01 


Mean chord c=22.8m 
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Fig. P.13.7 


At 18 300m 
p =0.116kg/m? 
Ans. P=267852N, AP=36257N, AL=271931N, n=1.19. 


P.13.8 Anaircraft of all up weight 145000 N has wings of area 50m and mean chord 2.5 m. For the whole aircraft 
Cp =0.021+0.041 c, for the wings dCL/dæ =4.8, for the tailplane of area 9.0 m’, dC, ,1/da =2.2 allowing for 
the effects of downwash, and the pitching moment coefficient about the aerodynamic center (of complete aircraft 
less tailplane) based on wing area is CM, = —0.032. Geometric data are given in Fig. P.13.8. 

During a steady glide with zero thrust at 250m/s EAS in which Cy, =0.08, the aircraft meets a downgust of 


equivalent “sharp-edged” speed 6 m/s. Calculate the tail load, the gust load factor, and the forward inertia force, 
po = 1.223 kg/m’. 


Ans. P=—28902N (down), n=—0.64, forward inertia force = 40 703 N. 


Datum for a parallel to no lift line of wings 
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Fig. P.13.8 
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Fatigue 


Fatigue has been discussed briefly in Section 10.7 when we examined the properties of materials and 
also in Section 12.2 as part of the chapter on airworthiness. We shall now look at fatigue in greater 
detail and consider factors affecting the life of an aircraft including safe life and fail safe structures, 
designing against fatigue, the fatigue strength of components, the prediction of aircraft fatigue life, and 
crack propagation. 

Fatigue is defined as the progressive deterioration of the strength ofa material or structural component 
during service such that failure can occur at much lower stress levels than the ultimate stress level. As 
we have seen, fatigue is a dynamic phenomenon which initiates small (micro) cracks in the material 
or component and causes them to grow into large (macro) cracks; these, if not detected, can result in 
catastrophic failure. 

Fatigue damage can be produced in a variety of ways. Cyclic fatigue is caused by repeated fluctuating 
loads. Corrosion fatigue is fatigue accelerated by surface corrosion of the material penetrating inward 
so that the material strength deteriorates. Small-scale rubbing movements and abrasion of adjacent 
parts cause fretting fatigue, while thermal fatigue is produced by stress fluctuations induced by thermal 
expansions and contractions; the latter does not include the effect on the material strength of heat. 
Finally, high-frequency stress fluctuations, due to vibrations excited by jet or propeller noise, cause 
sonic or acoustic fatigue. 

Clearly an aircraft’s structure must be designed so that fatigue does not become a problem. For 
aircraft in general, the requirements that the strength of an aircraft throughout its operational life shall 
be such as to ensure that the possibility of a disastrous fatigue failure shall be extremely remote (i-e., 
the probability of failure is less than 1077) under the action of the repeated loads of variable magnitude 
expected in service. Also it is required that the principal parts of the primary structure of the aircraft 
be subjected to a detailed analysis and to load tests which demonstrate a safe life or that the parts of 
the primary structure have fail-safe characteristics. These requirements do not apply to light aircraft 
provided that zinc-rich aluminum alloys are not used in their construction and that wing stress levels 
are kept low—that is, provided that a 3.05 m/s upgust causes no greater stress than 14 N/mm”. 


14.1 SAFE LIFE AND FAIL-SAFE STRUCTURES 


The danger of a catastrophic fatigue failure in the structure of an aircraft may be eliminated completely 
or may become extremely remote if the structure is designed to have a safe life or to be fail-safe. In 
the former approach, the structure is designed to have a minimum life during which it is known that no 


Copyright © 2010, T. H. G. Megson. Published by Elsevier Ltd. All rights reserved. 
DOI: 10.1016/B978-1-85617-932-4.00014-2 403 





SSS 
404 CHAPTER 14 Fatigue 


catastrophic damage occurs. At the end of this life, the structure must be replaced even though there 
may be no detectable signs of fatigue. If a structural component is not economically replaceable when 
its safe life has been reached, the complete structure must be written off. Alternatively, it is possible for 
easily replaceable components such as undercarriage legs and mechanisms to have a safe life less than 
that of the complete aircraft, since it would probably be more economical to use, say, two lightweight 
undercarriage systems during the life of the aircraft rather than carry a heavier undercarriage which has 
the same safe life as the aircraft. 

The fail-safe approach relies on the fact that the failure of a member in a redundant structure does 
not necessarily lead to the collapse of the complete structure, provided that the remaining members 
are able to carry the load shed by the failed member and can withstand further repeated loads until the 
presence of the failed member is discovered. Such a structure is called a fail-safe structure or a damage 
tolerant structure. 

Generally, it is more economical to design some parts of the structure to be fail-safe rather than to 
have a long safe life, since such components can be lighter. When failure is detected, either through 
a routine inspection or by some malfunction such as fuel leakage from a wing crack, the particular 
aircraft may be taken out of service and repaired. However, the structure must be designed and the 
inspection intervals arranged such that a failure—for example, a crack that is too small to be noticed at 
one inspection—must not increase to a catastrophic size before the next inspection. The determination 
of crack propagation rates is discussed later. 

Some components must be designed to have a safe life; these include landing gear, major wing joints, 
wing—fuselage joints, and hinges on all-moving tailplanes or on variable geometry wings. Components 
which may be designed to be fail-safe include wing skins which are stiffened by stringers and fuselage 
skins which are stiffened by frames and stringers; the stringers and frames prevent skin cracks spreading 
disastrously for a sufficient period of time for them to be discovered at a routine inspection. 





14.2 DESIGNING AGAINST FATIGUE 


Various precautions may be taken to ensure that an aircraft has an adequate fatigue life. We have 
seen in Chapter 10 that the early aluminum—zinc alloys possessed high ultimate and proof stresses but 
were susceptible to early failure under fatigue loading; choice of materials is therefore important. The 
naturally aged aluminum—copper alloys possess good fatigue resistance but with lower static strengths. 
Modern research is concentrating on alloys which combine high strength with high fatigue resistance. 

Attention to detail design is equally important. Stress concentrations can arise at sharp comers and 
abrupt changes in section. Fillets should therefore be provided at re-entrant corners, and cut-outs, such 
as windows and access panels, should be reinforced. In machined panels, the material thickness should 
be increased around bolt holes, while holes in primary bolted joints should be reamered to improve 
surface finish; surface scratches and machine marks are sources of fatigue crack initiation. Joggles 
in highly stressed members should be avoided, while asymmetry can cause additional stresses due to 
bending. 

In addition to sound structural and detail design, an estimation of the number, frequency, and mag- 
nitude of the fluctuating loads an aircraft encounters is necessary. The fatigue load spectrum begins 
when the aircraft taxis to its take-off position. During taxiing, the aircraft may be maneuvering over 
uneven ground with a full payload so that wing stresses, for example, are greater than in the static case. 
Also, during take-off and climb, and descent and landing, the aircraft is subjected to the greatest load 
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fluctuations. The undercarriage is retracted and lowered; flaps are raised and lowered; there is an impact 
on landing; the aircraft has to carry out maneuvers; finally, the aircraft, as we shall see, experiences a 
greater number of gusts than during the cruise. 

The loads corresponding to these various phases must be calculated before the associated stresses 
can be obtained. For example, during take-off, wing bending stresses and shear stresses due to shear and 
torsion are based on the total weight of the aircraft including full fuel tanks, and maximum payload all 
factored by 1.2 to allow for a bump during each take-off on a hard runway or by 1.5 for a take-off from 
grass. The loads produced during level flight and symmetric maneuvers are calculated using the methods 
described in Section 13.2. From these values, distributions of shear force, bending moment, and torque 
may be found in, say, the wing by integrating the lift distribution. Loads due to gusts are calculated 
using the methods described in Section 13.4. Thus, because of a single equivalent sharp-edged gust, the 
load factor is given either by Eq. (13.25) or by Eq. (13.26). 

Although it is a relatively simple matter to determine the number of load fluctuations during a 
ground—air—ground cycle caused by standard operations such as raising and lowering flaps, retracting 
and lowering the undercarriage, and so on, it is more difficult to estimate the number and magnitude 
of gusts an aircraft encounters. For example, there is a greater number of gusts at low altitude (during 
take-off, climb, and descent) than at high altitude (during cruise). Terrain (sea, flat land, mountains) also 
affects the number and magnitude of gusts, as does weather. The use of radar enables aircraft to avoid 
cumulus where gusts are prevalent but has little effect at low altitude in the climb and descent where 
clouds cannot easily be avoided. The Engineering Sciences Data Unit (ESDU) has produced gust data 
based on information collected by gust recorders carried by aircraft. These show, in graphical form (/10 
versus / curves, / is altitude), the average distance flown at various altitudes for a gust having a velocity 
greater than +3.05 m/s to be encountered. In addition, gust frequency curves give the number of gusts 
of a given velocity per 1000 gusts of velocity 3.05 m/s. Combining both sets of data enables the gust 
exceedance to be calculated—that is, the number of gust cycles having a velocity greater than or equal 
to a given velocity encountered per kilometer of flight. 

Since an aircraft is subjected to the greatest number of load fluctuations during taxi-take-off—climb 
and descent-standoff—landing, while little damage is caused during cruise, the fatigue life of an aircraft 
does not depend on the number of flying hours but on the number of flights. However, the operational 
requirements of aircraft differ from class to class. The Airbus is required to have a life free from fatigue 
cracks of 24 000 flights or 30000 hours, while its economic repair life is 48 000 flights or 60 000 hours; its 
landing gear, however, is designed for a safe life of 32 000 flights, after which it must be replaced. On the 
other hand, the BAe 146, with a greater number of shorter flights per day than the Airbus, has a specified 
crack-free life of 40 000 flights and an economic repair life of 80 000 flights. Although the above figures 
are operational requirements, the nature of fatigue is such that it is unlikely that all of a given type 
of aircraft will satisfy them. Of the total number of Airbus aircraft, at least 90 percent will achieve 
the above values and 50 percent will be better; clearly, frequent inspections are necessary during an 
aircraft’s life. 








14.3 FATIGUE STRENGTH OF COMPONENTS 


In Section 12.2.4, we discussed the effect of stress level on the number of cycles to failure of a mate- 
rial such as mild steel. As the stress level is decreased, the number of cycles to failure increases, 
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resulting in a fatigue endurance curve (the S—N curve) of the type shown in Fig. 12.2. Such a curve 
corresponds to the average value of N at each stress amplitude, since there will be a wide range of 
values of N for the given stress; even under carefully controlled conditions the ratio of maximum 
N to minimum N may be as high as 10:1. Two other curves may therefore be drawn, as shown in 
Fig. 14.1, enveloping all or nearly all the experimental results; these curves are known as the confidence 
limits. If 99.9 percent of all the results lie between the curves—in other words, only 1 in 1000 falls 
outside—they represent the 99.9 percent confidence limits. If 99.99999 percent of results lie between 
the curves, only 1 in 107 results will fall outside them and they represent the 99.99999 percent confidence 
limits. 

The results from tests on a number of specimens may be represented as a histogram in which the 
number of specimens failing within certain ranges R of N is plotted against N. Then, if Nay is the average 
value of N at a given stress amplitude, the probability of failure occurring at N cycles is given by 


Oy (5 (14.1) 
PART a aN og : 


in which o is the standard deviation of the whole population of N values. The derivation of Eq. (14.1) 
depends on the histogram approaching the profile of a continuous function close to the normal 
distribution, which it does as the interval Nay/R becomes smaller and the number of tests increases. 
The cumulative probability, which gives the probability that a particular specimen will fail at or below 
N cycles, is defined as 





N 
P(N) = i p(N) dN (14.2) 


The probability that a specimen endures more than N cycles is then 1 — P(N). The normal distribution 
allows negative values of N, which is clearly impossible in a fatigue testing situation. Other distributions, 
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(Sa) 
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Fig. 14.1 





S-N diagram. 
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extreme value distributions, are more realistic and allow the existence of minimum fatigue endurances 
and fatigue limits. 

The damaging portion of a fluctuating load cycle occurs when the stress is tensile; this causes cracks 
to open and grow. Therefore, if a steady tensile stress is superimposed on a cyclic stress, the maximum 
tensile stress during the cycle will be increased and the number of cycles to failure will be decreased. 
Conversely, if the steady stress is compressive, the maximum tensile stress decreases and the number 
of cycles to failure increases. An approximate method of assessing the effect of a steady mean value of 
stress is provided by a Goodman diagram, as shown in Fig. 14.2. This shows the cyclic stress amplitudes 
which can be superimposed upon different mean stress levels to give a constant fatigue life. In Fig. 14.2, 
Sq is the allowable stress amplitude, S, 0 is the stress amplitude required to produce fatigue failure at N 
cycles with zero mean stress, Sm is the mean stress, and Su is the ultimate tensile stress. If Sm = Su, any 
cyclic stress will cause failure, while if Sm =0, the allowable stress amplitude is Sao. The equation of 


the straight line portion of the diagram is 
S, S 
Sha (1 = =) (14.3) 
Sa,0 Su 


Experimental evidence suggests a nonlinear relationship for particular materials. Equation (14.3) then 


becomes 
m 
a = [i a (=) | (14.4) 
a,0 u 
in which m lies between 0.6 and 2. 


In practical situations, fatigue is not caused by a large number of identical stress cycles but by many 
different stress amplitude cycles. The prediction of the number of cycles to failure therefore becomes 
complex. Miner and Palmgren have proposed a linear cumulative damage law as follows. If N cycles of 
stress amplitude Są cause fatigue failure, then 1 cycle produces 1/N ofthe total damage to cause failure. 





Fig. 14.2 


Goodman diagram. 
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Therefore, if r different cycles are applied in which a stress amplitude S; (j=1,2,...,7) would cause 
failure in N; cycles, the number of cycles n; required to cause total fatigue failure is given by 


: 
> OF 4 (14.5) 
j=l yy 
Although S—N curves may be readily obtained for different materials by testing a large number of small 
specimens (coupon tests), itis not practicable to adopt the same approach for aircraft components, since 
these are expensive to manufacture and the test program is too expensive to run for long periods of time. 
However, such a program was initiated in the early 1950s to test the wings and tailplanes of Meteor 
and Mustang fighters. These were subjected to constant amplitude loading until failure with different 
specimens being tested at different load levels. Stresses were measured at points where fatigue was 
expected (and actually occurred) and S—N curves plotted for the complete structure. The curves had the 
usual appearance and at low stress levels had such large endurances that fatigue did not occur; thus, a 
fatigue limit existed. It was found that the average S—N curve could be approximated to by the equation 


a = 10.3(1 + 1000/ VN) (14.6) 
in which the mean stress was 90 N/mm?. In general terms, Eq. (14.6) may be written as 
Sa = Sœ (1 + C/VN) (14.7) 


in which Soo is the fatigue limit and C is a constant. Thus, Sa > Soo as N > oo. Equation (14.7) may 
be rearranged to give the endurance directly: 


S 2 
N = C ( ee ) (14.8) 
Sa — Soo 





which shows clearly that as Sg > Soo, N— œœ. 

It has been found experimentally that NV is inversely proportional to the mean stress as the latter 
varies in the region of 90 N/mm”, while C is virtually constant. This suggests a method of determining 
a “standard” endurance curve (corresponding to a mean stress level of 90 N/mm7) from tests carried out 
on a few specimens at other mean stress levels. Suppose that Sn is the mean stress level, not 90 N/mm2, 
in tests carried out on a few specimens at an alternating stress level Sz, where failure occurs at a mean 
number of cycles Nm. Then, assuming that the S—N curve has the same form as Eq. (14.7), 


Sam = Soo,m (1 F C/V/Nm) (14.9) 


in which C= 1000 and Soom is the fatigue limit stress corresponding to the mean stress Sy. Rearranging 
Eq. (14.9), we have 


Soom = Sa,m/ (1 + C/V Nm) (14.10) 
The number of cycles to failure at a mean stress of 90 N/mm? would have been, from the above, 
S 
N' = Mn (14.11) 


~ 90 
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The corresponding fatigue limit stress would then have been, from a comparison with Eq. (14.10), 
Sho = Sam/(1-+ C/N’) (14.12) 
The standard endurance curve for the component at a mean stress of 90 N/mm? is from Eq. (14.7) 
Sa =Shom/(1+ C/VN) (14.13) 
Substituting in Eq. (14.13) for Sy,» from Eq. (14.12), we have 
Sa = o Sm 
(L+C/VN’) 


in which N’ is given by Eq. (14.11). 

Equation (14.14) will be based on a few test results so that a “safe” fatigue strength is usually taken 
to be three standard deviations below the mean fatigue strength. Hence, we introduce a scatter factor 
Kn (> 1) to allow for this; Eq. (14.14) then becomes 


S Sam 
*Kn(1 + C/VN’) 


Ky, varies with the number of test results available, and for a coefficient of variation of 0.1, K,=1.45 
for 6 specimens, K, = 1.445 for 10 specimens, K,, = 1.44 for 20 specimens, and for 100 specimens or 
more K,, = 1.43. For typical S-N curves, a scatter factor of 1.43 is equivalent to a life factor of 3 to 4. 


(1+C/VN) (14.14) 


(1+C/VN) (14.15) 





14.4 PREDICTION OF AIRCRAFT FATIGUE LIFE 


We have seen that an aircraft suffers fatigue damage during all phases of the ground—air—ground cycle. 
The various contributions to this damage may be calculated separately and hence the safe life of the 
aircraft in terms of the number of flights calculated. 

In the ground—air—ground cycle, the maximum vertical acceleration during take-off is 1.2 g for a 
take-off from a runway or 1.5 g for a take-off from grass. It is assumed that these accelerations occur 
at zero lift and therefore produce compressive (negative) stresses, —Sto, in critical components such 
as the undersurface of wings. The maximum positive stress for the same component occurs in level 
flight (at 1 g) and is +S). The ground—air—ground cycle produces, on the undersurface of the wing, a 
fluctuating stress Scag = (Sig +Sto)/2 about a mean stress SGAG(mean) = (Sig — Sto)/2. Suppose that 
tests show that for this stress cycle and mean stress, failure occurs after NG cycles. For a life factor of 
3, the safe life is NG/3 so that the damage done during one cycle is 3/Ng. This damage is multiplied by 
a factor of 1.5 to allow for the variability of loading between different aircraft of the same type so that 
the damage per flight Daag from the ground—air—ground cycle is given by 


Doac = 4.5/NG (14.16) 


Fatigue damage is also caused by gusts encountered in flight, particularly during the climb and descent. 
Suppose that a gust of velocity ue causes a stress Su about a mean stress corresponding to level flight, 
and suppose also that the number of stress cycles of this magnitude required to cause failure is N(S,); 
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the damage caused by one cycle is then 1/N (Sy). Therefore, from the Palmgren—Miner hypothesis, when 
sufficient gusts of this and all other magnitudes together with the effects of all other load cycles produce 
a cumulative damage of 1.0, fatigue failure will occur. It is therefore necessary to know the number and 
magnitude of gusts likely to be encountered in flight. 

Gust data have been accumulated over a number of years from accelerometer records from aircraft 
flying over different routes and terrains, at different heights, and at different seasons. The ESDU data 
sheets [Ref. 1] present the data in two forms, as we have previously noted. First, /{9 against altitude 
curves show the distance which must be flown at a given altitude in order that a gust (positive or negative) 
having a velocity > 3.05 m/s be encountered. It follows that 1/719 is the number of gusts encountered 
in unit distance (1 km) at a particular height. Second, gust frequency distribution curves, r (ue) against 
Ue, give the number of gusts of velocity ue for every 1000 gusts of velocity 3.05 m/s. 

From these two curves, the gust exceedance E (ue) is obtained; E (ue) is the number of times a gust 
of a given magnitude (ue) will be equaled or exceeded in 1 km of flight. Thus, from the above, 


number of gusts > 3.05 m/s per km = 1/ho 
number of gusts equal to ue per 1000 gusts equal to 3.05m/s = r (ue) 


Hence, 
number of gusts equal to ue per single gust equal to 3.05m/s = r (ue)/1000 
It follows that the gust exceedance E (ue) is given by 


r (ue) 


Pua een 
Uo) = T000; 


(14.17) 


in which 710 is dependent on height. A good approximation for the curve ofr (ue) against ue in the region 
Ue =3.05 m/s is 


1 (ue) = 3.23 x 10°u, > 6 (14.18) 


Consider now the typical gust exceedance curve shown in Fig. 14.3. In 1 km of flight, there are likely to 
be E(ue) gusts exceeding ue m/s and E (ue) — ÔE (ue) gusts exceeding Ue +ôue m/s. Thus, there will be 
bE (ue) fewer gusts exceeding ue + due m/s than ue m/s, and the increment in gust speed ŝue corresponds 
to a number —d£ (ue) of gusts at a gust speed close to ue. Half of these gusts will be positive (upgusts) 
and half negative (downgusts) so that if it is assumed that each upgust is followed by a downgust of equal 
magnitude, the number of complete gust cycles will be —dE (ue)/2. Suppose that each cycle produces 
a stress S (ue) and that the number of these cycles required to produce failure is N(Sy¢). The damage 
caused by one cycle is then 1/N(Sy¢), and over the gust velocity interval ŝue, the total damage ôD is 
given by 


SE(ue) — dE(ue) ŝue 


ôD = = 
2N (Sue) due 2N(Sue) 





(14.19) 
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Fig. 14.3 


Gust exceedance curve. 





Integrating Eq. (14.19) over the whole range of gusts likely to be encountered, we obtain the total 
damage D,/km of flight. Thus, 





CO 

Dy =- i se) G, | (14.20) 
J 2N (Sue) due 

Further, if the average block length journey of an aircraft is Ray, the average gust damage per flight is 

DgRav. Also, some aircraft in a fleet experiences more gusts than others, since the distribution of gusts 

is random. Therefore if, for example, it is found that one particular aircraft encounters 50 percent more 

gusts than the average, its gust fatigue damage is 1.5 D,/km. 

The gust damage predicted by Eq. (14.20) is obtained by integrating over a complete gust velocity 
range from zero to infinity. Clearly, there will be a gust velocity below which no fatigue damage occurs, 
since the cyclic stress produced will be below the fatigue limit stress of the particular component. 
Equation (14.20) is therefore rewritten as 


CO 
1 dE (ue) 
D,=- | —-— d 14.21 

8 I 2N(Sue) dus ° ia 


uf 





in which up is the gust velocity required to produce the fatigue limit stress. 
We have noted previously that more gusts are encountered during climb and descent than during 
cruise. Altitude therefore affects the amount of fatigue damage caused by gusts, and its effects may be 
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determined as follows. Substituting for the gust exceedance E (ue) in Eq. (14.21) from Eq. (14.17), we 











obtain 
1 J 1 dr (ue) 
Dg=- e 
1000/10 J 2N (Sue) due 
uf 

or 

1 

Dg = g daper km (14.22) 
10 


in which 710 is a function of height A and 





d 1 f 1 dr (ue) 
PS eee ae poe ae u 
E 1000) 2N(Sue) due ° 

uf 
Suppose that the aircraft is climbing at a speed V with a rate of climb (ROC). The time taken for the 
aircraft to climb from a height A to a height h+ ôh is ôh/ROC, during which time it travels a distance 
V ôh/ROC. Hence, from Eq. (14.22), the fatigue damage experienced by the aircraft in climbing through 


a height 6h is 
1 V 
—dg—— bh 
lio “ROC 
The total damage produced during a climb from sea level to an altitude H at a constant speed V and 
ROC is 
V ; dh 
Dg climb = dg——~ | — 14.23 
g,climb g ROC lie ( ) 
0 
Plotting 1//19 against A from ESDU data sheets for aircraft having cloud warning radar and integrating 
gives 
Ae ne n 
f Z=% — = 14 — =3.4 
l 10 l 10 I 10 
3000 6000 


From the above je 000 dail 10 = 320.4, from which it can be seen that approximately 95 percent of the 


total damage in the climb occurs in the first 3000 m. 
An additional factor influencing the amount of gust damage is forward speed. For example, the 
change in wing stress produced by a gust may be represented by 


Sue =kitteVe (see Eq. (13.24)) (14.24) 


in which the forward speed of the aircraft is in equivalent airspeed. From Eq. (14.24), we see that the 
gust velocity uf required to produce the fatigue limit stress Soo is 


up = Soo/kiVe (14.25) 
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The gust damage/km at different forward speeds V, is then found using Eq. (14.21) with the appro- 
priate value of we as the lower limit of integration. The integral may be evaluated by using the known 
approximate forms of N (Su,e) and E (ue) from Eqs. (14.15) and (14.17). From Eq. (14.15), 


Ss! 
Sy = Sye= (1 + C//N Sae) 
n 


2 
cy? S 
N (Sue) = (=) ( Tae Son 


where Su,e =k1 Vette and Shom =K1 Veus. Also, Eq. (14.17) is 


from which 


r (ue) 


E = 
(ue) = T0001 





or, substituting for r (ue) from Eq. (14.18), 


3.23 x 105%uz526 


E = 
(uo) 1000/10 


Equation (14.21) then becomes 


oo 2 
EA e Kn\* (Sue = Soom Y} ( 23:23 x 5.26 x 1051$ N y 
a PSC Son 1000/10 i 
uf 


Substituting for Su,e and S% 


oo,m? 


CO 
16.99 x 10? 4 s uN ea 
D, = —————_ a end 
$ 2lio *) ae ) s = 
27K \2 a 4.26 27526 
16.99 x 10 ae me 
D; = IILAN =) I Ue —_ Ue ai uz626 dus 
2lio C ur uf 


2 
2ho \C 
or, in terms of the aircraft speed Ve, 


5.26 
46.55 (K X? ( kV, 
D; = 2 (=) ie per km (14.26) 
2ho NC) N Shom 


we have 


or 





from which 











a 
414 CHAPTER 14 Fatigue 


It can be seen from Eq. (14.26) that gust damage increases in proportion to V; one so that increasing 
forward speed has a dramatic effect on gust damage. 

The total fatigue damage suffered by an aircraft per flight is the sum of the damage caused by the 
ground—air—ground cycle, the damage produced by gusts, and the damage due to other causes such as 
pilot-induced maneuvers, ground turning and braking, and landing and take-off load fluctuations. The 
damage produced by these other causes can be determined from load exceedance data. Thus, if this 
extra damage per flight is Dextra, the total fractional fatigue damage per flight is 


Diotat = DoaG + DgRay + Dextra 
or 
Diotat = 4.5/NG + DgRav + Dextra (14.27) 
and the life of the aircraft in terms of flights is 


Naight = 1/Dtotal (14.28) 





14.5 CRACK PROPAGATION 


We have seen that the concept of fail-safe structures in aircraft construction relies on a damaged structure 
being able to retain sufficient load-carrying capacity to prevent catastrophic failure, at least until the 
damage is detected. It is therefore essential that the designer be able to predict how and at what rate 
a fatigue crack will grow. The ESDU data sheets provide a useful introduction to the study of crack 
propagation; some of the results are presented here. 

The analysis of stresses close to a crack tip using elastic stress concentration factors breaks down, 
since the assumption that the crack tip radius approaches zero results in the stress concentration factor 
tending to infinity. Instead, linear elastic fracture mechanics analyzes the stress field around the crack 
tip and identifies features of the field common to all cracked elastic bodies. 


14.5.1 Stress Concentration Factor 


There are three basic modes of crack growth, as shown in Fig. 14.4. Generally, the stress field in the 
region of the crack tip is described by a two-dimensional model which may be used as an approximation 
for many practical three-dimensional loading cases. Thus, the stress system at a distance r(r <a) from 
the tip of a crack of length 2a, shown in Fig. 14.5, can be expressed in the form 





S,,50,51.6 = = -f(@) (see [Ref. 2]) (14.29) 
Qar)? 


in which f(@) is a different function for each of the three stresses and K is the stress intensity factor; 
K is a function of the nature and magnitude of the applied stress levels and also of the crack size. The 


terms (xr)? and f (0) map the stress field in the vicinity of the crack and are the same for all cracks 
under external loads that cause crack openings of the same type. 
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Basic modes of crack growth. 
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Fig. 14.5 





Stress field in the vicinity of a crack. 


Equation (14.29) applies to all modes of crack opening, with K having different values depending 
on the geometry of the structure, the nature of the applied loads, and the type of crack. 

Experimental data show that crack growth and residual strength data are better correlated using K 
than any other parameter. K may be expressed as a function of the nominal applied stress S and the 
crack length in the form 


K =S(ma)2a (14.30) 


in which @ is anondimensional coefficient usually expressed as the ratio of crack length to any convenient 
local dimension in the plane of the component; for a crack in an infinite plate under an applied uniform 
stress level S remote from the crack, w= 1.0. Alternatively, in cases where opposing loads P are applied 
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at points close to the plane of the crack, 





Pa 
K= - (14.31) 
(ra)? 
in which P is the load/unit thickness. Equations (14.30) and (14.31) may be rewritten as 
K = Kog (14.32) 


where Ko is a reference value of the stress intensity factor which depends on the loading. For the simple 
case of a remotely loaded plate in tension, 


Ky =S(xa)? (14.33) 


and Eqs. (14.32) and (14.30) are identical so that for a given ratio of crack length to plate width a is 
the same in both formulations. In more complex cases, for example, the in-plane bending of a plate of 
width 26 and having a central crack of length 2a, 


3Ma 


= Fy na)? (14.34) 


Ko 
in which M is the bending moment per unit thickness. Comparing Eqs. (14.34) and (14.30), we see that 
S=3Ma/4b3, which is the value of direct stress given by basic bending theory at a point a distance 
+4/2 from the central axis. However, if S was specified as the bending stress in the outer fibers of the 
plate—at +b—then S=3M/2b?; clearly the different specifications of S require different values of a. 
On the other hand, the final value of K must be independent of the form of presentation used. Use of 
Egs. (14.30) through (14.32) depends on the form of the solution for Ko, and care must be taken to 
ensure that the formula used and the way in which the nominal stress is defined are compatible with 
those used in the derivation of œ. 

There are a number of methods available for determining the value of K and «œ. In one method, the 
solution for a component subjected to more than one type of loading is obtained from available standard 
solutions using superposition, or, if the geometry is not covered, two or more standard solutions may 
be compounded [Ref. 1]. Alternatively, a finite element analysis may be used. 

The coefficient a in Eq. (14.30) has, as we have noted, different values depending on the plate and 
crack geometries. Listed below are values of a for some of the more common cases. 








(i) A semi-infinite plate having an edge crack of length a; æ = 1.12. 
(ii) An infinite plate having an embedded circular crack or a semicircular surface crack, each of radius 
a, lying in a plane normal to the applied stress; a =0.64. 
(iii) An infinite plate having an embedded elliptical crack of axes 2a and 2b or a semielliptical crack 
of width 25 in which the depth a is less than half the plate thickness each lying in a plane normal 
to the applied stress; « = 1.12 in which ® varies with the ratio a/b as follows: 


a/b 0 02 04 06 0.8 
® 1.0 1.05 1.15 1.28 1.42 


For a/b=1, the situation is identical to case (ii). 
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(iv) A plate of finite width w having a central crack of length 2a, where a <0.3w; œ = [sec (ar /w)]!/2. 
(v) For a plate of finite width w having two symmetrical edge cracks each of depth 2a, Eq. (14.30) 
becomes 


K = S[wtan(za/w) + (0.1w) sinQza/w)]!/? 


From Eq. (14.29), it can be seen that the stress intensity at a point ahead of a crack can be expressed 
in terms of the parameter K. Failure will then occur when K reaches a critical value Ke. This is known 
as the fracture toughness of the material and has units MN/m?/? or N/mm?/”. 


14.5.2 Crack Tip Plasticity 


In certain circumstances, it may be necessary to account for the effect of plastic flow in the vicinity of 
the crack tip. This may be allowed for by estimating the size of the plastic zone and adding this to the 
actual crack length to form an effective crack length 2a,. Thus, if rp is the radius of the plastic zone, 
a\ =a+Pp, and Eq. (14.30) becomes 


Ky = S(mray)20 (14.35) 


in which Ky is the stress intensity factor corrected for plasticity and a; corresponds to a;. Thus, for 
rp/t > 0.5, that is, a condition of plane stress, 


1 (K\’ a (SN? 
n= 5) or »=5(F) a? (see [Ref. 3]) (14.36) 


in which fy is the yield proof stress of the material. For rp/t < 0.02, a condition of plane strain 


1 (KV? 
r=} ($) (14.37) 


For intermediate conditions, the correction should be such as to produce a conservative solution. 

Dugdale [Ref. 4] showed that the fracture toughness parameter Ke is highly dependent on plate 
thickness. In general, since the toughness of a material decreases with decreasing plasticity, it follows 
that the true fracture toughness is that corresponding to a plane strain condition. This lower limiting 
value is particularly important to consider in high-strength alloys, since these are prone to brittle failure. 
In addition, the assumption that the plastic zone is circular is not representative in plane strain conditions. 
Rice and Johnson [Ref. 5] showed that for a small amount of plane strain yielding, the plastic zone 
extends as two lobes (Fig. 14.6) each inclined at an angle @ to the axis of the crack where 0 =70°, and 
the greatest extent L and forward penetration (ry for 6 =0) of plasticity are given by 


L =0.155 (K /f) 
ry = 0.04 (K/fy)” 
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Crack 


Lobe of plasticity 
Fig. 14.6 


Plane strain plasticity. 


14.5.3 Crack Propagation Rates 


Having obtained values of the stress intensity factor and the coefficient a, fatigue crack propagation 
rates may be estimated. From these, the life of a structure containing cracks or crack-like defects may 
be determined; alternatively, the loading condition may be modified or inspection periods arranged so 
that the crack will be detected before failure. 

Under constant amplitude loading, the rate of crack propagation may be represented graphically by 
curves described in general terms by the law 


a =f(R,AK) (see [Ref. 6]) (14.38) 


in which AX is the stress intensity factor range and R= Syin/Smax. If Eq. (14.30) is used, 
AK = (Sinax — Smin) (ora)? 1 (14.39) 


Equation (14.39) may be corrected for plasticity under cyclic loading and becomes 


1 
AKp = (Smax — Smin) (7 a1)? 1 (14.40) 
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in which aj =a+ rp, where, for plane stress 


2 
| (=) (see [Ref. 7]) 


= ee h 


The curves represented by Eq. (14.38) may be divided into three regions. The first corresponds to a very 
slow crack growth rate (<1078 m/cycle) where the curves approach a threshold value of stress intensity 
factor AK" corresponding to 4 x 10~!! m/cycle—in other words, no crack growth. In the second region 
(10-8 — 10~° m/cycle), much of the crack life takes place and, for small ranges of AK, Eq. (14.38) 
may be represented by 


aa = C(AK)” (see [Ref. 8]) (14.41) 
dN 
in which C and n depend on the material properties; over small ranges of da/dN and AK, C and n 
remain approximately constant. The third region corresponds to crack growth rates >10~° m/cycle, 
where instability and final failure occur. 
An attempt has been made to describe the complete set of curves by the relationship 


da C(AK)" 
N N E (see [Ref. 9]) (14.42) 


in which Ke is the fracture toughness of the material obtained from toughness tests. Integration of 
Eqs. (14.41) or (14.42) analytically or graphically gives an estimate of the crack growth life of the 
structure, that is, the number of cycles required for a crack to grow from an initial size to an unaccept- 
able length, or the crack growth rate or failure, whichever is the design criterion. Thus, for example, 
integration of Eq. (14.41) gives, for an infinite width plate for which «œ = 1.0, 


1 gil-n/2) | 
ININ = ————____ | =a (14.43) 
C[(Smax — Smin) 2 ]” =n/ ai 





for n>2. An analytical integration may only be carried out if n is an integer and « is in the form of a 
polynomial; otherwise graphical or numerical techniques must be used. 
Substituting the limits in Eq. (14.43) and taking N; =0, the number of cycles to failure is given by 





2 1 1 
Ne= 14.44 
TC —2)[(Smax — Sm) 2)" E rn] ( ) 


E- 
Example 14.1 

An infinite plate contains a crack having an initial length of 0.2 mm and is subjected to a cyclic repeated 
stress range of 175 N/mm?. If the fracture toughness of the plate is 1708 N/mm?/? and the rate of crack 
growth is 40 x 107!5 (AK)mm/cycle, determine the number of cycles to failure. = 
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The crack length at failure is given by Eq. (14.30) in which w=1, K=1708N/mm*”, and 
S=175N/mm?: 


17082 


af 


Also, n=4 so that substituting the relevant parameters in Eq. (14.44) gives 


1 1 1 
I E 
f mora la z5) 
from which 


Ne = 26919 cycles 
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Problems 


P.14.1 A material has a fatigue limit of +230 N/mm? and an ultimate tensile strength of 870N/mm2. If the safe 
range of stress is determined by the Goodman prediction, calculate its value. 


Ans. 363N/mm?. 
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P.14.2 A more accurate estimate for the safe range of stress for the material of P.14.1 is given by the nonlinear 
form of the Goodman prediction in which m =2. Calculate its value. 


Ans. 432N/mm?. 


P.14.3 A steel component is subjected to a reversed cyclic loading of 100 cycles/day over a period of time in which 
+160N/mm? is applied for 200 cycles, +140 N/mm? is applied for 200 cycles, and +100 N/mm? is applied for 600 
cycles. If the fatigue life of the material at each of these stress levels is 10*, 10°, and 2 x 10° cycles, respectively, 
estimate the life of the component using Miner’s law. 


Ans. 400 days. 


P.14.4 An infinite steel plate has a fracture toughness of 3320 N/mm?/? and contains a 4mm long crack. Calculate 
the maximum allowable design stress that could be applied round the boundary of the plate. 


Ans. 1324N/mm?. 


P.14.5 A semi-infinite plate has an edge crack of length 0.4mm. If the plate is subjected to a cyclic 
repeated stress loading of 180N/mm/?, its fracture toughness is 1800N/mm/?/?, and the rate of crack growth is 
30 x 10-!5(AK)* mm/cycle, determine the crack length at failure and the number of cycles to failure. 


Ans. 25.4mm, 7916 cycles. 


P.14.6 An aircraft’s cruise speed is increased from 200 to 220m/s. Determine the percentage increase in gust 
damage this would cause. 


Ans. 65 percent. 


P.14.7 The average block length journey of an executive jet airliner is 1000km and its cruise speed is 240 m/s. 
If the damage during the ground-air-ground cycle may be assumed to be 10 percent of the total damage during a 
complete flight, determine the percentage increase in the life of the aircraft when the cruising speed is reduced to 
235m/s. 


Ans. 12 percent. 


This page intentionally left blank 


o C 


Bending of Open and Closed, 
Thin-Walled Beams 


In Chapter 11, we discussed the various types of structural components found in aircraft construction 
and the various loads they support. We saw that an aircraft is basically an assembly of stiffened shell 
structures ranging from the single-cell closed section fuselage to multicellular wings and tail surfaces, 
each subjected to bending, shear, torsional, and axial loads. Other, smaller portions of the structure 
consist of thin-walled channel, T-, Z-, “top-hat”-, or I-sections, which are used to stiffen the thin 
skins of the cellular components and provide support for internal loads from floors, engine mountings, 
and so forth. Structural members such as these are known as open section beams, whereas the cellular 
components are termed closed section beams; clearly, both types of beam are subjected to axial, bending, 
shear, and torsional loads. In this chapter, we shall investigate the stresses and displacements in thin- 
walled open and single-cell closed section beams produced by bending loads. 

In Chapter 1, we saw that an axial load applied to a member produces a uniform direct stress across 
the cross section of the member. A different situation arises when the applied loads cause a beam to 
bend which, if the loads are vertical, will take up a sagging (~) or hogging shape (~>). This means 
that for loads which cause a beam to sag the upper surface of the beam must be shorter than the lower 
surface, as the upper surface becomes concave and the lower one convex; the reverse is true for loads 
which cause hogging. The strains in the upper regions of the beam will, therefore, be different from 
those in the lower regions, and since we have established that stress is directly proportional to strain 
(Eq. (1.40)), it follows that the stress will vary through the depth of the beam. 

The truth of this can be demonstrated by a simple experiment. Take a reasonably long rectangular 
rubber eraser and draw three or four lines on its longer faces as shown in Fig. 15.1(a); the reason for 
this will become clear a little later. Now hold the eraser between the thumb and forefinger at each end 
and apply pressure as shown by the direction of the arrows in Fig. 15.1(b). The eraser bends into the 
shape shown, and the lines on the side of the eraser remain straight but are now farther apart at the top 
than at the bottom. 

Since, in Fig. 15.1(b), the upper fibers have been stretched and the lower fibers compressed, there 
will be fibers somewhere in between which are neither stretched nor compressed; the plane containing 
these fibers is called the neutral plane. 

Now rotate the eraser so that its shorter sides are vertical and apply the same pressure with your 
fingers. The eraser again bends but now requires much less effort. It follows that the geometry and 
orientation of a beam section must affect its bending stiffness. This is more readily demonstrated with 
a plastic ruler. When flat it requires hardly any effort to bend it, but when held with its width vertical, 
it becomes almost impossible to bend. 
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Convex 


Concave 


(a) (b) 
Fig. 15.1 


Bending of a rubber eraser. 





15.1 SYMMETRICAL BENDING 


Although symmetrical bending is a special case of the bending of beams of arbitrary cross section, we 
shall investigate the former first so that the more complex general case may be more easily understood. 

Symmetrical bending arises in beams which have either singly or doubly symmetrical cross sections; 
examples of both types are shown in Fig. 15.2. Suppose that a length of beam, of rectangular cross section, 
say, is subjected to a pure, sagging bending moment, M, applied in a vertical plane. We shall define this 
later as a negative bending moment. The length of beam will bend into the shape shown in Fig. 15.3(a) 
in which the upper surface is concave and the lower convex. It can be seen that the upper longitudinal 
fibers of the beam are compressed, while the lower fibers are stretched. It follows that, as in the case of 
the eraser, between these two extremes there are fibers that remain unchanged in length. 

The direct stress therefore varies through the depth of the beam from compression in the upper fibers 
to tension in the lower. Clearly, the direct stress is zero for the fibers that do not change in length; we 
have called the plane containing these fibers the neutral plane. The line of intersection of the neutral 
plane and any cross section of the beam is termed the neutral axis (Fig. 15.3(b)). 

The problem, therefore, is to determine the variation of direct stress through the depth of the beam, 
the values of the stresses, and subsequently to find the corresponding beam deflection. 


15.1.1 Assumptions 


The primary assumption made in determining the direct stress distribution produced by pure bending 
is that plane cross sections of the beam remain plane and normal to the longitudinal fibers of the beam 
after bending. Again, we saw this from the lines on the side of the eraser. We shall also assume that the 
material of the beam is linearly elastic—that is, it obeys Hooke’s law and that the material of the beam 
is homogeneous. 
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Fig. 15.2 





Symmetrical section beams. 
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Fig. 15.3 





Beam subjected to a pure sagging bending moment. 


15.1.2 Direct Stress Distribution 


Consider a length of beam (Fig. 15.4(a)) that is subjected to a pure, sagging bending moment, M, applied 
in a vertical plane; the beam cross section has a vertical axis of symmetry as shown in Fig. 15.4(b). The 
bending moment will cause the length of beam to bend in a similar manner to that shown in Fig. 15.3(a) 
so that a neutral plane will exist which is, as yet, unknown distances yı and y2 from the top and bottom 
of the beam, respectively. Coordinates of all points in the beam are referred to axes Oxyz, in which the 
origin O lies in the neutral plane of the beam. We shall now investigate the behavior of an elemental 
length, ôz, of the beam formed by parallel sections MIN and PGQ (Fig. 15.4(a)) and also the fiber ST 
of cross-sectional area 5A a distance y above the neutral plane. Clearly, before bending takes place 
MP=IG=ST=NQ=¥/z. 

The bending moment M causes the length of beam to bend about a center of curvature C as shown in 
Fig. 15.5(a). Since the element is small in length and a pure moment is applied, we can take the curved 
shape of the beam to be circular with a radius of curvature R measured to the neutral plane. This is a 
useful reference point, since, as we have seen, strains and stresses are zero in the neutral plane. 

The previously parallel plane sections MIN and PGQ remain plane as we have demonstrated but are 
now inclined at an angle 56 to each other. The length MP is now shorter than 6z as is ST, while NQ is 
longer; IG, being in the neutral plane, is still of length 6z. Since the fiber ST has changed in length, it 
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Bending of a symmetrical section beam. 
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Fig. 15.5 





Length of beam subjected to a pure bending moment. 


has suffered a strain €- which is given by 


change in length 
E — 


~ original length 
Then, 
(R — y)ô0 — ôz 
Ez = —— 
6z 
that is, 


(R — y)ô8 — R80 
E, = ———— 
$ R80 
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so that 


z=% 15.1 
a=- (15.1) 


The negative sign in Eq. (15.1) indicates that fibers in the region where y is positive will shorten when 
the bending moment is negative. Then, from Eq. (1.40), the direct stress oz in the fiber ST is given by 


a -EZ (15.2) 


The direct or normal force on the cross section of the fiber ST is o,6A. However, since the direct stress 
in the beam section is due to a pure bending moment, in other words, there is no axial load, the resultant 
normal force on the complete cross section of the beam must be zero. Then 


[ow =0, (15.3) 


A 


where A is the area of the beam cross section. 
Substituting for o, in Eq. (15.3) from (15.2) gives 


-$ fya4=0 (15.4) 


A 


in which both £ and R are constants for a beam ofa given material subjected to a given bending moment. 
Therefore, 


[outro (15.5) 


A 


Equation (15.5) states that the first moment of the area of the cross section of the beam with respect 
to the neutral axis—the x axis—is equal to zero. Thus, we see that the neutral axis passes through the 
centroid of area of the cross section. Since the y axis in this case is also an axis of symmetry, it must 
also pass through the centroid of the cross section. Hence the origin, O, of the coordinate axes coincides 
with the centroid of area of the cross section. 

Equation (15.2) shows that for a sagging (i.e., negative) bending moment, the direct stress in the 
beam section is negative (i.e., compressive) when y is positive and positive (i.e., tensile) when y is 
negative. 

Consider now the elemental strip 6A in Fig. 15.4(b); this is, in fact, the cross section of the fiber ST. 
The strip is above the neutral axis so that there will be a compressive force acting on its cross section of 
0,6A which is numerically equal to (Ey/R)6A from Eq. (15.2). Note that this force will act at all sections 
along the length of ST. At S, this force will exert a clockwise moment (Ey/R)yéA about the neutral axis, 
while at T, the force will exert an identical anticlockwise moment about the neutral axis. Considering 
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either end of ST, we see that the moment resultant about the neutral axis of the stresses on all such fibers 
must be equivalent to the applied negative moment M; that is, 


2 
Yy 
M=-— | E— 
JER“ 
A 
or 
E 
m=- | yaa (15.6) 
A 


The term [,y7d4 is known as the second moment of area of the cross section of the beam about the 
neutral axis and is given the symbol J. Rewriting Eq. (15.6), we have 


EI 
M=-— 15.7 
= (15.7) 
or, combining this expression with Eq. (15.2) 
M E 
r NA (15.8) 
I R y 
From Eq. (15.8), we see that 
M 
o= (15.9) 


The direct stress, oz, at any point in the cross section of a beam is therefore directly proportional to 
the distance of the point from the neutral axis and so varies linearly through the depth of the beam as 
shown, for the section JK, in Fig. 15.5(b). Clearly, for a positive bending moment o, is positive—that is, 
tensile—when y is positive and compressive (i.e., negative) when y is negative. Thus, in Fig. 15.5(b), 


M M 
O21 = = (compression) 072 = = (tension) (15.10) 


Furthermore, we see from Eq. (15.7) that the curvature, 1/R, of the beam is given by 


1 M 
= (15.11) 
R EI 

and is therefore directly proportional to the applied bending moment and inversely proportional to the 
product EI which is known as the flexural rigidity of the beam. 


EO 
Example 15.1 

The cross section of a beam has the dimensions shown in Fig. 15.6(a). If the beam is subjected to a 
negative bending moment of 100kN m applied in a vertical plane, determine the distribution of direct 
stress through the depth of the section. = 
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Fig. 15.6 





Direct stress distribution in beam of Example 15.1. 


The cross section of the beam is doubly symmetrical so that the centroid, C, of the section, and 
therefore the origin of axes, coincides with the midpoint of the web. Furthermore, the bending moment 
is applied to the beam section in a vertical plane so that the x axis becomes the neutral axis of the beam 
section; therefore, we need to calculate the second moment of area, J, about this axis. 


_ 200 x 3003 175 x 260° 


a = 193.7 x 10°mm* (see Section 15.4) 
12 12 


From Eq. (15.9), the distribution of direct stress, o,, is given by 


Oz = 


100 x 106 js © 
—— y= —0. 1 
193.7 x 106” Y 


The direct stress, therefore, varies linearly through the depth of the section from a value 
—0.52 x (+150) = —78N/mm? (compression) 
at the top of the beam to 
—0.52 x (—150) = +78N/mm‘? (tension) 


at the bottom as shown in Fig. 15.5(b). 
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E 
Example 15.2 

Now determine the distribution of direct stress in the beam of Example 15.1 if the bending moment is 
applied in a horizontal plane and in a clockwise sense about Cy when viewed in the direction yC. EE 


In this case, the beam will bend about the vertical y axis which therefore becomes the neutral axis 
of the section. Thus, Eq. (15.9) becomes 


M 


7x, (i) 
Ly 


0z = 


where Z is the second moment of area of the beam section about the y axis. Again from Section 15.4, 


20 x 200°? 260x253 
Ip=2x LA + = 527.0 x 10° mm4 
12 12 


Hence, substituting for M and Z, in Eq. (i) 


100 x 106 


HERE E 
270x106 >" 


Oz 

We have not specified a sign convention for bending moments applied in a horizontal plane. 
However, a physical appreciation of the problem shows that the left-hand edges of the beam are 
in compression, while the right-hand edges are in tension. Again the distribution is linear and 
varies from 3.7 x (—100)=—370N/mm? (compression) at the left-hand edges of each flange to 
3.7 x (+100)= +370 N/mm? (tension) at the right-hand edges. 

We note that the maximum stresses in this example are very much greater than those in Example 15.1. 
This is due to the fact that the bulk of the material in the beam section is concentrated in the region of 
the neutral axis where the stresses are low. The use of an I-section in this manner would therefore be 
structurally inefficient. 


i 
Example 15.3 

The beam section of Example 15.1 is subjected to a bending moment of 100kN m applied in a plane 
parallel to the longitudinal axis of the beam but inclined at 30° to the left of vertical. The sense of the 
bending moment is clockwise when viewed from the left-hand edge of the beam section. Determine the 
distribution of direct stress. = 


The bending moment is first resolved into two components, My in a vertical plane and M, in a 
horizontal plane. Equation (15.9) may then be written in two forms 
M, M i 
oz = —y o= —x (i) 
Loox hy 
The separate distributions can then be determined and superimposed. A more direct method is to combine 
the two equations (i) to give the total direct stress at any point (x, y) in the section. Thus, 
M, M, 


Oz = — y + 
5 Lex Ly 





x (ii) 
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M, = 100cos30°= 86.6kNm ie 
M, = 100sin30° = niet w 
Mk; is, in this case, a positive bending moment producing tension in the upper half of the beam where 
y is positive. Also, M, produces tension in the left-hand half of the beam where x is negative; we shall 
therefore call M, a negative bending moment. Substituting the values of My and M, from Eq. (iii) but 
with the appropriate sign in Eq. (ii) together with the values of /,,. and Z from Examples 15.1 and 15.2, 
we obtain 


86.6 x 10° 50.0 x 10° 


6” 97.0 x 106" 


~ 193.7 x10 wy) 


Oz 
or 
oz = 0.45y — 1.85x (v) 


Equation (v) gives the value of direct stress at any point in the cross section of the beam and may 
also be used to determine the distribution over any desired portion. Thus, on the upper edge of the top 
flange y = +150 mm, 100 mm > x > —100 mm, so that the direct stress varies linearly with x. At the top 
left-hand corner of the top flange, 


oz = 0.45 x (+150) — 1.85 x (—100) = +252.5N/mm? (tension) 
At the top right-hand corner, 
o, = 0.45 x (+150) — 1.85 x (4100) = —1 17.5N/mm? (compression) 


The distributions of direct stress over the outer edge of each flange and along the vertical axis of 
symmetry are shown in Fig. 15.7. Note that the neutral axis of the beam section does not in this case 
coincide with either the x or y axis, although it still passes through the centroid of the section. Its 
inclination, a, to the x axis, say, can be found by setting o, =0 in Eq. (v). Then, 


0 = 0.45y — 1.85x 


or 
1. 
Eo Ha aly 
x 0.45 
which gives 
a = 763° 


Note that a may be found in general terms from Eq. (ii) by again setting 0, =0. Hence, 


MI 
Zra A tana (15.12) 
x MLy 
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67.5 N/mm? 


252.5 N/mm2 I 
117.5 N/mm? 








67.5 N/mm2 


67.5 N/mm? 


117.5 N/mm? 
/ 252.5 N/mm? 
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Direct stress distribution in beam of Example 15.3. 


Neutral axis 
Fig. 15.7 





or 





since y is positive and x is positive for a positive value of a. We shall define in a slightly different way 
in Section 15.2.4 for beams of unsymmetrical section. 


15.1.3 Anticlastic Bending 


In the rectangular beam section shown in Fig. 15.8(a), the direct stress distribution due to a negative 
bending moment applied in a vertical plane varies from compression in the upper half of the beam 
to tension in the lower half (Fig. 15.8(b)). However, due to the Poisson effect, the compressive stress 
produces a lateral elongation of the upper fibers of the beam section, while the tensile stress produces a 
lateral contraction of the lower. The section does not therefore remain rectangular but distorts as shown 
in Fig. 15.8(c); the effect is known as anticlastic bending. 

Anticlastic bending is of interest in the analysis of thin-walled box beams in which the cross sections 
are maintained by stiffening ribs. The prevention of anticlastic distortion induces local variations in stress 
distributions in the webs and covers of the box beam and also in the stiffening ribs. 
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Fig. 15.8 


Anticlastic bending of a beam section. 








15.2 UNSYMMETRICAL BENDING 


We have shown that the value of direct stress at a point in the cross section of a beam subjected to 
bending depends on the position of the point, the applied loading, and the geometric properties of the 
cross section. It follows that it is of no consequence whether the cross section is open or closed. We, 
therefore, derive the theory for a beam of arbitrary cross section and then discuss its application to 
thin-walled open and closed section beams subjected to bending moments. 

The assumptions are identical to those made for symmetrical bending and are listed in Section 15.1.1. 
However, before we derive an expression for the direct stress distribution in a beam subjected to bending, 
we shall establish sign conventions for moments, forces, and displacements; investigate the effect of 
choice of section on the positive directions of these parameters, and discuss the determination of the 
components of a bending moment applied in any longitudinal plane. 


15.2.1 Sign Conventions and Notation 


Forces, moments, and displacements are referred to an arbitrary system of axes Oxyz, of which Oz is 
parallel to the longitudinal axis of the beam and Oxy are axes in the plane of the cross section. We 
assign the symbols M, S, P, T, and w to bending moment, shear force, axial or direct load, torque, and 
distributed load intensity, respectively, with suffixes where appropriate to indicate sense or direction. 
Thus, My is a bending moment about the x axis, Sx is a shear force in the x direction, and so on. 
Figure 15.9 shows positive directions and senses for the above loads and moments applied externally to 
a beam and also the positive directions of the components of displacement u, v, and w of any point in the 
beam cross section parallel to the x, y, and z axes, respectively. A further condition defining the signs 
of the bending moments M, and M, is that they are positive when they induce tension in the positive xy 
quadrant of the beam cross section. 

If we refer internal forces and moments to that face of a section which is seen when viewed in the 
direction zO, and then, as shown in Fig. 15.10, positive internal forces and moments are in the same 
direction and sense as the externally applied loads, whereas on the opposite face they form an opposing 
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Z 
Fig. 15.9 


Notation and sign convention for forces, moments, and displacements. 






External loading system 





Internal force system 


Fig. 15.10 


Internal force system. 


system. The former system, which we shall use, has the advantage that direct and shear loads are always 
positive in the positive directions of the appropriate axes whether they are internal loads or not. It must 
be realized, though, that internal stress resultants then become equivalent to externally applied forces 
and moments and are not in equilibrium with them. 
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15.2.2 Resolution of Bending Moments 


A bending moment M applied in any longitudinal plane parallel to the z axis may be resolved into 
components M, and M, by the normal rules of vectors. However, a visual appreciation of the situation 
is often helpful. Referring to Fig. 15.11, we see that a bending moment M in a plane at an angle 0 to 


Ox may have components of differing sign depending on the size of 6. In both cases, for the sense of 
M shown 


M, = Msin@ 
My, = M cos0 


which give, for 0<m/2, M, and M, positive (Fig. 15.11(a)) and for 6>2/2, My, positive and M, 
negative (Fig. 15.11(b)). 


15.2.3 Direct Stress Distribution due to Bending 


Consider a beam having the arbitrary cross section shown in Fig. 15.12(a). The beam supports bending 
moments My, and M, and bends about some axis in its cross section which is therefore an axis of zero 
stress or a neutral axis (NA). Let us suppose that the origin of axes coincides with the centroid C of the 
cross section and that the neutral axis is a distance p from C. The direct stress oz on an element of area 
ôA at a point (x, y) and a distance £ from the neutral axis is, from the third of Eq. (1.42) 


oz = Ee; (15.13) 


If the beam is bent to a radius of curvature p about the neutral axis at this particular section then, 
since plane sections are assumed to remain plane after bending, and by a comparison with symmetrical 
bending theory 


ese 
p 
y y 
4 a a 
(a) : (b) 
Fig. 15.11 





Resolution of bending moments: (a) 6 < 90° and (b) 6 > 90°. 
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(a) 


Fig. 15.12 


Determination of neutral axis position and direct stress due to bending. 





Substituting for e, in Eq. (15.13), we have 


288 
p 


(15.14) 


Oz 


The beam supports pure bending moments so that the resultant normal load on any section must be 


zero. Hence, 
| o,dA =0 


A 


Therefore, replacing o, in this equation from Eq. (15.14) and cancelling the constant E/p gives 


pees 


that is, the first moment of area of the cross section of the beam about the neutral axis is zero. It follows 
that the neutral axis passes through the centroid of the cross section as shown in Fig. 15.12(b), which 
is the result we obtained for the case of symmetrical bending. 

Suppose that the inclination of the neutral axis to Cx is œ (measured clockwise from Cx), then 


E = xsing + y cosg (15.15) 


and from Eq. (15.14), 


E 
oz = —(xsina + ycos@) (15.16) 
p 


a 
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The moment resultants of the internal direct stress distribution have the same sense as the applied 
moments My and My. Therefore, 


m= f oyaa, m= foxas (15.17) 
A A 


Substituting for o, from Eq. (15.16) in (15.17) and defining the second moments of area of the section 


about the axes Cx, Cy as 
In = | yaa, hy = [ x04, ly = | sya 
A A A 


Esina Ecosa Esina Ecosa 
Mx = Ix, M= Ly 


gives 














ly ley 


or, in matrix form 
from which 


that is, 


E sina S 1 —Ixy Lex My 
p cosa ~ Lely — B, Ly —hy M, 


Mylax — Mel Mely — Myly 
(22 ef m (15.18) 
Tgelyy — Tuelyy — 


xy xy 


so that, from Eq. (15.16), 


Alternatively, Eq. (15.18) may be rearranged in the form 


a My (hy a LyX) My Qax — Tyy) 


* idy- B, Lexby — 12, 





(15.19) 


From Eq. (15.19) it can be seen that if, say, M), =0, the moment M, produces a stress which varies with 
both x and y; similarly for M, if M,=0. 

In the case where the beam cross section has either (or both) Cx or Cy as an axis of symmetry, the 
product second moment of area J, is zero and Cxy are principal axes. Equation (15.19) then reduces to 


Oz = —y+—x (15.20) 
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Further, if either M, or M, is zero, then 


po  Gp (15.21) 
Lex Ly V 

Equations (15.20) and (15.21) are those derived for the bending of beams having at least a singly 
symmetrical cross section (see Section 15.1). It may also be noted that in Eq. (15.21) o, =0 when, for 
the first equation, y=0 and for the second equation when x=0. Therefore, in symmetrical bending 
theory, the x axis becomes the neutral axis when M,,=0 and the y axis becomes the neutral axis when 
Myx =0. Thus, we see that the position of the neutral axis depends on the form of the applied loading as 
well as the geometrical properties of the cross section. 

There exists, in any unsymmetrical cross section, a centroidal set of axes for which the product second 
moment of area is zero (see [Ref. 1]). These axes are then principal axes and the direct stress distribution 
referred to these axes takes the simplified form of Eqs. (15.20) or (15.21). It would therefore appear that 
the amount of computation can be reduced if these axes are used. This is not the case, however, unless 
the principal axes are obvious from inspection, since the calculation of the position of the principal 
axes, the principal sectional properties, and the coordinates of points at which the stresses are to be 
determined consumes a greater amount of time than direct use of Eqs. (15.18) or (15.19) for an arbitrary 
but convenient set of centroidal axes. 


15.2.4 Position of the Neutral Axis 


The neutral axis always passes through the centroid of area of a beam’s cross section, but its inclination 
a (see Fig. 15.12(b)) to the x axis depends on the form of the applied loading and the geometrical 
properties of the beam’s cross section. 

At all points on the neutral axis the direct stress is zero. Therefore, from Eq. (15.18), 


Mylex — Mlk MyDy — ML: 
0= 3 y yy ylxy 
(be TP Jev + (i ie 7 YNA, 


xy xy 
where xy4 and yyy are the coordinates of any point on the neutral axis. Hence, 

YNA _ — Mylex 7 MyLy 

XNA Mxlyy — Mylxy 
or, referring to Fig. 15.12(b) and noting that when a is positive xy4 and yyy are of opposite sign 
M, Ix Z Mylxy 
Mslyy — Mylxy 


tang = 


(15.22) 


——————_________ 
Example 15.4 

A beam having the cross section shown in Fig. 15.13 is subjected to a bending moment of 1500Nm 
in a vertical plane. Calculate the maximum direct stress due to bending stating the point at which 


it acts. = 
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40mm 80mm 
ese y B 


8 mm 
D 


80 mm 





E F 
8 mm —- = 
Fig. 15.13 


Cross section of beam in Example 15.4. 





The position of the centroid of the section may be found by taking moments of areas about some 
convenient point. Thus, 


(120 x 8+ 80 x 8)y = 120 x 8 x 44 80 x 8 x 48 


giving 
y =21.6mm 
and 
(120 x 8+ 80 x 8)x = 80 x 8 x 44+ 120 x 8 x 24 
giving 


x = 16mm 


The next step is to calculate the section properties referred to axes Cxy (see Section 15.4) 


120 x (8)3 8 x (80)3 
Pa a +120 x 8 x (17.6)? + ae +80 x 8 x (26.4)? 
= 1.09 x 10°mm* 
8 x (120)3 80 x (8)3 


2 
aa PO EAB) + 12 


= 1.31 x 10°mm*4 


Ly = 120 x 8 x 8 x 17.6 + 80 x 8 x (—12) x (—26.4) 


= 0.34 x 10°mm* 


+80 x 8 x (12)? 


ee 
440 CHAPTER 15 Bending of Open and Closed, Thin-Walled Beams 


Since M, = 1500 N m and M, =0, we have, from Eq. (15.19), 
oz = 1.5y — 0.39x (1) 


in which the units are N and mm. 
By inspection of Eq. (i), we see that oy will be a maximum at F where x =—8 mm, y=—66.4mm. 
Thus, 


Oz max = —96 N/mm? (compressive) 


In some cases, the maximum value cannot be obtained by inspection so that values of o; at several 
points must be calculated. 


15.2.5 Load Intensity, Shear Force, and Bending Moment 
Relationships, General Case 


Consider an element of length 6z of a beam of unsymmetrical cross section subjected to shear forces, 
bending moments, and a distributed load of varying intensity, all in the yz plane as shown in Fig. 15.14. 
The forces and moments are positive in accordance with the sign convention previously adopted. Over 
the length of the element we may assume that the intensity of the distributed load is constant. Therefore, 
for equilibrium of the element in the y direction 


aS) 
Sy + ae +wydz — Sy = 0 
z 


from which 


Taking moments about A, we have 


aM. as. ôz)? 
(m yez z) (s hie sz) ag eG 
Oz Oz 











M, + <2 8z 
z 


Fig. 15.14 


Equilibrium of beam element supporting a general force system in the yz plane. 
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or, when second-order terms are neglected 











aM, 
S = — 
Oz 
We may combine these results into a single expression 
aS, 3M; 
Awe 15.2 
W= 3z? 322) 
Similarly for loads in the xz plane, 
3S 3M, 
a = 15.24 
wy az? ( ) 





15.3 DEFLECTIONS DUE TO BENDING 


We have noted that a beam bends about its neutral axis whose inclination relative to arbitrary centroidal 
axes is determined from Eq. (15.22). Suppose that at some section of an unsymmetrical beam the 
deflection normal to the neutral axis (and therefore an absolute deflection) is ¢, as shown in Fig. 15.15. 
In other words, the centroid C is displaced from its initial position Cy through an amount ¢ to its final 
position Cr. Suppose also that the center of curvature R of the beam at this particular section is on the 
opposite side of the neutral axis to the direction of the displacement ¢ and that the radius of curvature 
is p. For this position of the center of curvature and from the usual approximate expression for cur- 
vature, we have 


oe eS (15.25) 


R (center of curvature) 





Unloaded 





Fig. 15.15 


Determination of beam deflection due to bending. 
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The components u and v of ¢ are in the negative directions of the x and y axes, respectively, so that 





u= —ġ sing, v= —¢ cosg (15.26) 
Differentiating Eqs. (15.26) twice with respect to z and then substituting for ¢ from Eq. (15.25), we 
obtain 
sing B Pu cosa _ d?v (15.27) 
p dz? p dz? 


In the derivation of Eq. (15.18), we see that 


1 [sing 1 hy Lex Mx 
= = 15.28 
pP o E(Lxby aT B) Bs Ly M, ( ) 
Substituting in Eqs. (15.28) for sin w/p and cos a/p from Eqs. (15.27) and writing u” =d?u/dz7, 
v” =d?v/dz?, we have 


u" —1 -Ly L M, 
SEGIB) 15.29 
l Ellly 12) F -Iy | |M, (15.29) 


It is instructive to rearrange Eq. (15.29) as follows 


1 
bea iF E 7 (| (see derivation of Eq. (15.18) (15.30) 
Y yy “xy 


that is, 


a! We i 
My = —Elyyt" — Elev | (15.31) 


M; = —Elyu" — Elyv" 


The first of Eqs. (15.31) shows that My produces curvatures—that is, deflections—in both the xz 
and yz planes even though M, =0; similarly for M, when M, =0. Thus, for example, an unsymmetrical 
beam will deflect both vertically and horizontally even though the loading is entirely in a vertical plane. 
Similarly, vertical and horizontal components of deflection in an unsymmetrical beam are produced by 
horizontal loads. 

For a beam having either Cx or Cy (or both) as an axis of symmetry, J, =0 and Eqs. (15.29) 





reduce to 
M. M, 
u!" =-=}, W =- (15.32) 
Ely EL 


=. 
Example 15.5 

Determine the deflection curve and the deflection of the free end of the cantilever shown in Fig. 15.16(a); 
the flexural rigidity of the cantilever is EZ and its section is doubly symmetrical. 
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El | 
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(a) 
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| 

ge 

a Vip 


(b) 
Fig. 15.16 


Deflection of a cantilever beam carrying a concentrated load at its free end (Example 15.5). 





The load W causes the cantilever to deflect such that its neutral plane takes up the curved 
shape shown Fig. 15.16(b); the deflection at any section Z is then v, while that at its free end is vtip. The 
axis system is chosen so that the origin coincides with the built-in end where the deflection is clearly 
zero. 

The bending moment, M, at the section Z is, from Fig. 15.16(a), 


M=W(L—z) (i) 


Substituting for M in the second of Eq. (15.32) 


W 
A 
ENEN E 
v i ( z) 
or in more convenient form 
Ely" = —W(L—z) (ii) 


Integrating Eq. (ii) with respect to z gives 


Eh "=-w(1 a) 
y= Z +C 
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where C; is a constant of integration which is obtained from the boundary condition that v’ =0 at the 
built-in end where z=0. Hence, C; =0 and 


ge 
El’ = -W (1: 7 =) (iii) 
Integrating Eq. (iii), we obtain 
ays w= a=) 46 
= 2 6) ? 


in which C3 is again a constant of integration. At the built-in end v =0 when z=0 so that C2 =0. Hence, 
the equation of the deflection curve of the cantilever is 


W 
HS (3Lz* —z) (iv) 
The deflection, vtip, at the free end is obtained by setting z= L in Eq. (iv). Then 


WL? 


3E (v) 


Vtip = — 
and is clearly negative and downward. 


E- ee eee 
Example 15.6 

Determine the deflection curve and the deflection of the free end of the cantilever shown in Fig. 15.17(a). 
The cantilever has a doubly symmetrical cross section. 





(b) 
Fig. 15.17 





Deflection of a cantilever beam carrying a uniformly distributed load. 
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The bending moment, M, at any section Z is given by 
M=" (L-z? (i) 
2 
Substituting for M in the second of Eq. (15.32) and rearranging, we have 
EI" = -5 (L-2? = -50 —2Lz +22) (ii) 
Integration of Eq. (ii) yields 
wf > ee 
El’ = -tà z— Lz“ + =) +C 
2 3 
When z=0 at the built-in end, v’ =0, so that Cı =0 and 
wf a ne 
EIv = —— | L^z — Lz“ + — (iii) 
2 3 
Integrating Eq. (iii), we have 


EI w á I z +c 
v=- =- — + 
202 3 2 $ 


and since v=0 when x=0, C2 =0. The deflection curve of the beam, therefore, has the equation 


w 
Set aap . 
v JAKI (6L*z z” +z) (iv) 


and the deflection at the free end where x= L is 


wL4 


SET (v) 


Vtip = = 


which is again negative and downward. 


oe 


Example 15.7 
Determine the deflection curve and the midspan deflection of the simply supported beam shown in 
Fig. 15.18(a); the beam has a doubly symmetrical cross section. = 


The support reactions are each wL/2 and the bending moment, M, at any section Z, a distance z from 
the left-hand support is 


M wL 2 wz2 (i) 
= ——z + — i 
2 2 
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zZ 
(b) 
Fig. 15.18 
Deflection of a simply supported beam carrying a uniformly distributed load. 
Substituting for M in the second of Eq. (15.32), we obtain 
EI" = 5z -z3 (ii) 
Integrating, we have 
Ely! w(Lz 2 +C 
v =-|—=— -> 
2\2 3 : 
From symmetry it is clear that at the midspan section the gradient v’ =0. 
Hence, 
pe te 
OR. 24) “| 
which gives 
C= wL? 
RER oa 
Therefore, 
EIV = 4 (6Lz? — 423 — L3) (iii) 


Integrating again gives 


w 3 4 3 
B= 5,0 —z'—I°z)+C2 
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Since v=0 when z=0 (or since v=0 when z=L), it follows that C2 =0 and the deflected shape of the 
beam has the equation 


v= aE (2Lz3 — 24 — 132) (iv) 
The maximum deflection occurs at midspan where z= L/2 and is 
SwL4 w 
Vmi = —-——_ v 
midspan 384EI 


So far, the constants of integration were determined immediately after they arose. However, in some 
cases, a relevant boundary condition, say, a value of gradient, is not obtainable. The method is then to 
carry the unknown constant through the succeeding integration and use known values of deflection at 
two sections of the beam. Thus, in the previous example, Eq. (ii) is integrated twice to obtain 


EI wf(Lz 24 +Cz4C 

v= -| —-— Z 

2\6 12 qe are 

The relevant boundary conditions are v=0 at z=0 and z=L. The first of these gives C7 =0, whereas 


from the second, we have C} = —wL?/24. Thus, the equation of the deflected shape of the beam is 


v= QL? -7 — L2) 
24EI 
as before. 
ee 
Example 15.8 


Figure 15.19(a) shows a simply supported beam carrying a concentrated load W at midspan. Deter- 
mine the deflection curve of the beam and the maximum deflection if the beam section is doubly 
symmetrical. = 


The support reactions are each W/2 and the bending moment UV at a section Z a distance z(< L/2) 
from the left-hand support is 


W i 
M= Da (1) 
From the second of Eq. (15.32), we have 
W 
Ely" = ae (ii) 
Integrating, we obtain 
W 2 
El = —— +C 
Y 77 +C 


From symmetry, the slope of the beam is zero at midspan where z =L/2. Thus, Cı = —WL?/16 and 


W 
El = i (42 -L° (iii) 
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(b) 


Fig. 15.19 


Deflection of a simply supported beam carrying a concentrated load at midspan (Example 15.8). 





Integrating Eq. (iii), we have 


W (423 
EWv=—{—-17z)+¢ 
v 16 ( 3 :) + C2 
and when z=0, v=0 so that Cp =0. The equation of the deflection curve is therefore 
W 3 y . 
= — (4z — 3L 
v A851 (4z? — 3L*z) (iv) 
The maximum deflection occurs at midspan and is 
oe WP v) 
Vmidspan = 48EI V 


Note that in this problem, we could not use the boundary condition that v =0 at z =L to determine 
C2, since Eq. (i) applies only for 0 <z < L/2; it follows that Eqs. (iii) and (iv) for slope and deflection 
apply only for 0 <z < L/2, although the deflection curve is clearly symmetrical about midspan. 

Examples 15.5 through 15.8 are frequently regarded as “standard” cases of beam deflection. 


15.3.1 Singularity Functions 


The double integration method used in Examples 15.5 through 15.8 becomes extremely lengthy when 
even relatively small complications such as the lack of symmetry due to an offset load are introduced. 
For example, the addition of a second concentrated load on a simply supported beam would result 
in a total of six equations for slope and deflection, producing six arbitrary constants. Clearly, the 
computation involved in determining these constants would be tedious, even though a simply supported 
beam carrying two concentrated loads is a comparatively simple practical case. An alternative approach 
is to introduce so-called singularity or half-range functions. Such functions were first applied to beam 
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Fig. 15.20 


Macauley’s method for the deflection of a simply supported beam. 





deflection problems by Macauley, in 1919 and hence the method is frequently known as Macauley’s 
method. 

We now introduce a quantity [z—a] and define it to be zero if (z—a)<0; that is, z <a, and to be 
simply (z—a) if z>a. The quantity [z—a] is known as a singularity or half-range function and is 
defined to have a value only when the argument is positive, in which case the square brackets behave 
in an identical manner to ordinary parentheses. 


FB] $$ $$$ 


Example 15.9 
Determine the position and magnitude of the maximum upward and downward deflections of the beam 
shown in Fig. 15.20. = 


A consideration of the overall equilibrium of the beam gives the support reactions; thus, 


3 3 
Ra= 4 W (upward) Rp = 4 W (downward) 
Using the method of singularity functions and taking the origin of axes at the left-hand support, we 
write down an expression for the bending moment, M, at any section Z between D and F, the region of 
the beam furthest from the origin. Thus, 

M=-—Raz+W[z-—al]+ Wz -—2a] —2W[z —3a] (1) 


Substituting for M in the second of Eq. (15.32), we have 
n 3 .. 
Elv = ae W(z — a] — W[z —2a]+2W[z — 3a] (ii) 
Integrating Eq. (ii) and retaining the square brackets, we obtain 


3 W W Re 
El’ = - Wz? — gks a= lee 2a + Wiz — 3a? + Cı (iii) 
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and 


1 W W W 
Elv = z Wz? 7 z-a’ s [z — 2a} + ; [z-—3aP +Cizt+ Co (iv) 
in which C, and C} are arbitrary constants. When z = 0 (at A), v=0, and hence C2 =0. Note that the 
second, third, and fourth terms on the right-hand side of Eq. (iv) disappear for z<a. Also, v=0 at 
z=A4a (F) so that, from Eq. (iv), we have 








W W W W 
l= 64a? z 27a? ; 8a? + 5 a? +4aC, 
which gives 
5 
Cı = -Wa 
8 
Equations (iii) and (iv) now become 
3 W W 5 
El’ = W2 — — [z — a? — — [z — 2a}? + Wiz — 34}? — > Wa? (v) 
8 2 2 8 
and 
1 W W W 5 
Ev= W2? — a= a= a Dat. gle 3af — z Waz, (vi) 
respectively. 


To determine the maximum upward and downward deflections, we need to know in which bays 
v’ =0 and thereby which terms in Eq. (v) disappear when the exact positions are being located. One 
method is to select a bay and determine the sign of the slope of the beam at the extremities of the bay. 
A change of sign will indicate that the slope is zero within the bay. 

By inspection of Fig. 15.20, it seems likely that the maximum downward deflection will occur in 
BC. At B, using Eq. (v) 


3 5 
EIV = —Wa* — - Wa? 
8 8 
which is clearly negative. At C, 
3 W 5 
El’ = s W4a? — ae Sa Wa? 


which is positive. Therefore, the maximum downward deflection does occur in BC and its exact position 
is located by equating v’ to zero for any section in BC. Thus, from Eq. (v) 
3 W 5 
0= ge = leah: gle 


or, simplifying, 


0 =2* —8az+ 9a" (vii) 
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Solution of Eq. (vil) gives 
z=1.35a 


so that the maximum downward deflection is, from Eq. (vi), 
1 W 5 
Eip== W(1.35a)> — j (0.35a)" =e Wa’ (1.35a) 


that is, 


0.54Wa3 
EI 





Vmax (downward) = — 


In a similar manner, it can be shown that the maximum upward deflection lies between D and F at 
z=3.42a and that its magnitude is 


0.04 Wa3 
EI 





Vmax (upward) = 


An alternative method of determining the position of maximum deflection is to select a possible bay, 
set v’=0 for that bay, and solve the resulting equation in z. If the solution gives a value of z that lies 
within the bay, then the selection is correct; otherwise, the procedure must be repeated for a second and 
possibly a third and a fourth bay. This method is quicker than the former if the correct bay is selected 
initially; if not, the equation corresponding to each selected bay must be completely solved, a procedure 
clearly longer than determining the sign of the slope at the extremities of the bay. 


e—————— eee, 
Example 15.10 
Determine the position and magnitude of the maximum deflection in the beam of Fig. 15.21. = 





L/2 L/4 L/4 


Fig. 15.21 


Deflection of a beam carrying a part span uniformly distributed load. 
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Following the method of Example 15.9, we determine the support reactions and find the bending 
moment, M, at any section Z in the bay furthest from the origin of the axes. Then 


at R L 5L . 
= —Raz+w A |z 3 | (i) 
Examining Eq. (i), we see that the singularity function [z — 5L/8] does not become zero until z <5L/8 
although Eq. (i) is only valid for z>3Z/4. To obviate this difficulty, we extend the distributed load to 
the support D while simultaneously restoring the status quo by applying an upward distributed load of 
the same intensity and length as the additional load (Fig. 15.22). 

At the section Z, a distance z from A, the bending moment is now given by 


spies ote LY? w 3L]? ‘i 
= =|[2- 2 | >) 2-— ul 
AZ 7 Z 7 7 Z 


Equation (ii) is now valid for all sections of the beam if the singularity functions are discarded as they 
become zero. Substituting Eq. (ii) into the second of Eqs. (15.32), we obtain 








3 L7 317° an 
Eh’ p z3" _— S |- Fe =] + 5 |- == =] (iii) 
Integrating, Eq. (iii) gives 
3 pale SE 
EW! = wl? = |- J F = |- 5 | eG (iv) 
wLz3 w LI w ar |? 
Elv = 6A 7A Zz 5 + 74 Z a +C1z+ C2, (v) 


where C; and C2 are arbitrary constants. The required boundary conditions are v=0 when z=0 and 
z=L. From the first of these we obtain C7 =0, while the second gives 


ove w fL o L SOT 
~ 64 24\2 24 \4 l 





L/2 L/4 L/4 


Fig. 15.22 


Method of solution for a part span uniformly distributed load. 
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from which 
_ 2Twih3 
1 = 2048 
Equations (iv) and (v) then become 
3 LT 3L? 27wL3 
E = wiz- ”|z-2]| +22- Z| -2 (vi) 
64 6 2 6 4 2048 


and 





wi? w LJ w 3L] 27w? : 
Elv = Z Z Z (vii) 
64 24 2 24 4 2048 


In this problem, the maximum deflection clearly occurs in the region BC of the beam. Thus, equating 
the slope to zero for BC, we have 





3 L? 2m 
0 = —wLz* E Z w 
64 6 2 2048 
which simplifies to 
z? — 1.78L2? + 0.75zL° — 0.046L° = 0 (viii) 


Solving Eq. (viii) by trial and error, we see that the slope is zero at z~ 0.6L. Hence from Eq. (vii), the 
maximum deflection is 
4.53 x 107°wL4 

EI 


Vmax = 


E 
Example 15.11 
Determine the deflected shape of the beam shown in Fig. 15.23. m 





Fig. 15.23 


Deflection of a simply supported beam carrying a point moment. 





A 
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In this problem, an external moment Mo is applied to the beam at B. The support reactions are found 
in the normal way and are 


M Mı 
Ra = a (downward) Rc= > (upward) 
The bending moment at any section Z between B and C is then given by 
M = —Raz — Mo (i) 


Equation (i) is valid only for the region BC and clearly does not contain a singularity function which 
would cause Mo to vanish for z < b. We overcome this difficulty by writing 


M =-—Raz— Molz — b]? Note: [z — b]? = 1) (ii) 


Equation (ii) has the same value as Eq. (i) but is now applicable to all sections of the beam, 
since [z—b]° disappears when z <b. Substituting for M from Eq. (ii) in the second of Eq. (15.32), 


we obtain 
Elv" = Raz+Mo[z—b]° (iii) 
Integration of Eq. (iii) yields 
2 
El’ = Ra + Mol[z—b]+C; (iv) 
and 
z? Mo 2 
ES Ree 2 +C\z+C2, (v) 


where C; and C? are arbitrary constants. The boundary conditions are v=0 when z=0 and z=L. From 
the first of these we have C2 =0, while the second gives 


poe 5 > bP +CiL 
=L 6 ! 


from which 


Mo 2 2 
C); = -— (2L* — 6Lb+ 3b 
1 zI < + 3b*) 


The equation of the deflection curve of the beam is then 





2 pnd _ 2 . 
= E 9 2 43L — b]? — (2L? — 6Lb + 3b2)2} (vi) 
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w 


Fig. 15.24 


Determination of the deflection of a cantilever. 








Example 15.12 
Determine the horizontal and vertical components of the tip deflection of the cantilever shown in 
Fig. 15.24. The second moments of area of its unsymmetrical section are Ixy, Jy, and Ixy. mm 


From Egs. (15.29) 
= MyLley sa Mylex 


C= e i 
E Cex — 2) ” 
In this case, My = W (L — z), M, =0 so that Eq. (i) simplifies to 
WI 
u" = —— > (L-2) (ii) 
E(Lexlyy — Igy) 


Integrating Eq. (ii) with respect to z, 


Ty 2 
ul a (e-F +4) (iii) 


— Elloly — B, 2 
and 
WI 2 3 
"= a (45-5 +8) (iv) 
E@axhy-B)\2 6 


in which u’ denotes du/dz and the constants of integration Æ and B are found from the boundary 
conditions; that is, u’=0 and u=0 when z=0. From the first of these and Eq. (iii), A=0, while from 
the second and Eq. (iv), B=0. Hence, the deflected shape of the beam in the xz plane is given by 


2 3 
ote 


~ Elaly—2,) 2 6 
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At the free end of the cantilever (z = L), the horizontal component of deflection is 


WhyL? (vi) 
ute. = — vi 
*  3E Exelyy — 23,) 
Similarly, the vertical component of the deflection at the free end of the cantilever is 
—W1,,L3 i 
2 e (vii) 
3E chy — Ie) 


The actual deflection ôf., at the free end is then given by 


2 2: oll 
fe. = (ufe. + VF.) 2 


at an angle of tan~! ug ¢/vp.¢. to the vertical. 


Note that if either Cx or Cy were an axis of symmetry, J, =0 and Eqs. (vi) and (vii) reduce to 
—WL? 
BEL x 


ute, =0 Vf.e. = 


the well-known results for the bending of a cantilever having a symmetrical cross section and carrying 
a concentrated vertical load at its free end (see Example 15.5). 





15.4 CALCULATION OF SECTION PROPERTIES 


It will be helpful at this stage to discuss the calculation of the various section properties required in the 
analysis of beams subjected to bending. Initially, however, two useful theorems are quoted. 


15.4.1 Parallel Axes Theorem 


Consider the beam section shown in Fig. 15.25 and suppose that the second moment of area, Ic, about 
an axis through its centroid C is known. The second moment of area, Jy, about a parallel axis, NN, a 
distance b from the centroidal axis is then given by 


N = lc +4b? (15.33) 


Cross-sectional area, A 





Fig. 15.25 


Parallel axes theorem. 
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15.4.2 Theorem of Perpendicular Axes 


In Fig. 15.26, the second moments of area, J,, and J,,,, of the section about Ox and Oy are known. The 
second moment of area about an axis through O perpendicular to the plane of the section (i.e., a polar 
second moment of area) is then 


Io = lx + Iy (15.34) 


15.4.3 Second Moments of Area of Standard Sections 


Many sections may be regarded as comprising a number of rectangular shapes. The problem of deter- 
mining the properties of such sections is simplified if the second moments of area of the rectangular 
components are known and use is made of the parallel axes theorem. Thus, for the rectangular section 


of Fig. 15.27. 
d/2 d/2 


y 
Tee = [rut = J by’ dy =b [z] 
—d/2 


A —d/2 





Fig. 15.26 


Theorem of perpendicular axes. 





Fig. 15.27 


Second moments of area of a rectangular section. 
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which gives 


bd? 
Le == 
12 
Similarly, 
db? 
ee 


(15.35) 


(15.36) 


Frequently, it is useful to know the second moment of area of a rectangular section about an axis which 


coincides with one of its edges. Thus, in Fig. 15.27 and using the parallel axes theorem 


bd3 d\* bd 
io Shah 
vo ( 5) 3 


(15.37) 


O_o 


Example 15.13 
Determine the second moments of area J, and J,,, of the I-section shown in Fig. 15.28. 


Using Eq. (15.35), 
bd? (b—tw)d>, 
amii R 
Alternatively, using the parallel axes theorem in conjunction with Eq. (15.35) 


bt2 d 21 a 
Tex = 2| —£ + bt | 2 aa 
XX É + e( 2 + 12 








Fig. 15.28 





Second moments of area of an J-section. 


ae 
15.4 Calculation of Section Properties 459 


Fig. 15.29 


Second moments of area of a circular section. 





The equivalence of these two expressions for J, is most easily demonstrated by a numerical example. 
Also, from Eq. (15.36), 


It is also useful to determine the second moment of area, about a diameter, of a circular section. In 
Fig. 15.29, where the x and y axes pass through the centroid of the section, 


d/2 
d 
Lys [ru = J 2(5 cos0) yay (15.38) 
A —d/2 


Integration of Eq. (15.38) is simplified if an angular variable, 0, is used. Thus, 


m/2 


a2 Na 
i= dcos@ 3 sind z 0088 dd 


—1/2 
that is, 


m/2 
d4 
= DA ag 
In = > i cos“ 0 sin^ 0 d8 
IZ 


ee 
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which gives 


ndt 
Clearly from symmetry 
rdt 
Ly = — 15.40 
eR ( ) 
Using the theorem of perpendicular axes, the polar second moment of area, Jo, is given by 
nd 
h = Ix + ly = 37 (15.41) 


15.4.4 Product Second Moment of Area 


The product second moment of area, /,,,, of a beam section with respect to x and y axes is defined by 


ly = | sya (15.42) 
A 


Thus, each element of area in the cross section is multiplied by the product of its coordinates, and the 
integration is taken over the complete area. Although second moments of area are always positive, since 
elements of area are multiplied by the square of one of their coordinates, it is possible for J, to be 
negative if the section lies predominantly in the second and fourth quadrants of the axes system. Such 
a situation would arise in the case of the Z-section of Fig. 15.30(a) where the product second moment 
of area of each flange is clearly negative. 

A special case arises when one (or both) of the coordinate axes is an axis of symmetry so that for 
any element of area, 5A, having the product of its coordinates positive, there is an identical element for 
which the product of its coordinates is negative (Fig. 15.30(b)). Summation (i.e., integration) over the 








y Cross-sectional 
area, A 
O > 
x X 
(a) (c) 





Fig. 15.30 





Product second moment of area. 
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entire section of the product second moment of area of all such pairs of elements results in a zero value 
for Ixy. 

We have shown previously that the parallel axes theorem may be used to calculate second moments 
of area of beam sections comprising geometrically simple components. The theorem can be extended to 
the calculation of product second moments of area. Let us suppose that we wish to calculate the product 
second moment of area, I), of the section shown in Fig. 15.30(c) about axes xy when [yy about its own, 
say, centroidal, axes system CXY is known. From Eq. (15.42), 


Ix = | wa 


A 


or 


ly = [o-au-a 
A 


which, on expanding, gives 


hy = [ xvaa—o f xaa—af vaa+ab [ a4 
A A A A 


If X and Y are centroidal axes, then f 4X d4 = S 4 Y dA =0. Hence, 
Iy = Ixy +abA (15.43) 
It can be seen from Eq. (15.43) that if either CX or CY is an axis of symmetry; that is, Zyy =0, then 
Ly = abA (15.44) 


Therefore, for a section component having an axis of symmetry that is parallel to either of the 
section reference axes, the product second moment of area is the product of the coordinates of its 
centroid multiplied by its area. 


15.4.5 Approximations for Thin-Walled Sections 


We may exploit the thin-walled nature of aircraft structures to make simplifying assumptions in the 
determination of stresses and deflections produced by bending. Thus, the thickness ¢ of thin-walled 
sections is assumed to be small compared with their cross-sectional dimensions so that stresses may 
be regarded as being constant across the thickness. Furthermore, we neglect squares and higher powers 
of ¢ in the computation of sectional properties and take the section to be represented by the midline 
of its wall. As an illustration of the procedure, we shall consider the channel section of Fig. 15.31(a). 
The section is singly symmetric about the x axis so that J, =0. The second moment of area J, is then 
given by 


_ nf O+t/2)0 t\ 2 [2h — t/DP 
ra =2| HPE 4 (04 5) a? | POA 


———— 
462 CHAPTER 15 Bending of Open and Closed, Thin-Walled Beams 





Fig. 15.31 


(a) Actual thin-walled channel section; (b) approximate representation of section. 








Fig. 15.32 


Second moments of area of an inclined thin section. 





Expanding the cubed term, we have 


(b+t/2)03 t\ o] t Koan l +e 
Lex == b+- ļth — | (2 k — 3h- +3h— — — 
| 12 TA 2 © 12 2) 3 2 " 4 8 


which reduces, after powers of £? and upward are ignored, to 


2 hy 
Lyx = 2bth* +t D 
The second moment of area of the section about Cy is obtained in a similar manner. 
We see, therefore, that for the purpose of calculating section properties, we may regard the section 
as being represented by a single line, as shown in Fig. 15.31(b). 
Thin-walled sections frequently have inclined or curved walls which complicate the calculation of 
section properties. Consider the inclined thin section of Fig. 15.32. Its second moment of area about 


ee 
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a horizontal axis through its centroid is given by 


a/2 a/2 
Tee = 2 | ty ds = 2 | ising)? 
0 0 
from which 
a>tsin? B 
toe = R 
Similarly, 
m a>tcos” B 
y= 12 
The product second moment of area is 
a/2 
Ly =2 J txy ds 
0 
a/2 
= 2 | t(scos B)(ssin B) ds 
0 
which gives 
a>tsin2B 
7 


We note here that these expressions are approximate in that their derivation neglects powers of £? 
and upward by ignoring the second moments of area of the element 5s about axes through its own 
centroid. 

Properties of thin-walled curved sections are found in a similar manner. Thus, /,.. for the semicircular 


section of Fig. 15.33 is 
nr 
Tey = [0 ds 
0 


Expressing y and s in terms of a single variable 6 simplifies the integration, so 


T 


Ix = J t(rcos@)7r dO 
0 





A 
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Fig. 15.33 


Second moment of area of a semicircular section. 


from which 








Example 15.14 
Determine the direct stress distribution in the thin-walled Z-section, shown in Fig. 15.34, produced by 
a positive bending moment My. = 


The section is antisymmetrical with its centroid at the midpoint of the vertical web. There- 
fore, the direct stress distribution is given by either of Eq. (15.18) or (15.19) in which M, = 0. 





Fig. 15.34 


Z-section beam for Example 15.14. 
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From Eq. (15.19), 


a Mx (yy — Ixyx) (i) 


„= 
Terlyy — I, 


The section properties are calculated as follows 


r 4 (P PER 
PESER ENA 12 3 


Substituting these values in Eq. (i) 
M, 
oz = z3; 6-86 — 10.30x) (ii) 


On the top flange y=h/2, 0< x < h/2, and the distribution of direct stress is given by 








M, 
oz = z3; 68h — 10.30x) (iii) 
which is linear. Hence, 

1.72M, ( m 

0z 1 = — compressive 

re Bt p 

3.43M, ; 

0z2 = + By ~ (tensile) 


In the web, h/2 < y < —h/2 and x =0. Again the distribution is of linear form and is given by the 
equation 








Mx 
oz = 736:86y 
from which 
022 =+ aa (tensile) 
and 
023 = WOM: (compressive) 
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Fig. 15.35 





Distribution of direct stress in Z-section beam of Example 15.14. 


The distribution in the lower flange may be deduced from antisymmetry; the complete distribution is 
then as shown in Fig. 15.35. 





15.5 APPLICABILITY OF BENDING THEORY 


The expressions for direct stress and displacement derived in the above theory are based on the assump- 
tions that the beam is of uniform, homogeneous cross section and that plane sections remain plane after 
bending. The latter assumption is strictly true only if the bending moments M, and M, are constant 
along the beam. Variation of bending moment implies the presence of shear loads, and the effect of these 
is to deform the beam section into a shallow, inverted “s” (see Section 2.6). However, shear stresses in 
beams whose cross-sectional dimensions are small in relation to their lengths are comparatively low so 
that the basic theory of bending may be used with reasonable accuracy. 

In thin-walled sections, shear stresses produced by shear loads are not small and must be calculated, 
although the direct stresses may still be obtained from the basic theory of bending so long as axial 
constraint stresses are absent. Deflections in thin-walled structures are assumed to result primarily from 
bending strains; the contribution of shear strains may be calculated separately if required. 





15.6 TEMPERATURE EFFECTS 


In Section 1.15.1, we considered the effect of temperature change on stress—strain relationships, whereas 
in Section 5.11, we examined the effect of a simple temperature gradient on a cantilever beam of 
rectangular cross section using an energy approach. However, as we have seen, beam sections in aircraft 
structures are generally thin walled and do not necessarily have axes of symmetry. We shall now 
investigate how the effects of temperature on such sections may be determined. 
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Fig. 15.36 


Beam section subjected to a temperature rise. 





We have seen that the strain produced by a temperature change AT is given by 
e=aAT (see Eq. (1.55)) 
It follows from Eq. (1.40) that the direct stress on an element of cross-sectional area 5A is 
o = Ea AT ŝA (15.45) 
Consider now the beam section shown in Fig. 15.36 and suppose that a temperature variation AT is 


applied to the complete cross section; that is, AT is a function of both x and y. 
The total normal force due to the temperature change on the beam cross section is then given by 


Nr = ffe ATdA (15.46) 
A 
Further, the moments about the x and y axes are 
Mr= f fE ATydA (15.47) 
A 
and 
Mr= f fE ATx dA, (15.48) 
A 


respectively. 


ee 
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We have noted that beam sections in aircraft structures are generally thin walled so that 
Eqs. (15.46) through (15.48) may be more easily integrated for such sections by dividing them into 
thin rectangular components as we did when calculating section properties. We then use the Riemann 
integration technique in which we calculate the contribution of each component to the normal force 
and moments and sum them to determine each resultant. Equations (15.46), (15.47), and (15.48) then 
become 


Nr = ZEa ATA, (15.49) 
Myr = YEa ATy;Aj (15.50) 
Myr = LEa ATx;4; (15.51) 


in which 4; is the cross-sectional area of a component and yx; and y; are the coordinates of its 
centroid. 


BB} $ $$$ 
Example 15.15 

The beam section shown in Fig. 15.37 is subjected to a temperature rise of 27 in its upper flange, 
a temperature rise of Tọ in its web, and zero temperature change in its lower flange. Determine the 
normal force on the beam section and the moments about the centroidal x and y axes. The beam 


section has a Young’s modulus E and the coefficient of linear expansion of the material of the 
beam is a. LI 


From Eq. (15.49), 
Nr = Ea(2To at + To 2at) = 4Ea at To 
From Eq. (15.50), 
Myr = Ea[2Tp at(a) + To 2at(0)] = 2Eaa*t To 
and from Eq. (15.51), 
Myr = Ea[2T 9 at(—a/2) + To 2at(0)|] = —Ea a’tTo 

Note that Myr is negative, which means that the upper flange would tend to rotate out of the paper 
about the web which agrees with a temperature rise for this part of the section. The stresses corresponding 
to the above stress resultants are calculated in the normal way and are added to those produced by any 
applied loads. 

In some cases, the temperature change is not conveniently constant in the components of a beam 


section and must then be expressed as a function of x and y. Consider the thin-walled beam section 
shown in Fig. 15.38 and suppose that a temperature change AT (x,y) is applied. 
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Fig. 15.37 
Beam section of Example 15.15. 
y 
A 
Ee 
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y 
= 
C x 





Fig. 15.38 


Thin-walled beam section subjected to a varying temperature change. 


ee 
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The direct stress on an element 6s in the wall of the section is then, from Eq. (15.45), 
o = Ea AT (x,y)t ôs 


Equations (15.46) through (15.48) then become 


Nr = fee AT (x,y)tds (15.52) 
A 

Myr = fea AT (x,y)tyds (15.53) 
A 

Mr = fea AT (x,y)tx ds (15.54) 
A 


BB $$$ _ 
Example 15.16 

If, in the beam section of Example 15.15, the temperature change in the upper flange is 27 but in 
the web varies linearly from 27 at its junction with the upper flange to zero at its junction with the 
lower flange determine the values of the stress resultants; the temperature change in the lower flange 
remains zero. E 


The temperature change at any point in the web is given by 
To 
Tw =2To(a +y)/2a = (a +y) 
Then, from Eqs. (15.49) and (15.52), 


a 
T, 
Nr = carta | Eaa +y)tds 
a 


—a 


1 274 
that is, Nr =EaT fars 7 Jar+ | | 
a 2 \_, 


which gives 


Nr = 4EaToat 


Note that, in this case, the answer is identical to that in Example 15.15, which is to be expected, since the 
average temperature change in the web is (2 To +0)/2 = To, which is equal to the constant temperature 
change in the web in Example 15.15. 
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From Eggs. (15.50) and (15.53), 
a 
To 
Myr = Ea 2Toat (a) + | Ea—(a+y)ytds 
a 


—a 


that is, 
1 2 374 
Mr = Ea To! 2t + -| Z- + 
a| 2 3 |_, 
from which 
8EaatTo 
Mr=— z 


Alternatively, the average temperature change To in the web may be considered to act at the centroid of 
the temperature change distribution. Then, 
a 


Mp = Ea 2Tat(a) + EaTp2at (5) 


that is, 


8Eaa7tl 
Myr = —— as before 


The contribution of the temperature change in the web to M,7 remains zero, since the section centroid 
is in the web; the value of M,7 is therefore —Eaa*tTy as in Example 15.14. 





Reference 
[1] Megson, T.H.G., Structures and Stress Analysis, 2nd edition, Elsevier, 2005. 





Problems 


P.15.1 Figure P.15.1 shows the section of an angle purlin. A bending moment of 3000 N m is applied to the purlin 
in a plane at an angle of 30° to the vertical y axis. If the sense of the bending moment is such that its components 
My and M, both produce tension in the positive xy quadrant, calculate the maximum direct stress in the purlin, 
stating clearly the point at which it acts. 


AnS. Oz max = —63.3 N/mm? at C. 
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el |D 
—| L+—1Omm 
Fig. P.15.1 


P.15.2 A thin-walled, cantilever beam of unsymmetrical cross section supports shear loads at its free end as shown 
in Fig. P.15.2. Calculate the value of direct stress at the extremity of the lower flange (point A) at a section halfway 
along the beam if the position of the shear loads is such that no twisting of the beam occurs. 


Ans. 194.7N/mm? (tension). 


40mm 


800N 
2.0mm 


100mm 2.0mm 
400N 


1.0mm 
A 
80mm 
2000 mm 


Fig. P.15.2 


P.15.3 A beam, simply supported at each end, has a thin-walled cross section shown in Fig. P.15.3. Ifa uniformly 
distributed loading of intensity w/unit length acts on the beam in the plane of the lower, horizontal flange, calculate 
the maximum direct stress due to bending of the beam and show diagrammatically the distribution of the stress at 
the section where the maximum occurs. 

The thickness ¢ is to be taken as small in comparison with the other cross-sectional dimensions in calculating 
the section properties J, [yy, and yy. 


AnS. 0zmax=023 = 13wl*/384a°t, 02, =wl?/96a*t, 02,2 =—wl? /48at. 


P.15.4 A thin-walled cantilever with walls of constant thickness ¢ has the cross section shown in Fig. P.15.4. It is 
loaded by a vertical force W at the tip and a horizontal force 2W at the midsection, both forces acting through the 
shear center. Determine and sketch the distribution of direct stress, according to the basic theory of bending, along 
the length of the beam for the points 1 and 2 of the cross section. 


po 
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per unit length 


Fig. P.15.3 


The wall thickness ¢ can be taken as very small in comparison with d in calculating the sectional properties /,x, 
Ixy, and so on. 


Ans. oz (midpoint) = —0.05 WI /td?, 0z, (built-in end) = —1.85 W1/td* 
oz2 (midpoint) = —0.63 W1 /td?, oz, (built-in end) =0.1 W1/td?. 


UY 





Fig. P.15.4 


P.15.5 A thin-walled beam has the cross section shown in Fig. P.15.5. Ifthe beam is subjected to a bending moment 
M, in the plane of the web 23, calculate and sketch the distribution of direct stress in the beam cross section. 


Ans. At 1, 0.92M,/th?; At 2, —0.65M,/th?; At 3, 0.65M,/th?; 
At 4, —0.135M,/th? 


P.15.6 The thin-walled beam section shown in Fig. P.15.6 is subjected to a bending moment My applied in a 
negative sense. Find the position of the neutral axis and the maximum direct stress in the section. 


Ans. NA inclined at 40.9° to Cx. £0.74 M,/ta” at 1 and 2, respectively. 
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2h 











Fig. P.15.5 Fig. P.15.6 


P.15.7 A thin-walled cantilever has a constant cross section of uniform thickness with the dimensions shown in 
Fig. P.15.7. It is subjected to a system of point loads acting in the planes of the walls of the section in the directions 


shown. 

Calculate the direct stresses according to the basic theory of bending at the points 1, 2, and 3 of the cross section 
at the built-in end and halfway along the beam. Illustrate your answer by means of a suitable sketch. 

The thickness is to be taken as small in comparison with the other cross-sectional dimensions in calculating 


the section properties [,,, Jy, and so on. 


Ans. At built-in end, oz, =—11.4N/mm?, oz 2=—18.9N/mm?, 0z,3=39.1 N/mn? 
Halfway, oz, ı = —20.3 N/mm?, 0z2=-1.1 N/mm, 073 = 15.4N/mm2. 


y 
sate Y, te mm 


x 1.25 mm 


oe 100mm C d 
100 mm 2 | 36mm [at 


Fig. P.15.7 


24mm 





P.15.8 A uniform thin-walled beam has the open cross section shown in Fig. P.15.8. The wall thickness f is constant. 
Calculate the position of the neutral axis and the maximum direct stress for a bending moment M, =3.5 N m applied 
about the horizontal axis Cx. Take r=5mm, t=0.64mm. 


ee 
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Ans. &@=51.9°, o2,max =101 N/mm?. 





Fig. P.15.8 


P.15.9 A uniform beam is simply supported over a span of 6m. It carries a trapezoidally distributed load with 
intensity varying from 30kN/m at the left-hand support to 90 kKN/m at the right-hand support. Find the equation of 
the deflection curve and hence the deflection at the midspan point. The second moment of area of the cross section 
of the beam is 120 x 10° mm‘ and Young’s modulus E =206 000N/mm?. 


Ans. 41mm (downward). 


P.15.10 A cantilever of length L and having a flexural rigidity EI carries a distributed load that varies in intensity 
from w/unit length at the built-in end to zero at the free end. Find the deflection of the free end. 


Ans. wL4/30EI (downward). 


P.15.11 Determine the position and magnitude of the maximum deflection of the simply supported beam shown in 
Fig. P.15.11 in terms of its flexural rigidity EY. 


Ans. 38.8/EI m downward at 2.9m from left-hand support. 


6 kN 4 kN 
| 1 kN/m 
a 4 
im 2m | 2m im 
Fig. P.15.11 


P.15.12 Determine the equation of the deflection curve of the beam shown in Fig. P.15.12. The flexural rigidity of 
the beam is EY. 


ee 
476 CHAPTER 15 Bending of Open and Closed, Thin-walled Beams 





A a4 fA sop ip + oy ea 2b aap 087s 
ns. v= El gA Z 2“ 2“ 6 Z JZ 


200N 


100Nm C 100N/m 





Fig. P.15.12 


P.15.13 A uniform thin-walled beam ABD of open cross section (Fig. P.15.13) is simply supported at points B and 
D with its web vertical. It carries a downward vertical force W at the end A in the plane of the web. 


Derive expressions for the vertical and horizontal components of the deflection of the beam midway between 
the supports B and D. The wall thickness ¢ and Young’s modulus E are constant throughout. 


Ans. u=0.186WP/E@t, v=0.177WP/Eaċt. 


2a 








Fig. P.15.13 


P.15.14 A uniform cantilever of arbitrary cross section and length / has section properties J,, Jy, and yy with respect 
to the centroidal axes shown in Fig. P.15.14. It is loaded in the vertical (yz) plane with a uniformly distributed load 
of intensity w/unit length. The tip of the beam is hinged to a horizontal link which constrains it to move in the 
vertical direction only (provided that the actual deflections are small). Assuming that the link is rigid and that there 
are no twisting effects, calculate: 

(a) the force in the link; 

(b) the deflection of the tip of the beam. 


po 
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Ans. (a) 3wlIxy/8Ixx; (b) wi4/8ET x. 





Fig. P.15.14 


P.15.15 A uniform beam of arbitrary, unsymmetrical cross section and length 2/ is built-in at one end and simply 
supported in the vertical direction at a point half way along its length. This support, however, allows the beam to 
deflect freely in the horizontal x direction (Fig. P.15.15). 

For a vertical load W applied at the free end of the beam, calculate and draw the bending moment diagram, 
putting in the principal values. 


Ans. Mc=0, Mgp=WI, Ma =—W1/2. Linear distribution. 





Fig. P.15.15 


P.15.16 The beam section of P.15.4 is subjected to a temperature rise of 47 in its upper flange 12, a temperature 
rise of 27 in both vertical webs, and a temperature rise of 7o in its lower flange 34. Determine the changes in axial 
force and in the bending moments about the x and y axes. Young’s modulus for the material of the beam is E£, and 
its coefficient of linear expansion is œ. 


Ans. Nr=9Ea dtTo, Myr =3Ea dt To/2, Myr =3Ea dt To/4. 


ee 
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P.15.17 The beam section shown in Fig. P.15.17 is subjected to a temperature change which varies with y such that 
T =Tpoy/2a. Determine the corresponding changes in the stress resultants. Young’s modulus for the material of the 
beam is E, while its coefficient of linear expansion is œ. 


Ans. Nr=0, Myr =5Ea at To/3, Myr =Ea a°t To/6. 








Fig. P.15.17 


o C 


Shear of Beams 


In Chapter 15, we developed the theory for the bending of beams by considering solid or thick beam 
sections and then extended the theory to the thin-walled beam sections typical of aircraft structural 
components. In fact, it is only in the calculation of section properties that thin-walled sections subjected 
to bending are distinguished from solid and thick sections. However, for thin-walled beams subjected 
to shear, the theory is based on assumptions applicable only to thin-walled sections, so we shall not 
consider solid and thick sections; the relevant theory for such sections may be found in any text on 
structural and stress analysis [Ref. 1]. The relationships between bending moments, shear forces, and 
load intensities derived in Section 15.2.5 still apply. 





16.1 GENERAL STRESS, STRAIN, AND DISPLACEMENT 
RELATIONSHIPS FOR OPEN AND SINGLE CELL 
CLOSED SECTION THIN-WALLED BEAMS 


In this section, we shall establish the equations of equilibrium and expressions for strain which are 
necessary for the analysis of open section beams supporting shear loads and closed section beams 
carrying shear and torsional loads. The analysis of open section beams subjected to torsion requires 
a different approach and is discussed separately in Chapter 17. The relationships are established from 
first principles for the particular case of thin-walled sections in preference to the adaption of Eqs. (1.6), 
(1.27), and (1.28), which refer to different coordinate axes; the form, however, will be seen to be the 
same. Generally, in the analysis we assume that axial constraint effects are negligible that the shear 
stresses normal to the beam surface may be neglected, since they are zero at each surface and the wall 
is thin, that direct and shear stresses on planes normal to the beam surface are constant across the 
thickness, and finally that the beam is of uniform section so that the thickness may vary with distance 
around each section but is constant along the beam. In addition, we ignore squares and higher powers 
of the thickness ż in the calculation of section properties (see Section 15.4.5). 

The parameter s in the analysis is distance measured around the cross section from some convenient 
origin. An element 5s x 6z x ¢ of the beam wall is maintained in equilibrium by a system of direct and 
shear stresses as shown in Fig. 16.1(a). The direct stress o; is produced by bending moments or by the 
bending action of shear loads, whereas the shear stresses are due to shear and/or torsion of a closed 
section beam or shear of an open section beam. The hoop stress o; is usually zero but may be caused, 
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Fig. 16.1 


(a) General stress system on element of a closed or open section beam; (b) direct stress and shear flow system 
on the element. 





in closed section beams, by internal pressure. Although we have specified that £ may vary with s, this 
variation is small for most thin-walled structures so that we may reasonably make the approximation 
that ¢ is constant over the length ôs. Also, from Eq. (1.4), we deduce that Tzs = Tsz = T, say. However, 
we shall find it convenient to work in terms of shear flow q—that is, shear force per unit length rather 
than in terms of shear stress. Hence, in Fig. 16.1(b), 


qg=tt (16.1) 


and is regarded as being positive in the direction of increasing s. 
For equilibrium of the element in the z direction and neglecting body forces (see Section 1.2) 


do; oq 
oz + —5z | tês — oztôs + | q + — ôs | ô- — qôz = 0 
dz Os 


which reduces to 


a ð 
EE iG (16.2) 
Os Oz 

Similarly, for equilibrium in the s direction 
ə ə 
E (16.3) 
Oz Os 


The direct stresses o; and os produce direct strains £z and £s, while the shear stress t induces a shear 
strain y (=Yzs = Ysz). We shall now proceed to express these strains in terms of the three components of 
the displacement of a point in the section wall (see Fig. 16.2). Of these components, 1; is a tangential 
displacement in the xy plane and is taken to be positive in the direction of increasing s; vn is a normal 
displacement in the xy plane and is positive outward; and w is an axial displacement which has been 
defined previously in Section 15.2.1. Immediately, from the third of Eqs. (1.18), we have 


_ ow 


= 
az 


(16.4) 


ee 
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Fig. 16.2 


Axial, tangential, and normal components of displacement of a point in the beam wall. 





Distorted shape 
of element due 
to shear 





Fig. 16.3 


Determination of shear strain y in terms of tangential and axial components of displacement. 





It is possible to derive a simple expression for the direct strain ¢, in terms of 4, vp, s, and the curvature 
1/r in the xy plane of the beam wall. However, as we do not require £s in the subsequent analysis, we 
shall, for brevity, merely quote the expression 

ou v 

f= (16.5) 

os r 
The shear strain y is found in terms of the displacements w and by considering the shear distortion 
of an element 5s x 5z of the beam wall. From Fig. 16.3, we see that the shear strain is given by 


y =¢ı +42 


or, in the limit as both ôs and 6z tend to zero 
ðw + OVE 
Oe 


2A 16.6 
as Oz ( ) 


ee 
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In addition to the assumptions specified in the earlier part of this section, we further assume that during 
any displacement, the shape of the beam cross section is maintained by a system of closely spaced 
diaphragms which are rigid in their own plane but are perfectly flexible normal to their own plane 
(CSRD assumption). There is, therefore, no resistance to axial displacement w, and the cross section 
moves as a rigid body in its own plane, the displacement of any point being completely specified by 
translations u and v and a rotation 6 (see Fig. 16.4). 

At first sight this appears to be a rather sweeping assumption, but for aircraft structures of the thin 
shell type described in Chapter 11 whose cross sections are stiffened by ribs or frames positioned at 
frequent intervals along their lengths, it is a reasonable approximation for the actual behavior of such 
sections. The tangential displacement v; of any point N in the wall of either an open or closed section 
beam is seen from Fig. 16.4 to be 


vi = p9 +ucos Y + vsin Y (16.7) 


where clearly u, v, and 0 are functions of z only (w may be a function of z and s). 

The origin O of the axes in Fig. 16.4 has been chosen arbitrarily, and the axes suffer displacements 
u, v, and 0. These displacements, in a loading case such as pure torsion, are equivalent to a pure rotation 
about some point R(xr, yp) in the cross section where R is the center of twist. Therefore, in Fig. 16.4, 


Vt = PRO (16.8) 
and 
pr =p — xrsin Y + yr cos y 


which gives 


Vt = pO —xpO sin Wy + yrO cos w 





Fig. 16.4 


Establishment of displacement relationships and position of center of twist of beam (open or closed). 
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and 
ə do dé dé 
Se =P ap ~aRSIN = tyR Cosy (16.9) 
Also from Eq. (16.7) 
Ovt dð du dv . 
Eee age ae E a 16.10 
az Pia Fig cee Wars San ( ) 
Comparing the coefficients of Eqs. (16.9) and (16.10), we see that 
dv/dz du/dz 
= —-—____ = 16.11 
"R= Go/dz °®~ dO/dz coe 





16.2 SHEAR OF OPEN SECTION BEAMS 


The open section beam of arbitrary section shown in Fig. 16.5 supports shear loads S, and S\ such that 
there is no twisting of the beam cross section. For this condition to be valid, the shear loads must both 
pass through a particular point in the cross section known as the shear center. 
Since there are no hoop stresses in the beam, the shear flows and direct stresses acting on an element 
of the beam wall are related by Eq. (16.2)—that is, 
oq do; 
— +t =0 
ðs F Oz 
We assume that the direct stresses are obtained with sufficient accuracy from basic bending theory so 
that from Eq. (15.18) 


doz _ [(0M,,/0Z) Lex fa (8Mx/92)hy] a [(0M;/32)Dy = Sal 








dz Techy — 2, aby ie 


xy 





Fig. 16.5 


Shear loading of open section beam. 
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Using the relationships of Eqs. (15.23) and (15.24)—that is, 0M,,/dz=S,, and so on—this expression 
becomes 
doz (Sxl — Syhy) (Syhy = Sxly) 


Oz i Leclyy aa i x Lely = 2 


x xy 





Substituting for do,/dz in Eq. (16.2) gives 
oq (SxLoxe = Syhy) (Syhy mg Sydyy) 





= tx ty (16.12) 
ðs Lady — e Lig I, 
Integrating Eq. (16.12) with respect to s from some origin for s to any point around the cross section, 
we obtain 
a So 8 Vy SiS Ve 
| fa=- puree fass- Die [ow (16.13) 
ðs Lely — Tey Lely — Tey 
0 0 0 
If the origin for s is taken at the open edge of the cross section, then g=0 when s =0, and Eq. (16.13) 
becomes 
S S 
S I oor S. I S i pa S. I 
ja [eas Sybyy — Sxbay foss (16.14) 
Luxlyy — Ty 3 Loclyy — Tey g 


For a section having either Cx or Cy as an axis of symmetry J, =0 and Eq. (16.14) reduces to 
5 S s S 
x y 
s=—-— weds — 2 | ds 
qs A Ta ty 
0 0 


I 


Example 16.1 
Determine the shear flow distribution in the thin-walled Z-section shown in Fig. 16.6 due to a shear 
load S, applied through the shear center of the section. E 


The origin for our system of reference axes coincides with the centroid of the section at the midpoint 
of the web. From antisymmetry, we also deduce by inspection that the shear center occupies the same 
position. Since S, is applied through the shear center, no torsion exists and the shear flow distribution 
is given by Eq. (16.14) in which Sẹ =0; that is, 


S S 
j = Pe, es- 2y os 
s 
Texlyy — 1, i Texlyy — I, ) 


or 


S Ss 


S i 
qs = —— ly f was -1y f yas (i) 
Tay =F \'? J BP J 


ae 
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Fig. 16.6 


Shear loaded Z-section of Example 16.1. 





The second moments of area of the section have previously been determined in Example 15.14 and are 


Wt r4 Wt B Wt 


fx = >> Wi V9? xy — 8 


Substituting these values in Eq. (i), we obtain 
s 
qs = > fao32 — 6.84y)ds (ii) 

0 
On the bottom flange 12, y=—A/2 and x =—A/2+5,, where 0<s, <h/2. Therefore, 

s1 

Sy 
q2 = 7 [40.3251 — 1.74h)ds, 

0 

giving 


S, 
q2 = 73 (5-16s1 — 1.74hs1) (iii) 


Hence at | (s;=0), g1=0, and at 2 (s} =h/2), gz =0.425S,/h. Further examination of Eq. (iii) shows 

that the shear flow distribution on the bottom flange is parabolic with a change of sign (i.e., direction) 

at 5; =0.336h. For values of s1 <0.336h, q12 is negative and therefore in the opposite direction to 51. 
In the web 23, y=—A/2 +52, where 0<s2 <h and x=0. Then 


Si 
S, : 
q3 = A / (3.42h — 6.84s2)ds2 + q2 (iv) 
0 


ee 
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Fig. 16.7 


Shear flow distribution in Z-section of Example 16.1. 





We note in Eq. (iv) that the shear flow is not zero when s2 = 0 but equal to the value obtained by inserting 
sı = h/2 in Eq. (iii)—that is, q2 = 0.425,/h. Integration of Eq. (iv) yields 


S, 
m= (0.427? +3.42hs2 — 3.4253) (v) 


This distribution is symmetrical about Cx with a maximum value at s2 =h/2(y=0), and the shear flow 
is positive at all points in the web. The shear flow distribution in the upper flange may be deduced from 
antisymmetry so that the complete distribution is of the form shown in Fig. 16.7. 


16.2.1 Shear Center 


We have defined the position of the shear center as that point in the cross section through which shear 
loads produce no twisting. It may be shown by use of the reciprocal theorem that this point is also the 
center of twist of sections subjected to torsion. There are, however, some important exceptions to this 
general rule. Clearly, in the majority of practical cases, it is impossible to guarantee that a shear load 
will act through the shear center of a section. Equally apparent is the fact that any shear load may be 
represented by the combination of the shear load applied through the shear center and a torque. The 
stresses produced by the separate actions of torsion and shear may then be added by superposition. It 
is, therefore, necessary to know the location of the shear center in all types of section or to calculate its 
position. Where a cross section has an axis of symmetry, the shear center must, of course, lie on this 
axis. For cruciform or angle sections of the type shown in Fig. 16.8, the shear center is located at the 
intersection of the sides, since the resultant internal shear loads all pass through these points. 


E 
Example 16.2 

Calculate the position of the shear center of the thin-walled channel section shown in Fig. 16.9. The 
thickness ¢ of the walls is constant. = 


ee 
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Fig. 16.8 


Shear center position for type of open section beam shown. 
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Fig. 16.9 


Determination of shear center position of channel section of Example 16.2. 





The shear center S lies on the horizontal axis of symmetry at some distance £s, say, from the web. 
If we apply an arbitrary shear load S, through the shear center, then the shear flow distribution is given 
by Eq. (16.14) and the moment about any point in the cross section produced by these shear flows is 
equivalent to the moment of the applied shear load. S, appears on both sides of the resulting equation 
and may therefore be eliminated to leave és. 

For the channel section, Cx is an axis of symmetry so that J, =0. Also S, =0 and therefore Eq. (16.14) 
simplifies to 

S 


S, | ; 
qs =F tyds (i) 


XX 


where 


h\? thW ht 6b 
Tex = 2bt ( = See ee 
7 (5) 12 = ( +2) 


ee 
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Substituting for /,, in Eq. (1), we have 


—125, 


a= Basen |? S 
0 

The amount of computation involved may be reduced by giving some thought to the requirements of 
the problem. In this case, we are asked to find the position of the shear center only, not a complete 
shear flow distribution. From symmetry, it is clear that the moments of the resultant shears on the top 
and bottom flanges about the midpoint of the web are numerically equal and act in the same rotational 
sense. Furthermore, the moment of the web shear about the same point is zero. We deduce that it is 
only necessary to obtain the shear flow distribution on either the top or bottom flange for a solution. 
Alternatively, choosing a web/flange junction as a moment center leads to the same conclusion. 


On the bottom flange, y = —//2 so that from Eq. (ii) we have 
6S, 
— aie See 
h?(1+6b/h) 
Equating the clockwise moments of the internal shears about the midpoint of the web to the clockwise 
moment of the applied shear load about the same point gives 


q12 (iii) 


b 
h 
Sy és = 2 fara zds 
0 
or, by substitution from Eq. (iii) 
b 
6S, h 
jeg == 2 ZAREN oe d 
Sys I na 4 6b/h) 2 
0 

from which ; 

3b : 

S= IF 6o t 


In the case of an unsymmetrical section, the coordinates (£s, ns) of the shear center referred to some 
convenient point in the cross section would be obtained by first determining és in a similar manner to 
that of Example 16.2 and then finding ns by applying a shear load S, through the shear center. In both 
cases, the choice of a web/flange junction as a moment center reduces the amount of computation. 





16.3 SHEAR OF CLOSED SECTION BEAMS 


The solution for a shear-loaded closed section beam follows a similar pattern to that described in 
Section 16.2 for an open section beam but with two important differences. First, the shear loads may be 
applied through points in the cross section other than the shear center so that torsional as well as shear 
effects are included. This is possible, since, as we shall see, shear stresses produced by torsion in closed 
section beams have exactly the same form as shear stresses produced by shear, unlike shear stresses due 
to shear and torsion in open section beams. Secondly, it is generally not possible to choose an origin for 


po 
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Fig. 16.10 


Shear of closed section beams. 





s at which the value of shear flow is known. Consider the closed section beam of arbitrary section shown 
in Fig. 16.10. The shear loads S,, and S,, are applied through any point in the cross section and, in general, 
cause direct bending stresses and shear flows which are related by the equilibrium equation (16.2). We 
assume that hoop stresses and body forces are absent. Therefore, 
og 00; 
os í oz 


From this point, the analysis is identical to that for a shear loaded open section beam until we reach the 
stage of integrating Eq. (16.13), namely, 


S 
f Pasa — (StS) F eas (StS / m 
Os Lely aa i Lely = Ty 
0 0 
Let us suppose that we choose an origin for s where the shear flow has the unknown value gz. 
Integration of Eq. (16.13) then gives 


Sila = Syl SiS 
ds — 45,0 = — a = fe tx ds — at A fo ds 
Rhye gig 
0 s 0 
Sele —Spley\ f Sas i 
PE (5) [as (ae) fiastra (16.15) 
xxtyy ~ 4xy 4 xxtyy ~ “xy 9 


We observe by comparison of Eqs. (16.15) and (16.14) that the first two terms on the right-hand side 
of Eq. 16.15 represent the shear flow distribution in an open section beam loaded through its shear 
center. This fact indicates a method of solution for a shear loaded closed section beam. Representing 
this “open” section or “basic” shear flow by gp, we may write Eq. (16.15) in the form 


qs = qb + 4s,0 (16.16) 


=0 





or 
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Fig. 16.11 


(a) Determination of qso; (b) equivalent loading on “open” section beam. 





We obtain gp by supposing that the closed beam section is “cut” at some convenient point, thereby 
producing an “open” section (see Fig. 16.11(b)). The shear flow distribution (gp) around this “open” 
section is given by 


Ss S 
qb = — Slx = 2a J txds — Syy Sey = a / tyds 
Lely = Tj Lolxy T I 
0 0 
as in Section 16.2. The value of shear flow at the cut (s = 0) is then found by equating applied and 
internal moments taken about some convenient moment center. Then, from Fig. 16.11(a), 


Seno — Sy = f pqds = f Pq» ds + qs,0 f pds, 


where $ denotes integration completely around the cross section. In Fig. 16.11(a), 


6A = asp 
so that 
f dé = : f pds 
2 
Hence, 


f pas =2A 


where A is the area enclosed by the midline of the beam section wall. Hence, 


Sino — Syo = f paras + 2A4qs,0 (16.17) 


ee 
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If the moment center is chosen to coincide with the lines of action of S, and S,, then Eq. (16.17) 
reduces to 


0= f qo ds + 24qs,0 (16.18) 


The unknown shear flow q;.o follows from either of Eqs. (16.17) or (16.18). 

It is worthwhile to consider some of the implications of the above process. Equation (16.14) repre- 
sents the shear flow distribution in an open section beam for the condition of zero twist. Therefore, by 
“cutting” the closed section beam of Fig. 16.11(a) to determine gp, we are, in effect, replacing the shear 
loads of Fig. 16.11(a) by shear loads S, and S, acting through the shear center of the resulting “open” 
section beam together with a torque T as shown in Fig. 16.11(b). We shall show in Section 17.1 that 
the application of a torque to a closed section beam results in a constant shear flow. In this case, the 
constant shear flow qs, o corresponds to the torque but will have different values for different positions of 
the “cut,” since the corresponding various “open” section beams will have different locations for their 
shear centers. An additional effect of “cutting” the beam is to produce a statically determinate structure, 
since the gp shear flows are obtained from statical equilibrium considerations. It follows that a single 
cell closed section beam supporting shear loads is singly redundant. 


16.3.1 Twist and Warping of Shear-Loaded Closed Section Beams 


Shear loads which are not applied through the shear center of a closed section beam cause cross sections 
to twist and warp; in other words, in addition to rotation, they suffer out of plane axial displacements. 
Expressions for these quantities may be derived in terms of the shear flow distribution q, as follows. 
Since q =T t and t = Gy (see Chapter 1), then we can express qs in terms of the warping and tangential 
displacements w and y; of a point in the beam wall by using Eq. (16.6). Thus, 


a a 

(eC Z4 2 (16.19) 
ðs əz 

Substituting for 0y,/d0z from Eq. (16.10), we have 


qs ðw dð du dv. 
BS. SOE oa eee = 16.20 
Gi Os Teas geet a Sy ( ) 


Integrating Eq. (16.20) with respect to s from the chosen origin for s and noting that G may also be a 
function of s, we obtain 


sS 


qs, f dé ai 2 . 
fae-[F et [oot cos yrds + sin y ds 
0 0 0 


Ss 


S s 6 
Jgs- [zerg joerg Jerg sjo 


0 


or 


ee 
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which gives 


I as do du dy 

—d. = <> ml Us — so > 16.21 

[4% s = (Ws — Wo) + 2A; i t (xs — x9) + i (Ys — Yo) ( ) 
0 


where Aos is the area swept out by a generator, center at the origin of axes, O, from the origin for s 
to any point s around the cross section. Continuing the integration completely around the cross section 


yields, from Eq. (16.21) 
f E 
Gt dz 


do 1 ds 
ae, cL 16.22 
dz 2A} Gt ae?) 


from which 


Substituting for the rate of twist in Eq. (16.21) from Eq. (16.22) and rearranging, we obtain the warping 
distribution around the cross section 


Ss 


ds Aos qs du dv 
ST = S S 16.2 
Ws — Wo [es a f Eas gz 8 ~ 40) g sTo) (16.23) 
0 
Using Egs. (16.11) to replace du/dz and dv/dz in Eq. (16.23), we have 


Ss 


ds Aos ds do da 

s- w= ; Z Os- 16.24 

Ws — Wo |e j f Eas YR— (Xs — X90) + xR — (Ys — yo) (16.24) 
0 








The last two terms in Eq. (16.24) represent the effect of relating the warping displacement to an arbitrary 
origin, which itself suffers axial displacement due to warping. In the case where the origin coincides 
with the center of twist R of the section, then Eq. (16.24) simplifies to 


S 
A 
m-w= | Eas- o f Eas (16.25) 
0 





In problems involving singly or doubly symmetrical sections, the origin for s may be taken to coincide 
with a point of zero warping which will occur where an axis of symmetry and the wall of the section 
intersect. For unsymmetrical sections, the origin for s may be chosen arbitrarily. The resulting warping 
distribution will have exactly the same form as the actual distribution but will be displaced axially by 
the unknown warping displacement at the origin for s. This value may be found by referring to the 
torsion of closed section beams subject to axial constraint. In the analysis of such beams, it is assumed 
that the direct stress distribution set up by the constraint is directly proportional to the free warping of 
the section—that is, 


o = constant x w 
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Also, since a pure torque is applied, the resultant of any internal direct stress system must be zero; in 
other words, it is self-equilibrating. Thus, 


Resultant axial load = f otds 


where ø is the direct stress at any point in the cross section. Then, from the above assumption 


o= f was 





or 
0= fons —wo)tds 
so that 
$ wstds 
= 16.26 
p $ tds ( ) 


16.3.2 Shear Center 


The shear center ofa closed section beam is located in a similar manner to that described in Section 16.2.1 
for open section beams. Therefore, to determine the coordinate és (referred to any convenient point in 
the cross section) of the shear center S of the closed section beam shown in Fig. 16.12, we apply an 
arbitrary shear load S, through S, calculate the distribution of shear flow qs due to Sy, and then equate 
internal and external moments. However, a difficulty arises in obtaining qs,0, since, at this stage, it is 
impossible to equate internal and external moments to produce an equation similar to Eq. (16.17), as 
the position of S,, is unknown. We therefore use the condition that a shear load acting through the shear 






| | 


Fig. 16.12 


Shear center of a closed section beam. 
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center of a section produces zero twist. It follows that d@/dz in Eq. (16.22) is zero so that 


ds 
0= o> — 
f Gi ds 





or 
1 
o= $ Z(+ aos 
which gives 
(qv/Gt)ds 
qs, = Ae (16.27) 
If Gt = constant, then Eq. (16.27) simplifies to 
pds 
93,0 = — fats (16.28) 


The coordinate ng is found in a similar manner by applying Sx through S. 





Example 16.3 

A thin-walled closed section beam has the singly symmetrical cross section shown in Fig. 16.13. Each 
wall of the section is flat and has the same thickness ¢ and shear modulus G. Calculate the distance of 
the shear center from point 4. E 


The shear center clearly lies on the horizontal axis of symmetry so that it is only necessary to apply 
a shear load S, through S and to determine és. If we take the x reference axis to coincide with the axis 





Fig. 16.13 


Closed section beam of Example 16.3. 
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of symmetry, then /,,,=0, and since S,=0, Eq. (16.15) simplifies to 
y 


Ss 


S ; 
qs =-= | tyds+qs,o (i) 
Lx 
0 
in which 
10a 17a 
Le 2 f: > “4 + fi 4 
xx = 10°! S1 17? S2 
0 0 


Evaluating this expression gives [,, = 1152a%¢. 
The basic shear flow distribution gy is obtained from the first term in Eq. (i). Then, for the wall 41 





S1 
S 8 S, [2 . 
= ds; = YE ed. 
om rea | ($ ) 51 = 115203 a) © 
In the wall 12, 
n= Ts a (17a ~ 53) ds2 +404? (ii) 
which gives 
i fd z 
qb,12 = 115203 15203 -72 + 8as2 + 40a? (iii) 


The gp distributions in the walls 23 and 34 follow from symmetry. Hence, from Eq. (16.28), 
10a 


17a 
DS; Ja j 4 
2 te | ees 8as7 + 40a? \d 
48.0 =~ Sag x 115203 Jis nee =F BER Ne asz 
0 0 


giving 
Sy . 
980 = T7393 — > (58.7a") (iv) 
Taking moments about the point 2, we have 
10a 
Sys + 9a) = 2 i: gai l7asiné ds, 
0 
or 
S,34asind ff 2 
y 34a sin 2 2 
Sy (Es +9a) = “52a / (-35 +58.7a ) (v) 


0 
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We may replace sinô by sin(0ı — 02) = sin 0; cos 62 — cos 0; sin02, where sin6;=15/17,cos6)= 
8/10, cos 6; =8/17, and sin 62 =6/10. Substituting these values and integrating Eq. (v) gives 


£s = —3.35a 


which means that the shear center is inside the beam section. 





Reference 
[1] Megson, T.H.G., Structural and Stress Analysis, 2nd edition, Elsevier, 2005. 





Problems 


P.16.1 A beam has the singly symmetrical, thin-walled cross section shown in Fig. P.16.1. The thickness ¢ of the 
walls is constant throughout. Show that the distance of the shear center from the web is given by 


p° sing cosa 


a 
ês 1+6p +2p3sin2a 


where 


p=d/h 





Fig. P.16.1 


P.16.2 A beam has the singly symmetrical, thin-walled cross section shown in Fig. P.16.2. Each wall of the section 
is flat and has the same length a and thickness ¢. Calculate the distance of the shear center from the point 3. 


Ans. Sacosa/8. 


e 
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Fig. P.16.2 Fig. P.16.3 


P.16.3 Determine the position of the shear center S for the thin-walled, open cross section shown in Fig. P.16.3. 
The thickness ¢ is constant. 


Ans. nri. 


P.16.4 Figure P.16.4 shows the cross section of a thin, singly symmetrical I-section. Show that the distance ¿s of 
the shear center from the vertical web is given by 


és __ 3p(1—8) 
d (1412p) 


where p=d/h. The thickness ¢ is taken to be negligibly small in comparison with the other dimensions. 


a 

Ue 
T EAEE. = 
en 


Fig. P.16.4 Fig. P.16.5 
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P.16.5 A thin-walled beam has the cross section shown in Fig. P.16.5. The thickness of each flange varies linearly 
from f; at the tip to tz at the junction with the web. The web itself has a constant thickness t3. Calculate the distance 
&s from the web to the shear center S. 


Ans. d2(2ty + 2) /[Bd(ty + t2) + hts). 


P.16.6 Figure P.16.6 shows the singly symmetrical cross section of a thin-walled open section beam of constant 
wall thickness t, which has a narrow longitudinal slit at the corner 15. 


l 
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Calculate and sketch the distribution of shear flow due to a vertical shear force S, acting through the shear 
center S and note the principal values. Show also that the distance £s of the shear center from the nose of the section 
is £s =1/2(1 +a/b). 


Ans. q2=q4=3DS,/2h(b+a), 93=3S,/2h. Parabolic distributions. 











Fig. P.16.6 


P.16.7 Show that the position of the shear center S with respect to the intersection of the web and lower flange of 
the thin-walled section shown in Fig. P.16.7, is given by 


és = —45a/97, ns = 46a/97 








Fig. P.16.7 Fig. P.16.8 


P.16.8 Define the term “shear center” of a thin-walled open section and determine the position of the shear center 
of the thin-walled open section shown in Fig. P.16.8. 


Ans. 2.66r from center of semicircular wall. 
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P.16.9 Determine the position of the shear center of the cold-formed, thin-walled section shown in Fig. P.16.9. 
The thickness of the section is constant throughout. 


Ans. 87.5mm above center of semicircular wall. 


po 
f 

/ & 
f s 
f 
i 
{ 
50mm 

25mm 100mm 25mm 
Fig. P.16.9 


P.16.10 Find the position of the shear center of the thin-walled beam section shown in Fig. P.16.10. 


Ans. 1.2r on axis of symmetry to the left of the section. 





Fig. P.16.10 


P.16.11 Calculate the position of the shear center of the thin-walled section shown in Fig. P.16.11. 


Ans. 20.2mm to the left of the vertical web on axis of symmetry. 
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Fig. P.16.11 Fig. P.16.12 


P.16.12 A thin-walled closed section beam of constant wall thickness ¢ has the cross section shown in 
Fig. P.16.12. 

Assuming that the direct stresses are distributed according to the basic theory of bending, calculate and sketch 
the shear flow distribution for a vertical shear force S, applied tangentially to the curved part of the beam. 


Ans. qo1 = Sy(1.61 cos@ — 0.80)/r 


Sy 
qi2 = 4 (0.575? — 1.14rs + 0.337). 
r 


P.16.13 A uniform thin-walled beam of constant wall thickness ¢ has a cross section in the shape of an isosce- 
les triangle and is loaded with a vertical shear force S, applied at the apex. Assuming that the distribution of 
shear stress is according to the basic theory of bending, calculate the distribution of shear flow over the cross 
section. 

Illustrate your answer with a suitable sketch, marking in carefully with arrows the direction of the shear flows 
and noting the principal values. 


Ans. q12=Sy,(3s7/d—h—3d)/h(h+2d) 
423 = Sy(—6s3 + 6hs2 — h?)/h? (h + 2d). 
P.16.14 Figure P.16.14 shows the regular hexagonal cross section of a thin-walled beam of sides a and constant 


wall thickness t. The beam is subjected to a transverse shear force S, its line of action being along a side of the 
hexagon, as shown. 


pe 
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Fig. P.16.13 Fig. P.16.14 


Plot the shear flow distribution around the section, with values in terms of S and a. 


Ans. qi =—90.52S/a, q2=qg=—0.47S/a, 93 =q7=—0.17S/a, 
q4=q6 =0.13S/a, q5 =0.18S/a 


Parabolic distributions, q positive clockwise. 


P.16.15 A box girder has the singly symmetrical trapezoidal cross section shown in Fig. P.16.15. It supports a 
vertical shear load of 500kN applied through its shear center and in a direction perpendicular to its parallel sides. 
Calculate the shear flow distribution and the maximum shear stress in the section. 


Ans. qoa =0.25s4 
qag =0.21sg — 2.14 x 1074s% +250 
qgc = —0.17sc +246 
Tmax = 30.2N/mm?. 





pE 


Fig. P.16.15 
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Torsion of Beams 


In Chapter 3, we developed the theory for the torsion of solid sections using both the Prandtl stress 
function approach and the St. Venant warping function solution. From that point we looked, via the 
membrane analogy, at the torsion of a narrow rectangular strip. We shall use the results of this analysis 
to investigate the torsion of thin-walled open section beams, but first we shall examine the torsion 
of thin-walled closed section beams, since the theory for this relies on the general stress, strain, and 
displacement relationships which we established in Chapter 16. 





17.1 TORSION OF CLOSED SECTION BEAMS 


A closed section beam subjected to a pure torque T as shown in Fig. 17.1 does not, in the absence of an 
axial constraint, develop a direct stress system. It follows that the equilibrium conditions of Eqs. (16.2) 
and (16.3) reduce to dq/ds=0 and dq/dz=0, respectively. These relationships may only be satisfied 
simultaneously by a constant value of g. We deduce, therefore, that the application of a pure torque to a 
closed section beam results in the development of a constant shear flow in the beam wall. However, the 
shear stress t may vary around the cross section, since we allow the wall thickness ¢ to be a function 
of s. The relationship between the applied torque and this constant shear flow is simply derived by 
considering the torsional equilibrium of the section shown in Fig. 17.2. The torque produced by the 





Fig. 17.1 





Torsion of a closed section beam. 


Copyright © 2010, T. H. G. Megson. Published by Elsevier Ltd. All rights reserved. 
DOI: 10.1016/B978-1-85617-932-4.00017-8 503 


ee 
504 CHAPTER 17 Torsion of Beams 





Fig. 17.2 


Determination of the shear flow distribution in a closed section beam subjected to torsion. 





shear flow acting on an element ôs of the beam wall is pqôs. Hence, 


T= f pads 


or, since q is constant and f pds =2A (see Section 16.3) 
T =24q (17.1) 


Note that the origin O of the axes in Fig. 17.2 may be positioned in or outside the cross section of 
the beam, since the moment of the internal shear flows (whose resultant is a pure torque) is the same 
about any point in their plane. For an origin outside the cross section, the term $ pds will involve the 
summation of positive and negative areas. The sign of an area is determined by the sign of p, which itself 
is associated with the sign convention for torque as follows. If the movement of the foot of p along the 
tangent at any point in the positive direction of s leads to an anticlockwise rotation of p about the origin 
of axes, p is positive. The positive direction of s is in the positive direction of q, which is anticlockwise 
(corresponding to a positive torque). Thus, in Fig. 17.3 a generator OA, rotating about O, will initially 
sweep out a negative area, since pa is negative. At B, however, pp is positive so that the area swept out 
by the generator has changed sign (at the point where the tangent passes through O and p=0). Positive 
and negative areas cancel each other out as they overlap, so as the generator moves completely around 
the section, starting and returning to A, say, the resultant area is that enclosed by the profile of the beam. 

The theory of the torsion of closed section beams is known as the Bredt—Batho theory, and Eq. (17.1) 
is often referred to as the Bredt—Batho formula. 


17.1.1 Displacements Associated with the Bredt-Batho Shear Flow 
The relationship between q and shear strain y established in Eq. (16.19), namely, 


ow avt 
= Gt | — + — 
1 ( ðs $ =) 
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Fig. 17.3 


Sign convention for swept areas. 





is valid for the pure torsion case, where q is constant. Differentiating this expression with respect to z, 








we have 
oq 32w 3v; 
— = Gt =0 
Oz (> os iy əz? 
or 
ð ðw 3v; 
= —_— =0 17.2 
as ( =) = dz? we 


In the absence of direct stresses, the longitudinal strain 0w/0dz(=«-) is zero so that 


Ima 
ðz2 
Hence, from Eq. (16.7) 
d2 2u dy 
5 cos + <5 aS 0 (17.3) 


Pap ap 
For Eq. (17.3) to hold for all points around the section wall, in other words for all values of y 


d26 Teg d2u dy 
dz2 ° d2 
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It follows that 0 =4z + B, u= Cz + D, v= Ez + F, where A, B, C, D, E, and F are unknown constants. 
Thus, 0, u, and v are all linear functions of z. 

Equation (16.22), relating the rate of twist to the variable shear flow qs developed in a shear loaded 
closed section beam, is also valid for the case qs =q = constant. Hence, 


dd q ds 
dz 2Aj Gt 
which becomes, on substituting for q from Eq. (17.1) 


dé T ds 
Gaeta (17.4) 


The warping distribution produced by a varying shear flow, as defined by Eq. (16.25) for axes having 
their origin at the center of twist, is also applicable to the case of a constant shear flow. Thus, 


S 
ds Aos ds 
E Gt A 4 





Ws — Wo = 





Gt 
0 
Replacing g from Eq. (17.1), we have 
TS (50s Aos 
Swa eaaa 17.5 
DSWS ( eat oy ) (17.5) 


where 


S 


ds ds 
= — ô s = — 
f Ge PO f Gt 


0 


The sign of the warping displacement in Eq. (17.5) is governed by the sign of the applied torque T and 
the signs of the parameters 59; and Ao;. Having specified initially that a positive torque is anticlockwise, 
the signs of 59; and Ags are fixed in that 59, is positive when s is positive; that is, s is taken as positive 
in an anticlockwise sense, and Ag; is positive when, as before, p (see Fig. 17.3) is positive. 

We have noted that the longitudinal strain £z is zero in a closed section beam subjected to a pure 
torque. This means that all sections of the beam must possess identical warping distributions. In other 
words, longitudinal generators of the beam surface remain unchanged in length although subjected to 
axial displacement. 


E- 
Example 17.1 

A thin-walled circular section beam has a diameter of 200 mm and is 2m long; it is firmly restrained 
against rotation at each end. A concentrated torque of 30kNm is applied to the beam at its midspan 
point. If the maximum shear stress in the beam is limited to 200 N/mm? and the maximum angle of 
twist to 2°, calculate the minimum thickness of the beam walls. Take G=25 000 N/mm?. = 


ee 
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The minimum thickness of the beam corresponding to the maximum allowable shear stress of 
200 N/mm‘? is obtained directly using Eq. (17.1) in which Tmax = 15 KN m. 
Then 
15 x 106 x 4 


a E 
min 9 x x x 2002 x 200 aes 


The rate of twist along the beam is given by Eq. (17.4) in which 





ds TX 200 
t fmin 
Hence 


dé T m x 200 
= x 


d 42G tan G) 








Taking the origin for z at one of the fixed ends and integrating Eq. (i) for half the length of the beam, 
we obtain 


T 2007 














= x z+C], 
where C4 is a constant of integration. At the fixed end where z =0, 8 =0, so C1 =0. 
Hence 
T 2007 
= x Z 


The maximum angle of twist occurs at the midspan of the beam where z= 1 m. Hence 


15 x 10° x 200 x 7 x 1x 10° x 180 
tmin = = 2.7mm 
4 x (x x 2002/4)? x 25000 x2x x 





The minimum allowable thickness that satisfies both conditions is therefore 2.7 mm. 


8} $ $$$ 


Example 17.2 
Determine the warping distribution in the doubly symmetrical rectangular, closed section beam, shown 
in Fig. 17.4, when subjected to an anticlockwise torque T. E 


From symmetry, the center of twist R will coincide with the midpoint of the cross section, and points 
of zero warping will lie on the axes of symmetry at the midpoints of the sides. We shall, therefore, take 
the origin for s at the midpoint of side 14 and measure s in the positive, anticlockwise, sense around the 
section. Assuming the shear modulus G to be constant, we rewrite Eq. (17.5) in the form 


T6 50s Aos (i) 
= — ee 1 
Bsr KISS TA 
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Fig. 17.4 





Torsion of a rectangular section beam for Example 17.2. 


where 


In Eq. (a), 
b 
wo=0, s=2(2+5) and A= ab 
th ta 
From 0 to 1,0 <sı <b/2 and 


s1 
dsı S1 


50s = = il 
Os tp tp ( ) 


Note that 59; and Ags are both positive. 
Substitution for 59; and Ao; from Eq. (ii) in (i) shows that the warping distribution in the wall 01, 


wo}, 1s linear. Also, 
T ( b a ) b/2tp ab/8 
w1 = 2{—-+— — 
2abG \tp ta] |.2(b/ty +a/ta) ab 


T 
wee eee (iii) 
8abG \th ta 


The remainder of the warping distribution may be deduced from symmetry and the fact that the warping 
must be zero at points where the axes of symmetry and the walls of the cross section intersect. It follows 
that 








which gives 


w2 = —W1 = —w3 = w4 
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giving the distribution shown in Fig. 17.5. Note that the warping distribution will take the form shown 
in Fig. 17.5 as long as T is positive and b/t, > a/tg. If either of these conditions is reversed, w; and w3 
will become negative and w2 and w4 positive. In the case when b/tp=a/tg, the warping is zero at all 
points in the cross section. 

Suppose now that the origin for s is chosen arbitrarily at, say, point 1. Then, from Fig. 17.6, dos in 
the wall 12 = s1 /ta and Aos = 551b/2 =5,b/4, and both are positive. 





Fig. 17.5 


Warping distribution in the rectangular section beam of Example 17.2. 








Fig. 17.6 


Arbitrary origin for s. 
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Substituting in Eq. (i) and setting wo =0 


a ( (iv) 
2 2abG \ Sta 4a 


so that w/, varies linearly from zero at | to 








> T b a a 1 
W = 2t-+-—-— ee 
2abG \tp ta] |. 2(b/tyt+a/ta)ta 4 











at 2. Thus, 
ees a b 
02 aabG \in h 
or 
T b a 
/ =- — — — — 
W2 = — 4abG £ 2) 9 
Similarly, 
Tê [l/a s2 1 
/ = = =. ee pees b $ 
023 = 9 abG | (¢ X 2) ap +s wD 


The warping distribution therefore varies linearly from a value —7(b/tp —a/ta)/4abG at 2 to zero 
at 3. The remaining distribution follows from symmetry so that the complete distribution takes the form 
shown in Fig. 17.7. 
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Fig. 17.7 


Warping distribution produced by selecting an arbitrary origin for s. 
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Comparing Figs. 17.5 and 17.7, it can be seen that the form of the warping distribution is the same 
but that in the latter case the complete distribution has been displaced axially. The actual value of the 
warping at the origin for s is found using Eq. (16.26). 

Thus, 


b 


a 

2 / 

Te a (ds Awe vi 

© 2 (ata + dtp) | wit ii [van ics ip 
0 0 


Substituting in Eq. (vii) for w, and w/,, from Eqs. (iv) and (vi), respectively, and evaluating give 


T [fb 
mwas eee (viii) 
8abG \ tp ta 


Subtracting this value from the values of w| (=0) and w5 (=—T (b/t — a /ta)/4abG), we have 


T ( b a ) T ( b a 
w= —-—], w=- Sa 
8abG \th ta 8abG \th ta 


as before. Note that setting wo =0 in Eq. (i) implies that wo, the actual value of warping at the origin 
for s, has been added to all warping displacements. This value must therefore be subtracted from the 
calculated warping displacements (i.e., those based on an arbitrary choice of origin) to obtain true 
values. 

It is instructive at this stage to examine the mechanics of warping to see how it arises. Suppose that 
each end of the rectangular section beam of Example 17.2 rotates through opposite angles 0, giving a 
total angle of twist 26 along its length L. The corner | at one end of the beam is displaced by amounts 
a0 /2 vertically and b6/2 horizontally, as shown in Fig. 17.8. Consider now the displacements of the 
web and cover of the beam due to rotation. From Figs. 17.8 and 17.9(a) and (b), it can be seen that the 
angles of rotation of the web and the cover are, respectively, 











Pp = (a0 /2)/(L/2) = a0/L 
and 
$a = (b0 /2)/(L/2) = b0 /L 
The axial displacements of the corner 1 in the web and cover are then 
ba0 abé 
DEDE 
respectively, as shown in Fig. 17.9(a) and (b). In addition to displacements produced by twisting, the 
webs and covers are subjected to shear strains yp and y4 corresponding to the shear stress system given 


by Eq. (17.1). Due to yp, the axial displacement of corner 1 in the web is ypb/2 in the positive z direction, 
while in the cover the displacement is y,a/2 in the negative z direction. Note that the shear strains yp 
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Fig. 17.8 


Twisting of a rectangular section beam. 


Displacement due to rotation 








a 


Displacement due to shear strain 
(a) Web (b) Cover 
Fig. 17.9 


Displacements due to twist and shear strain. 


and y, correspond to the shear stress system produced by a positive anticlockwise torque. Clearly, the 
total axial displacement of the point 1 in the web and cover must be the same so that 


oor %. babe a 
2L or 5 ED 


from which 


L 
0 = — b 
Fah Yaa + Yb ) 
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The shear strains are obtained from Eq. (17.1) and are 


Me a 
= Jab <<  abGb 


J= TL a ` b 
~ 4a2b?G\ty tp 


The total angle of twist from end to end of the beam is 20, therefore, 


20 TL (= 2) 


Ya 


from which 


L 4a26°G 








u i 
or 
d T fos 
dz 442G t 


as in Eq. (17.4). 
Substituting for 0 in either of the expressions for the axial displacement of the corner 1 gives the 


warping w at 1. Thus, 
ab TL a i b T a 
DAT E — — SS a, 
1 Z L4a2b2G\ ta tp) 2abGtı2 


T b a 

w] = = 

| BabG \ tp ta 
as before. It can be seen that the warping of the cross section is produced by a combination of the 
displacements caused by twisting and the displacements due to the shear strains; these shear strains 


correspond to the shear stresses whose values are fixed by statics. The angle of twist must therefore be 
such as to ensure compatibility of displacement between the webs and covers. 


that is, 





17.1.2 Condition for Zero Warping at a Section 


The geometry of the cross section of a closed section beam subjected to torsion may be such that no 
warping of the cross section occurs. From Eq. (17.5), we see that this condition arises when 





60s _ Aos 
ô A 
or 
1 ’d 1 S 
S 
E eee see 17. 
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Differentiating Eq. (17.6) with respect to s gives 


E 
Gt 2A 
or 
2A 
prRGt= aa constant (17.7) 


A closed section beam for which pr Gt = constant does not warp and is known as a Neuber beam. For 
closed section beams having a constant shear modulus, the condition becomes 


prt = constant (17.8) 


Examples of such beams are a circular section beam of constant thickness; a rectangular section beam 
for which at, = bta (see Example 17.2); and a triangular section beam of constant thickness. In the last 
case the shear center, and hence the center of twist, may be shown to coincide with the center of the 
inscribed circle so that pr for each side is the radius of the inscribed circle. 





17.2 TORSION OF OPEN SECTION BEAMS 


An approximate solution for the torsion of a thin-walled open section beam may be found by applying 
the results obtained in Section 3.4 for the torsion of a thin rectangular strip. If such a strip is bent to 
form an open section beam, as shown in Fig. 17.10(a), and if the distance s measured around the cross 
section is large compared with its thickness t, then the contours of the membrane—that is, the lines 
of shear stress—are still approximately parallel to the inner and outer boundaries. It follows that the 
shear lines in an element ôs of the open section must be nearly the same as those in an element dy of a 
rectangular strip as demonstrated in Fig. 17.10(b). Equations (3.27), (3.28), and (3.29) may therefore 
be applied to the open beam but with reduced accuracy. Referring to Fig. 17.10(b), we observe that 
Eq. (3.27) becomes 





do 
Tzy = 2GN—, Ty =O (17.9) 
dz 
Equation (3.28) becomes 
do 
Tzs,max = 1Gt—— (17.10) 
dz 
and Eq. (3.29) is 
st? 1 
J=% — J=- | ĉd 17.11 
SF oo v=; i s (17.11) 


sect 


In Eq. (17.11), the second expression for the torsion constant is used if the cross section has a variable 
wall thickness. Finally, the rate of twist is expressed in terms of the applied torque by Eq. (3.12)— 
that is, 

do 


T=GJ— (17.12) 
dz 
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8s 


(a) (b) 
Fig. 17.10 


(a) Shear lines in a thin-walled open section beam subjected to torsion; (b) approximation of elemental shear 
lines to those in a thin rectangular strip. 





The shear stress distribution and the maximum shear stress are sometimes more conveniently expressed 
in terms of the applied torque. Therefore, substituting for d6/dz in Eqs. (17.9) and (17.10) gives 


2n tT 
Tzs = Ft Tzs,max = op (17.13) 





We assume in open beam torsion analysis that the cross section is maintained by the system of 
closely spaced diaphragms described in Section 16.1 and that the beam is of uniform section. Clearly, 
in this problem, the shear stresses vary across the thickness of the beam wall, whereas other stresses, 
such as axial constraint stresses are assumed constant across the thickness. 


17.2.1 Warping of the Cross Section 


We saw in Section 3.4 that a thin rectangular strip suffers warping across its thickness when subjected to 
torsion. In the same way, a thin-walled open section beam will warp across its thickness. This warping, 
wt, may be deduced by comparing Fig. 17.10(b) with Fig. 3.10 and using Eq. (3.32), thus, 


6 
Wt ape (17.14) 
dz 
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In addition to warping across the thickness, the cross section of the beam will warp in a similar manner 
to that of a closed section beam. From Fig. 16.3, 


dw avt 
= —+— 17.15 
ie ðs Oz ( ) 
Referring the tangential displacement 1; to the center of twist R of the cross section, we have from 
Eq. (16.8) 
OVE d8 
— = pr— 17.16 
az Raz oa) 
Substituting for 0vy,/0z in Eq. (17.15) gives 
_ Ow $ dé 
= al ER a 
from which 
ow do 
Tzs = G = +pR=—- (17.17) 
os dz 
On the midline of the section wall t-s = 0 (see Eq. (17.9)) so that from Eq. (17.17) 
ðw dé 
as Raz 


Integrating this expression with respect to s and taking the lower limit of integration to coincide with 
the point of zero warping, we obtain 


Ss 


0 
w= —F [pas (17.18) 
dz 
0 


From Eqs. (17.14) and (17.18) it can be seen that two types of warping exist in an open section beam. 
Equation (17.18) gives the warping of the midline of the beam; this is known as primary warping and 
is assumed to be constant across the wall thickness. Equation (17.14) gives the warping of the beam 
across its wall thickness. This is called secondary warping, is very much less than primary warping, 
and is usually ignored in the thin-walled sections common to aircraft structures. 

Equation (17.18) may be rewritten in the form 


do 
Ws = —2AR— (17.19) 
dz 
or, in terms of the applied torque 
T 
Ws = —24R a (see Eq. (17.12)) (17.20) 


in which Ar = 5 h ù prds is the area swept out by a generator, rotating about the center of twist, from the 
point of zero warping, as shown in Fig. 17.11. The sign of w,, for a given direction of torque, depends 
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Fig. 17.11 


Warping of an open section beam. 





on the sign of Ar, which in turn depends on the sign of pr, the perpendicular distance from the center 
of twist to the tangent at any point. Again, as for closed section beams, the sign of pr depends on the 
assumed direction of a positive torque, in this case anticlockwise. Therefore, pr (and therefore Ap) 
is positive if movement of the foot of pp along the tangent in the assumed direction of s leads to an 
anticlockwise rotation of pr about the center of twist. Note that for open section beams the positive 
direction of s may be chosen arbitrarily, since, for a given torque, the sign of the warping displacement 
depends only on the sign of the swept area Ar. 


a 


Example 17.3 
Determine the maximum shear stress and the warping distribution in the channel section shown in 
Fig. 17.12 when it is subjected to an anticlockwise torque of 10 Nm. G=25000N/mm?. E 


From the second of Eqs. (17.13), it can be seen that the maximum shear stress occurs in the web of 
the section where the thickness is greatest. Also, from the first of Eqs. (17.11), 


1 3 3 4 
J= JOXAN 1.57 + 50 x 2.57) = 316.7 mm 
so that 


2.5 x 10 x 103 78.9N/mm? 
SS Š mm 
eag 316.7 








The warping distribution is obtained using Eq. (17.20) in which the origin for s (and hence Ap) is taken 
at the intersection of the web and the axis of symmetry where the warping is zero. Further, the center of 
twist R of the section coincides with its shear center S, with a position that is found using the method 
described in Section 16.2.1, which gives £s = 8.04 mm. In the wall O2 


1 
AR = 5 x 8.045; (pr is positive) 


US = | 
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1.5mm 


s 
2 








50 mm 
—e-—-—__ - -_—— - + - ——- 
S(R) 
gs 
3 4 
25mm 

Fig. 17.12 
Channel section of Example 17.3. 
so that 

y EgO AAO 0.01 (i) 

=— = : x ———— _ = - 0. i 
woz X g% S1 X 75000 x 316.7 l 


that is, the warping distribution is linear in O2 and 
w2 = —0.01 x 25 = —0.25mm 
In the wall 21 


1 1 
ARG WEE X22 


in which the area swept out by the generator in the wall 21 provides a negative contribution to the total 
swept area Ar. Thus, 
Goh ag aL 
ee “2095000 x 316.7 
or 
w21 = —0.03(8.04 — s2) (ii) 


Again, the warping distribution is linear and varies from —0.25 mm at 2 to +0.54mm at |. Examination 
of Eq. (ii) shows that w2 changes sign at s2 =8.04mm. The remaining warping distribution follows 
from symmetry, and the complete distribution is shown in Fig. 17.13. In unsymmetrical section beams, 
the position of the point of zero warping is not known but may be found using the method for the 
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Fig. 17.13 


Warping distribution in channel section of Example 17.3. 





restrained warping of an open section beam. Thus, we can see that 
z Jes 2AR ot ds 


J sect tds 


in which Apo is the area swept out by a generator rotating about the center of twist from some 
convenient origin, and Ap is the value of Ar,o at the point of zero warping. As an illustration, we shall 
apply the method to the beam section of Example 17.3. 

Suppose that the position of the center of twist (i.e., the shear center) has already been calculated, 
and suppose also that we choose the origin for s to be at the point 1. Then, in Fig. 17.14, 


DA’ (17.21) 


[ras=2 x 1.5 x 25 +2.5 x 50 = 200mm? 


sect 


In the wall 12, 
Ay = ; x 2551 (Apo for the wall 12) (1) 
from which 
Ar = l x 25 x 25 = 312.5 mm? 
Also, 
A23 = 312.5 — ; x 8.0452 (ii) 


ee 
520 CHAPTER 17 Torsion of Beams 








50mm 
Fig. 17.14 
Determination of points of zero warping. 
and 
1 
A3 = 312.5 — 5 x 8.04 x 50 = 111.5 mm? 
Finally, 
1 x 
A34 = 111.5+ 5 x 2553 (iii) 


Substituting for 412, 423, and 434 from Eqs. (i) to (iii) in Eq. (17.21), we have 
25 50 25 
2Ák = na f» x 1.15sı dsı + fons — 4.02s2)2.5 ds2 + fans + 12.5s3)1.5ds3 (iv) 
0 0 0 
Evaluation of Eq. (iv) gives 
2A = 424mm? 
We now examine each wall of the section in turn to determine points of zero warping. Suppose that in 


the wall 12 a point of zero warping occurs at a value of s; equal to 51,9. Then 


1 
2x 5 x 25s1,0 = 424 
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from which 
S10 = 16.96mm 


so that a point of zero warping occurs in the wall 12 at a distance of 8.04 mm from the point 2 as before. 
In the web 23, let the point of zero warping occur at sz =52,9. Then 


1 1 
2x Be ey na ee 


which gives s2, =25 mm (1.e., on the axis of symmetry). Clearly, from symmetry, a further point of zero 
warping occurs in the flange 34 at a distance of 8.04 mm from the point 3. The warping distribution is 
then obtained directly using Eq. (17.20) in which 


Ar =Aro—Ap 





Problems 


P.17.1 A uniform, thin-walled, cantilever beam of closed rectangular cross section has the dimensions shown in 
Fig. P.17.1. The shear modulus G of the top and bottom covers of the beam is 18000N/mm/2, while that of the 
vertical webs is 26 000 N /mm?. 





Fig. P.17.1 


ee 
522 CHAPTER 17 Torsion of Beams 


The beam is subjected to a uniformly distributed torque of 20 Nm/mm along its length. Calculate the maximum 
shear stress according to the Bred—Batho theory of torsion. Calculate also, and sketch, the distribution of twist along 
the length of the cantilever, assuming that axial constraint effects are negligible. 


2 
Ans. Tmax =83.3N/mm?, 0 =8.14 x 107° (2500: 7 5) rad. 


P.17.2 A single cell, thin-walled beam with the double trapezoidal cross section shown in Fig. P.17.2, is subjected 
to a constant torque T = 90500 Nm and is constrained to twist about an axis through the point R. Assuming that the 
shear stresses are distributed according to the Bredt-Batho theory of torsion, calculate the distribution of warping 
around the cross section. 
Illustrate your answer clearly by means of a sketch and insert the principal values of the warping displacements. 
The shear modulus G=27 500N/mm? and is constant throughout. 


Ans. wij =—woe=—0.53mm, w2=—ws5=0.05 mm, w3=—w4=0.38mm. 


Linear distribution. 


1.25 mm 2 1.25 mm 
1 
i 
t 
I 








25mm 5 LeSimm 
500 mm il 830 mm 


Fig. P.17.2 


P.17.3 A uniform thin-walled beam is circular in cross section and has a constant thickness of 2.5mm. The beam is 
2000 mm long, carrying end torques of 450 N m and, in the same sense, a distributed torque loading of 1.0 Nm/mm. 
The loads are reacted by equal couples R at sections 500mm distant from each end (Fig. P.17.3). 


50mm 
2.5mm 









500 mm 





È © z "a ee 
TOOO mm 
500 mm 


Fig. P.17.3 
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Calculate the maximum shear stress in the beam and sketch the distribution of twist along its length. Take 
G=30000N/mm? and neglect axial constraint effects. 


Ans. Tmax =24.2N/mm?, 6 =—0.85 x 10782? rad, 0 < z <500mm, 
8 =1.7 x 1078(1450z — z? /2) — 12.33 x 107? rad, 500 < z < 1000 mm. 


P.17.4 The thin-walled box section beam ABCD shown in Fig. P.17.4 is attached at each end to supports which 
allow rotation of the ends of the beam in the longitudinal vertical plane of symmetry but prevent rotation of the ends 
in vertical planes perpendicular to the longitudinal axis of the beam. The beam is subjected to a uniform torque 
loading of 20 Nm/mm over the portion BC of its span. Calculate the maximum shear stress in the cross section of 
the beam and the distribution of angle of twist along its length, G= 70 000 N/mm?. 


Ans. 71.4N/mm2, 6B = 9c = 0.36°, 6 at midspan=0.72°. 


4mm 
6mm 6 
4mm 


200mm 


50mm 


= 





1m 


Fig. P.17.4 


P.17.5 Figure P.17.5 shows a thin-walled cantilever box beam having a constant width of 50mm and a depth which 
decreases linearly from 200 mm at the built-in end to 150mm at the free end. If the beam is subjected to a torque 
of 1 kNm at its free end, plot the angle of twist of the beam at 500mm intervals along its length and determine the 
maximum shear stress in the beam section. Take G=25000N/mm?. 


Ans. Tmax =33.3N/mm?. 
LZ 


200mm 


150 
1kNm ~ mm 
OE 


50mm 





2500 mm 


Fig. P.17.5 


P.17.6 A uniform closed section beam, of the thin-walled section shown in Fig. P.17.6, is subjected to a twist- 
ing couple of 4500N m. The beam is constrained to twist about a longitudinal axis through the center C of the 
semicircular arc 12. For the curved wall 12, the thickness is 2mm and the shear modulus is 22000 N/ mm. For the 
plane walls 23, 34, and 41, the corresponding figures are 1.6mm and 27500 N/mm2. (Note: Gt =constant.) 
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Calculate the rate of twist in rad/mm. Give a sketch illustrating the distribution of warping displacement in the 
cross section and quote values at points | and 4. 


Ans. d@/dz=29.3 x 10-° rad/mm, w3=—w4=—0.19mm, 
w2 =— w1 = — 0.056 mm. 





Fig. P.17.6 


P.17.7 A uniform beam with the doubly symmetrical cross section shown in Fig. P.17.7, has horizontal and vertical 
walls made of different materials which have shear moduli Gz and Ga, respectively. If for any material the ratio 
mass density/shear modulus is constant, find the ratio of the wall thicknesses fg and ty so that for a given torsional 
stiffness and given dimensions a, b the beam has minimum weight per unit span. Assume the Bredt-Batho theory 
of torsion is valid. 

If this thickness requirement is satisfied, find the a/b ratio (previously regarded as fixed), which gives minimum 
weight for given torsional stiffness. 


Ans. — tp/ta=Ga/Gp, b/a=1. 








15mm 
2mm 25mm 
b 25 mm 
15mm 
25mm'20 mm 
Fig. P.17.7 Fig. P.17.8 


P.17.8 The cold-formed section shown in Fig. P.17.8 is subjected to a torque of 50 Nm. Calculate the maximum 
shear stress in the section and its rate of twist. G= 25 000 N/mm?. 


AnS. Tmax =220.6 N/mm2, dé /dz=0.0044rad/mm. 
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P.17.9 Determine the rate of twist per unit torque of the beam section shown in Fig. P.16.11 if the shear modulus 
G is 25000N/mm~. (Note that the shear center position has been calculated in P.16.11.) 


Ans. 6.42 x 1078 rad/mm. 


P.17.10 Figure P.17.10 shows the cross section of a thin-walled beam in the form of a channel with lipped 
flanges. The lips are of constant thickness 1.27 mm while the flanges increase linearly in thickness from 1.27 mm, 
where they meet the lips to 2.54 mm at their junctions with the web. The web has a constant thickness of 2.54 mm. 
The shear modulus G is 26 700 N/mm? throughout. 


100 Nm 


F R' 


IOO Nm ><. 


RJ 





Fig. P.17.10 


The beam has an enforced axis of twist RR’ and is supported in such a way that warping occurs freely but 
is zero at the midpoint of the web. If the beam carries a torque of 100 N m, calculate the maximum shear stress 
according to the St. Venant theory of torsion for thin-walled sections. Ignore any effects of stress concentration at 
the corners. Find also the distribution of warping along the middle line of the section, illustrating your results by 
means of a sketch. 


Ans. Tmax =+297.4N/mm?, w1 = —5.48 mm = —ws. 
w2 =5.48 mm = —w5, w3 = 17.98 mm = —w4. 
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P.17.11 The thin-walled section shown in Fig. P.17.11 is symmetrical about the x axis. The thickness fp of the 
center web 34 is constant, while the thickness of the other walls varies linearly from fp at points 3 and 4 to zero at 


the open ends 1, 6, 7, and 8. 
Determine the St. Venant torsion constant J for the section and also the maximum value of the shear stress 


due to a torque 7. If the section is constrained to twist about an axis through the origin O, plot the relative warping 
displacements of the section per unit rate of twist. 


Ans.  J=4ati/3, Tmax =+3T /4atê, wı = +a? (1 + 24/2). 
w2 = W2, w7= =g w3 =0. 


y 


2a 


Lan 


Fig. P.17.11 Fig. P.17.12 





oJ} 
Zi PEN 
g=] 
lz 
| 


P.17.12 The thin-walled section shown in Fig. P.17.12 is constrained to twist about an axis through R, the center 
of the semicircular wall 34. Calculate the maximum shear stress in the section per unit torque and the warping 
distribution per unit rate of twist. Also compare the value of warping displacement at the point 1 with that 
corresponding to the section being constrained to twist about an axis through the point O, and state what effect 
this movement has on the maximum shear stress and the torsional stiffness of the section. 


Ans. Maximum shear stress is +0.42/rt? per unit torque. 
2 r r 
Wo03 = +170, w32 = tzor +2s1), w21 = -702 — 5.142r). 


With center of twist at O1 w1 = —0.43r?. Maximum shear stress is unchanged, torsional stiffness increased, since 
warping reduced. 
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P.17.13, Determine the maximum shear stress in the beam section shown in Fig. P.17.13, stating clearly the 
point at which it occurs. Determine also the rate of twist of the beam section if the shear modulus G is 25000 N/mm?. 


Ans. 70.2N/mm? on underside of 24 at 2 or on upper surface of 32 at 2. 
9.0 x 10-4 rad/mm. 





100mm 
3 j 2 | 4 
| |; kN 
3mm 
sariin 
80 mm 
2mm 


; 
Fig. P.17.13 
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Combined Open and Closed 
Section Beams 


So far, in Chapters 15 through 17, we have analyzed thin-walled beams which consist of either completely 
closed cross sections or completely open cross sections. Frequently, aircraft components comprise 
combinations of open and closed section beams. For example, the section of a wing in the region of an 
undercarriage bay could take the form shown in Fig. 18.1. Clearly, part of the section is an open channel 
section, while the nose portion is a single cell closed section. We shall now examine the methods of 
analysis of such sections when subjected to bending, shear, and torsional loads. 





18.1 BENDING 


It is immaterial what form the cross section of a beam takes; the direct stresses due to bending are given 
by either of Eq. (15.18) or Eq. (15.19). 





18.2 SHEAR 


The methods described in Sections 16.2 and 16.3 are used to determine the shear stress distribution, 
although, unlike the completely closed section case, shear loads must be applied through the shear 
center of the combined section; otherwise, shear stresses of the type described in Section 17.2 due to 
torsion will arise. Where shear loads do not act through the shear center, its position must be found and 
the loading system replaced by shear loads acting through the shear center together with a torque; the 
two loading cases are then analyzed separately. Again, we assume that the cross section of the beam 
remains undistorted by the loading. 


Fig. 18.1 


Wing section comprising open and closed components. 
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Example 18.1 

Determine the shear flow distribution in the beam section shown in Fig. 18.2, when it is subjected 
to a shear load in its vertical plane of symmetry. The thickness of the walls of the section is 2mm 
throughout. = 


The centroid of area C lies on the axis of symmetry at some distance y from the upper surface of the 
beam section. Taking moments of area about this upper surface 


(4x 100 x 2+4 x 200 x 2)y=2 x 100 x 2 x 5042 x 200 x 2 x 100+ 200 x 2 x 200 


which gives y = 75mm. 
The second moment of area of the section about Cx is given by 





2 x 1003 
fe = 2( +2 x 100 x 25?) +400 x 2 x 757 +200 x 2 x 1257 
2 x 200° 
oe +2 x 200 x 25?) 
12 
that is, 
Ty = 14.5 x 10°mm4 
100 mm 
100 mm 
100 mm 200 mm 100 mm 
Fig. 18.2 





Beam section of Example 18.1. 
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The section is symmetrical about Cy so that /,,, = 0, and since S, = 0, the shear flow distribution in the 
closed section 3456 is, from Eq. (16.15), 


S 
S ; 
qs = — ia I tyds + qs,0 (i) 
XX 0 


Also, the shear load is applied through the shear center of the complete section—that is, along the axis 
of symmetry—so that in the open portions 123 and 678 the shear flow distribution is, from Eq. (16.14), 


Ss 


Sy 
qs =— A tyds (ii) 


XX 


We note that the shear flow is zero at the points 1 and 8, and therefore the analysis may conveniently, 
though not necessarily, begin at either of these points. Thus, referring to Fig. 18.2, 


S1 


= 100x10 TEE 
112 = — T45 x 106 Aai 
0 
that is, 
qi2 = —69.0 x 1074 (—50s1 +52) (iii) 


from which g2 = —34.5N/mm. 
Examination of Eq. (iii) shows that qgi2 is initially positive and changes sign when sj = 50mm. 
Further, g12 has a turning value (dqj2/ds; = 0) at s; = 25mm of 4.3 N/mm. In the wall 23, 


S2 
923 = —69.0 x 10-* [2 x 75 ds2 — 34.5 
0 
that is, 
q23 = —1.04s7 — 34.5 (iv) 


Hence, q23 varies linearly from a value of —34.5 N/mm at 2 to —138.5 N/mm at 3 in the wall 23. 

The analysis of the open part of the beam section is now complete, since the shear flow distribution 
in the walls 67 and 78 follows from symmetry. To determine the shear flow distribution in the closed 
part of the section, we must use the method described in Section 16.3, in which the line of action of the 
shear load is known. Thus, we “cut” the closed part of the section at some convenient point, obtain the 
q» or “open section” shear flows for the complete section, and then take moments as in Eqs. (16.17) or 
(16.18). However, in this case, we may use the symmetry of the section and loading to deduce that the 
final value of shear flow must be zero at the midpoints of the walls 36 and 45— that is, g; = qs,o = 0 at 
these points. Hence, 


S3 
qo3 = —69.0 x 10-4 [2 x 75ds3 
0 


A 
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so that 

403 = —1.04s3 (v) 
and q3 = —104 N/mm in the wall 03. It follows that for equilibrium of shear flows at 3, q3, in the wall 
34, must be equal to —138.5—104 = —242.5 N/mm. Hence, 


s4 
q34 = —69.0 x 1074 / 2(75 — s4) ds4 — 242.5 
0 


which gives 
q34 = —1.04s4 + 69.0 x 107454 — 242.5 (vi) 


Examination of Eq. (vi) shows that q34 has a maximum value of —281.7N/mm at s4 = 75mm; also, 
q4 = —172.5N/mm. Finally, the distribution of shear flow in the wall 94 is given by 


s5 
q94 = —69.0 x 107 f 26=125)dss 
0 
that is, 
q94 = 1.7355 (vii) 


The complete distribution is shown in Fig. 18.3. 


138.5 





Fig. 18.3 


Shear flow distribution in beam of Example 18.1 (all shear flows in N/mm). 
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18.3 TORSION 


Generally, in the torsion of composite sections, the closed portion is dominant, since its torsional stiffness 
is far greater than that of the attached open section portion which may therefore be frequently ignored 
in the calculation of torsional stiffness; shear stresses should, however, be checked in this part of the 
section. 


© $$ 

Example 18.2 

Find the angle of twist per unit length in the wing whose cross section is shown in Fig. 18.4 when it is 

subjected to a torque of 10 kN m. Find also the maximum shear stress in the section. G = 25000 N/mm”. 
Wall 12 (outer) =900 mm. Nose cell area = 20 000 mm°?. = 


It may be assumed, in a simplified approach, that the torsional rigidity GJ of the complete section is 
the sum of the torsional rigidities of the open and closed portions. For the closed portion, the torsional 
rigidity is, from Eq. (17.4), 


44°G _ 4 x 20000? x 25000 
$ds/t (900 +300)/1.5 





(Goa = 


which gives 
(GJ)a = 5000 x 107 N mm? 


The torsional rigidity of the open portion is found using Eq. (17.11), thus 


sť? 25000 x 900 x 23 
(GJ)op = G> S 





3 
that is, 
(GJ)op = 6 x 10’Nmm? 
300 mm 
2 4 
600mm 
Fig. 18.4 





Wing section of Example 18.2. 
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The torsional rigidity of the complete section is then 
GJ = 5000 x 10’ +6 x 10’ = 5006 x 10’Nmm? 


In all unrestrained torsion problems, the torque is related to the rate of twist by the expression 


dé 
T=GJ— 
dz 


The angle of twist per unit length is therefore given by 


dd T 10 x 10° 


Substituting for T in Eq. (17.1) from Eq. (17.4), we obtain the shear flow in the closed section. Thus, 


(GJ) d@__ 5000 x 107 


2 20 x a 0.0002 
d= on a 2x000 S 





from which 
del = 250N/mm 


The maximum shear stress in the closed section is then 250/1.5 = 166.7 N/mm/?. 
In the open portion of the section, the maximum shear stress is obtained directly from Eq. (17.10) 
and is 


Tmax,op = 25000 x 2 x 0.0002 = 10 N/mm? 


It can be seen from the above that in terms of strength and stiffness, the closed portion of the wing section 
dominates. This dominance may be used to determine the warping distribution. Having first found the 
position of the center of twist (the shear center), the warping of the closed portion is calculated using 
the method described in Section 17.1. The warping in the walls 13 and 34 is then determined using 
Eq. (17.19), in which the origin for the swept area Ap is taken at the point | and the value of warping 
is that previously calculated for the closed portion at 1. 





Problems 


P.18.1 The beam section of Example 18.1 (see Fig. 18.2) is subjected to a bending moment in a vertical plane of 
20kN m. Calculate the maximum direct stress in the cross section of the beam. 


Ans. 172.5N/mm?. 


P.18.2 A wing box has the cross section shown diagrammatically in Fig. P.18.2 and supports a shear load of 100 
KN in its vertical plane of symmetry. Calculate the shear stress at the midpoint of the web 36 if the thickness of all 
walls is 2mm. 


Ans. 89.7N/mm2. 
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Fig. P.18.2 


P.18.3 If the wing box of P.18.2 is subjected to a torque of 100kN m, calculate the rate of twist of the section and 
the maximum shear stress. The shear modulus G is 25 000 N/mm?. 


Ans. 18.5 x 1076 rad/mm, 170 N/mm?. 
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Structural Idealization 


So far we have been concerned with relatively uncomplicated structural sections which in practice would 
be formed from thin plate or by the extrusion process. While these sections exist as structural members 
in their own right, they are frequently used, as we saw in Chapter 11, to stiffen more complex structural 
shapes such as fuselages, wings, and tail surfaces. Thus, a two-spar wing section could take the form 
shown in Fig. 19.1, in which Z-section stringers are used to stiffen the thin skin while angle sections 
form the spar flanges. Clearly, the analysis of a section of this type would be complicated and tedious 
unless some simplifying assumptions are made. Generally, the number and nature of these simplifying 
assumptions determine the accuracy and the degree of complexity of the analysis; the more complex 
the analysis, the greater the accuracy obtained. The degree of simplification introduced is governed by 
the particular situation surrounding the problem. For a preliminary investigation, speed and simplicity 
are often of greater importance than extreme accuracy; on the other hand, a final solution must be as 
exact as circumstances allow. 

Complex structural sections may be idealized into simpler “mechanical model” forms which behave, 
under given loading conditions, in the same, or very nearly the same, way as the actual structure. We 
shall see, however, that different models of the same structure are required to simulate actual behavior 
under different systems of loading. 


19.1 PRINCIPLE 


In the wing section of Fig. 19.1, the stringers and spar flanges have small cross-sectional dimensions 
compared with the complete section. Therefore, the variation in stress over the cross section of a stringer 





Fig. 19.1 


Typical wing section. 
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Fig. 19.2 


Idealization of a wing section. 





due to, say, bending of the wing would be small. Furthermore, the difference between the distances of 
the stringer centroids and the adjacent skin from the wing section axis is small. It would be reasonable 
to assume, therefore, that the direct stress is constant over the stringer cross sections. We could therefore 
replace the stringers and spar flanges by concentrations of area, known as booms, over which the direct 
stress is constant and which are located along the midline of the skin, as shown in Fig. 19.2. In wing 
and fuselage sections of the type shown in Fig. 19.1, the stringers and spar flanges carry most of the 
direct stresses, while the skin is mainly effective in resisting shear stresses, although it also carries some 
of the direct stresses. The idealization shown in Fig. 19.2 may therefore be taken a stage further by 
assuming that all direct stresses are carried by the booms, while the skin is effective only in shear. The 
direct stress-carrying capacity of the skin may be allowed for by increasing each boom area by an area 
equivalent to the direct stress-carrying capacity of the adjacent skin panels. The calculation of these 
equivalent areas will generally depend on an initial assumption as to the form of the distribution of 
direct stress in a boom/skin panel. 





19.2 IDEALIZATION OF A PANEL 


Suppose that we wish to idealize the panel of Fig. 19.3(a) into a combination of direct stress-carrying 
booms and shear-stress-only-carrying skin, as shown in Fig. 19.3(b). In Fig. 19.3(a), the direct stress- 
carrying thickness fp of the skin is equal to its actual thickness t, while in Fig. 19.3(b), tp =0. Suppose 
also that the direct stress distribution in the actual panel varies linearly from an unknown value o; to 
an unknown value o2. Clearly the analysis should predict the extremes of stress o} and 02, although 
the distribution of direct stress is obviously lost. Since the loading producing the direct stresses in the 
actual and idealized panels must be the same, we can equate moments to obtain expressions for the 
boom areas Bı and B2. Thus, taking moments about the right-hand edge of each panel, 
2 
onto + To — oz)tob-b =0ıBıb 


from which 


Bı = 2 (2+ 2) (19.1) 
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(a) Actual (b) Idealized 
Fig. 19.3 
Idealization of a panel. 
Similarly, 
tpb o 
Ban (2 + z) (19.2) 
6 02 


In Eqs. (19.1) and (19.2), the ratio of o; to o2, if not known, may frequently be assumed. 

The direct stress distribution in Fig. 19.3(a) is caused by a combination of axial load and bending 
moment. For axial load only o1 /o2 = 1 and Bı =B2 = tpb /2; for a pure bending moment, o1 /o2 =—1 
and Bı = B2 = tpb /6. Thus, different idealizations of the same structure are required for different loading 
conditions. 





Example 19.1 

Part of a wing section is in the form of the two-cell box shown in Fig. 19.4(a), in which the vertical spars 
are connected to the wing skin through angle sections, all having a cross-sectional area of 300 mm?. 
Idealize the section into an arrangement of direct stress-carrying booms and shear-stress-only-carrying 
panels suitable for resisting bending moments in a vertical plane. Position the booms at the spar/skin 
junctions. 


= 











(b) 
Fig. 19.4 


Idealization of a wing section. = 
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The idealized section is shown in Fig. 19.4(b), in which, from symmetry, B; = Bo, By = B5, B3 = B4. 
Since the section is required to resist bending moments in a vertical plane, the direct stress at any point 
in the actual wing section is directly proportional to its distance from the horizontal axis of symmetry. 
Further, the distribution of direct stress in all the panels will be linear so that either of Eq. (19.1) or of 
Eq. (19.2) may be used. We note that in addition to contributions from adjacent panels, the boom areas 
include the existing spar flanges. Hence, 


3.0 x 400 2.0 x 600 
Bi =300 + (2+2)+ x (2+2) 








6 ol 6 ol 

or 
By = 300 4 20400 a q 20x600 (150 
m 6 6 200 


which gives 


Bi (= Bo) = 1050mm? 

















Also, 
By =2x 300-4 2.0 x (2+ =) $ 2.5 x (2+ z) $ 1.5 x0 (2+ z) 
that is, 
2.0 x 600 200 2.5 x 300 1.5 x 600 100 
By =2 x 300+ 6 ( a) Z 2-1)+ G ( e) 
from which 
Bo(=Bs) = 1791.7mm? 
Finally, 
By = 3004 1.5 x 600 (2+ 2) f 2.0 x 200 (2+ z) 
6 03 6 03 
that is, 
1.5 x 600 150 2.0 x 200 
B3 = 300+ —— ( a3) g 7D 
so that 


B3(=B4) = 891.7 mm? 
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19.3 EFFECT OF IDEALIZATION ON THE ANALYSIS OF OPEN 
AND CLOSED SECTION BEAMS 


The addition of direct stress-carrying booms to open and closed section beams will clearly modify the 
analyses presented in Chapters 15 through 17. Before considering individual cases, we shall discuss 
the implications of structural idealization. Generally, in any idealization, different loading conditions 
require different idealizations of the same structure. In Example 19.1, the loading is applied in a vertical 
plane. If, however, the loading had been applied in a horizontal plane, the assumed stress distribution 
in the panels of the section would have been different, resulting in different values of boom area. 

Suppose that an open or closed section beam is subjected to given bending or shear loads and 
that the required idealization has been completed. The analysis of such sections usually involves the 
determination of the neutral axis position and the calculation of sectional properties. The position of 
the neutral axis is derived from the condition that the resultant load on the beam cross section is zero, 
that is, 


[ou =0 (see Eq. (15.3)) 
A 


The area A in this expression is clearly the direct stress-carrying area. It follows that the centroid of 
the cross section is the centroid of the direct stress-carrying area of the section, depending on the 
degree and method of idealization. The sectional properties, /,,, and so on, must also refer to the direct 
stress-carrying area. 


19.3.1 Bending of Open and Closed Section Beams 


The analysis presented in Sections 15.1 and 15.2 applies, and the direct stress distribution is given 
by any of Eqs. (15.9), (15.18), or (15.19), depending on the beam section being investigated. In these 
equations, the coordinates (x, y) of points in the cross section are referred to axes having their origin 
at the centroid of the direct stress-carrying area. Furthermore, the section properties /;,, J, and [yy are 
calculated for the direct stress-carrying area only. 

In the case where the beam cross section has been completely idealized into direct stress-carrying 
booms and shear-stress-only-carrying panels, the direct stress distribution consists of a series of direct 
stresses concentrated at the centroids of the booms. 


i 
Example 19.2 

The fuselage section shown in Fig. 19.5 is subjected to a bending moment of 100kNm applied in 
the vertical plane of symmetry. If the section has been completely idealized into a combination of 
direct stress-carrying booms and shear-stress-only-carrying panels, determine the direct stress in each 
boom. = 


The section has Cy as an axis of symmetry and resists a bending moment M,=100kNm. 
Equation (15.18) therefore reduces to 


o= Sy (i) 


ee 
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1200 mm 











Fig. 19.5 


Idealized fuselage section of Example 19.2. 





The origin of axes Cxy coincides with the position of the centroid of the direct stress-carrying area, 
which, in this case, is the centroid of the boom areas. Thus, taking moments of area about boom 9, 


(6 x 640 + 6 x 600 +2 x 620 +2 x 850)y 
= 640 x 1200 + 2 x 600 x 1140 + 2 x 600 x 960 + 2 x 600 x 768 
+2 x 620 x 565 + 2 x 640 x 336 + 2 x 640 x 144 + 2 x 850 x 38 


which gives 
y = 540mm 


The solution is now completed in Table 19.1 
From column ®© 


Ix = 1854 x 10°mm* 


and column © is completed using Eq. (i). 


19.3.2 Shear of Open Section Beams 


The derivation of Eq. (16.14) for the shear flow distribution in the cross section of an open section 
beam is based on the equilibrium equation (16.2). The thickness ¢ in this equation refers to the direct 
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Table 19.1 
© © © ®@ © 
Boom y (mm) B (mm?) Al, = By” (mm*) o; (N/mm?) 
1 +660 640 278 x 108 35.6 
2 +600 600 216 x 108 32.3 
3 +420 600 106 x 10 22.6 
4 +228 600 31 x 108 12.3 
5 +25 620 0.4 x 108 1.3 
6 —204 640 27 x 108 —11.0 
7 —396 640 100 x 10 —21.4 
8 —502 850 214 x 108 —27.0 
9 —540 640 187 x 108 —29.0 

S 

K rth boom y 


(xay) ) 





(a) (b) 
Fig. 19.6 


(a) Elemental length of shear loaded open section beam with booms; (b) equilibrium of boom element. 





stress-carrying thickness fp of the skin. Equation (16.14) may therefore be rewritten as 


S S 
Syl — Sy ly Syhy — Sy 
ga e foxas- TEE fias (19.3) 
Loclyy — Tey o Laby — I % 


in which fp =¢ if the skin is fully effective in carrying direct stress or tp =0 if the skin is assumed to 
carry only shear stresses. Again the section properties in Eq. (19.3) refer to the direct stress-carrying 
area of the section, since they are those which feature in Eqs. (15.18) and (15.19). 

Equation (19.3) makes no provision for the effects of booms, which cause discontinuities in the skin 
and therefore interrupt the shear flow. Consider the equilibrium of the rth boom in the elemental length 
of beam shown in Fig. 19.6(a) which carries shear loads S, and S, acting through its shear center S. 
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These shear loads produce direct stresses due to bending in the booms and skin and shear stresses in 
the skin. Suppose that the shear flows in the skin adjacent to the rth boom of cross-sectional area B, are 
qı and q2. Then, from Fig. 19.6(b), 


00, 
Oz + y” B, — ozB; + q2ôz — q1ôz = 0 
z 


which simplifies to 


00. 
g2-91 =-—B, (19.4) 
Oz 


Substituting for o, in Eq. (19.4) from (15.18), we have 





K /8z) Lex — (OMe ad 
gQ-n= B,x, 


Lexlyy — I7 





Loly — I2 


| (8M, /dz)hy — (AM, ete] 
Bryr 
xxtyy ~ “xy 


or, using the relationships of Eqs. (15.23) and (15.24), 


Sxlyx ~~ SyLey SyLy Fad SyLey 
= B B 19.5 
oe ( Lely = r, par Lely cas B, 24 ( ) 





Equation (19.5) gives the change in shear flow induced by a boom which itself is subjected to a direct 
load (o-B,). Each time a boom is encountered, the shear flow is incremented by this amount so that if, 
at any distance s around the profile of the section, n booms have been passed, the shear flow at the point 


is given by 
SERN T : 
e xtxx ~ Sylxy 
a= (Se) f ovr Sa, 
0 


y r=l 
, (19.6) 
Sylyy — Sklo / > 
=f Daye eee tpyds + SB 
( Lely =a I, a y > dr 


E- 
Example 19.3 

Calculate the shear flow distribution in the channel section shown in Fig. 19.7 produced by a ver- 
tical shear load of 4.8kN acting through its shear center. Assume that the walls of the section are 
only effective in resisting shear stresses, while the booms, each of area 300mm, carry all the direct 
stresses. = 
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4.8kN 


200 mm 


200 mm 


| 200 mm 


Idealized channel section of Example 19.3. 


Fig. 19.7 





The effective direct stress-carrying thickness fp of the walls of the section is zero so that the centroid 
of area and the section properties refer to the boom areas only. Since Cx (and Cy as far as the boom 
areas are concerned) is an axis of symmetry, J, =0; also, S,=0 and Eq. (19.6) thereby reduces to 


S n 
s= = S B,y, (i) 
Lxx r=1 
in which J, =4 x 300 x 2007 = 48 x 10°mm‘. Substituting the values of Sy; and J, in Eq. (i) gives 


_ 48x 10° E ne $ 
T o Bo a 


At the outside of boom 1, g;=0. As boom | is crossed, the shear flow changes by an amount given by 
Aq: = —10~* x 300 x 200 = —6N/mm 


Hence, q12 = —6 N/mm, since, from Eq. (i), it can be seen that no further changes in shear flow occur 
until the next boom (2) is crossed. Hence, 


q23 = —6 — 1074 x 300 x 200 = —12N/mm 
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Similarly, 
q34 = —12— 1074 x 300 x (—200) = —6 N/mm 
while, finally, at the outside of boom 4, the shear flow is 
—6 — 1074 x 300 x (—200) = 0 


as expected. The complete shear flow distribution is shown in Fig. 19.8. 

It can be seen from Eq. (i) in Example 19.3 that the analysis of a beam section which has been 
idealized into a combination of direct stress-carrying booms and shear-stress-only-carrying skin gives 
constant values of the shear flow in the skin between the booms; the actual distribution of shear flows 
is therefore lost. What remains is in fact the average of the shear flow, as can be seen by referring to 
Example 19.3. Analysis of the unidealized channel section would result in a parabolic distribution of 
shear flow in the web 23 whose resultant is statically equivalent to the externally applied shear load of 
4.8kN. In Fig. 19.8 the resultant of the constant shear flow in the web 23 is 12 x 400 =4800 N =4.8 kN. 
It follows that this constant value of shear flow is the average of the parabolically distributed shear flows 
in the unidealized section. 

The result, from the idealization of a beam section, of a constant shear flow between booms may 
be used to advantage in parts of the analysis. Suppose that the curved web 12 in Fig. 19.9 has booms 
at its extremities and that the shear flow q12 in the web is constant. The shear force on an element ôs 
of the web is q12ôs, whose components horizontally and vertically are q12ôs cos ġ and q12ôs sin ġ. The 
resultant, parallel to the x axis, Sy, of q12 is therefore given by 


2 


Sy = [arc0seas 


1 


6 N/mm 
2 1 
12 N/mm 
3 6 N/mm 


Fig. 19.8 


Shear flow in channel section of Example 19.3. 
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(x. ¥2) 


(xiy) 





Fig. 19.9 


Curved web with constant shear flow. 





or 
Di 
Sy = ina [cosas 
1 


which, from Fig. 19.9, may be written as 


2 
S= q2 | dx= q202=x0 (19.7) 
1 


Similarly, the resultant of g12 parallel to the y axis is 


Sy = q2 (y2 — Y1) (19.8) 


Thus, the resultant, in a given direction, of a constant shear flow acting on a web is the value of the 
shear flow multiplied by the projection on that direction of the web. 
The resultant shear force S on the web of Fig. 19.9 is 


S= +S = qiy &2 = x1)? + O2 -y1)? 


S = q2L12 (19.9) 


that is, 
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Therefore, the resultant shear force acting on the web is the product of the shear flow and the length of 
the straight line joining the ends of the web; clearly, the direction of the resultant is parallel to this line. 

The moment M, produced by the shear flow q12 about any point O in the plane of the web is, from 
Fig. 19.10, 


2 2 
My = [anpas =a [204 
1 


1 


or 
My = 24qu2 (19.10) 


in which A is the area enclosed by the web and the lines joining the ends of the web to the point O. This 
result may be used to determine the distance of the line of action of the resultant shear force from any 
point. From Fig. 19.10, 


Se = 24q12 
from which 
2A 
e = — 
5 q12 
Substituting for q12 from Eq. (19.9) gives 
2A 
e= — 
Liz 





Fig. 19.10 


Moment produced by a constant shear flow. 
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19.3.3 Shear Loading of Closed Section Beams 


Arguments identical to those in the shear of open section beams apply in this case. Thus, the shear flow 
at any point around the cross section of a closed section beam comprising booms and skin of direct 
stress-carrying thickness fp is, by comparing Eqs. (19.6) and (16.15), 


Ss 
Slee — SyLey 7 
qs = CAS [rods + Box 
0 


xy r=l 
(19.11) 


S 
S Ly py S I 7 
Aene I ipyds + SB,» | +450 
Lesby — Tey ‘ 


r=] 


Note that the zero value of the “basic” or “open section” shear flow at the “cut” in a skin for which 
tp = 0 extends from the “cut” to the adjacent booms. 


E 
Example 19.4 
The thin-walled single cell beam shown in Fig. 19.11 has been idealized into a combination of direct 
stress-carrying booms and shear-stress-only-carrying walls. If the section supports a vertical shear load 
of 10kN acting in a vertical plane through booms 3 and 6, calculate the distribution of shear flow around 
the section. 
Boom areas: Bı =Bg =200mm?, B> = B7 =250 mm? 
B3 = B6 =400 mm?, B4 = B5 = 100 mm? m 


The centroid of the direct stress-carrying area lies on the horizontal axis of symmetry so that Zy, =0. 
Also, since tp =0 and only a vertical shear load is applied. 


10 kN 





200 mm |OOmm 








6 7 
120 240mm 240mm x 
mm 


Closed section of beam of Example 19.4. 


Fig. 19.11 
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Eq. (19.11) reduces to 


Sy ~$ ; 
ds = — > Bir + 4,0 (i) 
Lox r=1 


in which 
Tee = 2(200 x 307 +250 x 1007 + 400 x 1007 + 100 x 507) = 13.86 x 10°mm* 


Equation (i) then becomes 


n 


10 x 103 
= — — — B 
4s ~~ 73.86 x 10 > DEPAN 


that is, 


n 
qs = —7.22 x 1074$ Byr + qs; (ii) 


r=) 


“Cutting” the beam section in the wall 23 (any wall may be chosen) and calculating the “basic” shear 
flow distribution gp from the first term on the right-hand side of Eq. (ii), we have 


9b,23 = 9 

9634 = —7.22 x 10~*(400 x 100) = —28.9N/mm 

9b,45 = —28.9 — 7.22 x 10~*(100 x 50) = —32.5N/mm 
qb,56 = b,34 = —28.9N/mm (by symmetry) 

4,67 = 9b,23 = 0 (by symmetry) 

9b,21 = —7.22 x 1074(250 x 100) = —18.1 N/mm 

qv,18 = — 18.1 — 7.22 x 1074(200 x 30) = —22.4N /mm 
qb,87 = qb,21 = — 18.1 N/mm (by symmetry) 


Taking moments about the intersection of the line of action of the shear load and the horizontal axis of 
symmetry and referring to the results of Eqs. (19.7) and (19.8), we have, from Eq. (16.18), 


0 = [¢b,81 X 60 x 480 + 2qv,12 (240 x 100 +70 x 240) + 2qp,23 x 240 x 100 
— 2qv,43 X 120 x 100 — qp,54 x 100 x 120] +2 x 97200qs,0 


Substituting the preceding values of q» in this equation gives 
qs, = —5.4N/mm 


the negative sign indicating that qs, acts in a clockwise sense. 
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Fig. 19.12 


Shear flow distribution N/mm in walls of the beam section of Example 19.4. 





In any wall, the final shear flow is given by qs =qv + qs,0 so that 
qui = —18.1 + 5.4 = —12.7 N/mm = q87 
q23 = —5.4N/mm = q67 
q34 = —34.3 N/mm = q56 
q45 = —37.9 N/mm 
and 


qgı = 17.0N/mm 


giving the shear flow distribution shown in Fig. 19.12. 


19.3.4 Alternative Method for the Calculation of Shear Flow Distribution 


Equation (19.4) may be rewritten in the form 


OP, 
Oz 





Q-q = (19.12) 
in which P, is the direct load in the rth boom. This form of the equation suggests an alternative approach 
to the determination of the effect of booms on the calculation of shear flow distributions in open and 
closed section beams. 

Let us suppose that the boom load varies linearly with z. This will be the case for a length of beam 
over which the shear force is constant. Equation (19.12) then becomes 


92-41 =—AP, (19.13) 


in which AP, is the change in boom load over unit length of the rth boom. AP, may be calculated by first 
determining the change in bending moment between two sections of a beam a unit distance apart and 
then calculating the corresponding change in boom stress using either of Eq. (15.18) or of Eq. (15.19); 
the change in boom load follows by multiplying the change in boom stress by the boom area B,. Note 
that the section properties contained in Eqs. (15.18) and (15.19) refer to the direct stress-carrying area 
of the beam section. In cases where the shear force is not constant over the unit length of beam, the 
method is approximate. 
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We shall illustrate the method by applying it to Example 19.3. In Fig. 19.7, the shear load of 4.8 kN 
is applied to the face of the section which is seen when a view is taken along the z axis toward the 
origin. Thus, when considering unit length of the beam, we must ensure that this situation is unchanged. 
Figure 19.13 shows a unit (1mm, say) length of beam. The change in bending moment between the 
front and rear faces of the length of beam is 4.8 x 1kNmm, which produces a change in boom load 
given by (see Eq. (15.18)) 


4.8 x 10? x 200 
AP, = ————__——_ 
48 x 106 


x 300 =6N 
The change in boom load is compressive in booms | and 2 and tensile in booms 3 and 4. 

Equation (19.12), and hence Eq. (19.13), is based on the tensile load in a boom increasing with 
increasing zZ. If the tensile load had increased with decreasing z, the right-hand side of these equations 
would have been positive. It follows that in the case where a compressive load increases with decreasing 
z, as for booms 1 and 2 in Fig. 19.13, the right-hand side is negative; similarly for booms 3 and 4, the 
right-hand side is positive. Thus, 


qı2 = —6N/mm 
q23 = —6 + q12 = —12N/mm 





and 
q34 = +6 + q23 = —6 N/mm 
y 
6N 
wer 6N 
we 
4.8 kN x 
we 6N 
Pa 
Lo 1mm 
O 
934 4 
Fig. 19.13 





Alternative solution to Example 19.3. 
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giving the same solution as before. Note that if the unit length of beam had been taken to be 1m, the 
solution would have been q12 = —6000 N/m, q23 = —12 000 N/m, and q34 = — 6000 N/m. 


19.3.5 Torsion of Open and Closed Section Beams 


No direct stresses are developed in either open or closed section beams subjected to a pure torque unless 
axial constraints are present. The shear stress distribution is therefore unaffected by the presence of 
booms, and the analyses presented in Chapter 17 apply. 





19.4 DEFLECTION OF OPEN AND CLOSED SECTION BEAMS 


Bending, shear, and torsional deflections of thin-walled beams are readily obtained by application of 
the unit load method described in Section 5.5. The displacement in a given direction due to torsion is 
given directly by the last of Eqs. (5.21), thus, 


ToT 
Ee (19.14) 


where J, the torsion constant, depends on the type of beam under consideration. For an open section 
beam, J is given by either of Eqs. (17.11), whereas in the case of a closed section beam, J = 4A? /( § ds/t) 
(Eq. (17.4)) for a constant shear modulus. 

Expressions for the bending and shear displacements of unsymmetrical thin-walled beams may also 
be determined by the unit load method. They are complex for the general case and are most easily 
derived from first principles by considering the complementary energy of the elastic body in terms of 
stresses and strains rather than loads and displacements. In Chapter 5, we observed that the theorem of 
the principle of the stationary value of the total complementary energy of an elastic system is equivalent 
to the application of the principle of virtual work where virtual forces act through real displacements. We 
may therefore specify that in our expression for total complementary energy, the displacements are the 
actual displacements produced by the applied loads, while the virtual force system is the unit load. 

Considering deflections due to bending, we see, from Eq. (5.6), that the increment in total 
complementary energy due to the application of a virtual unit load is 


-f Josiesod dz+1lAy 


L A 


where oz, is the direct bending stress at any point in the beam cross section corresponding to the unit 
load and £z o is the strain at the point produced by the actual loading system. Further, Aj is the actual 
displacement due to bending at the point of application and in the direction of the unit load. Since the 
system is in equilibrium under the action of the unit load, the above expression must equal zero (see 
Eq. (5.6)). Hence, 


av= f J o=ses00 dz (19.15) 
L 


A 
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From Eq. (15.18) and the third of Eqs. (1.42), 
o1 = My Lex el yF My Ly Sia y 
Lely — Ty Lely — Ty 


1) f Molex —My oly My olyy — My oley 
&o=— y0Lxx zo xy zak x,0Lyy zo x y 
E Lexlyy — Ip, Lexlyy — Ip, 
where the suffixes | and 0 refer to the unit and actual loading systems, and x, y are the coordinates of 


any point in the cross section referred to a centroidal system of axes. Substituting for o,,; and ¢,9 in 
Eq. (19.15) and remembering that [,x’?dd=Ly, [yy?d4=h,x, and [,xydd=Ly, we have 





1 
Am y2 J [Maiks E My thy) My olex an My ohy Ly 


— Ellly — 12, J 


+ (My hy = My iby) (Mx, oly = My oly Lex (19.16) 
on [My Lex = Mx, Ixy) Mx, oby = My olxy) 


+ (My, Ly = My hy) (My, ofex a My,ohy)Vy})d2 


For a section having either x or y axis as an axis of symmetry, /,, =0, and Eq. (19.16) reduces to 


1 M; M, Mx M, 
NE =J y, l⁄y,0 af x,1 ac (19.17) 
EN ay Ix 

L 
The derivation of an expression for the shear deflection of thin-walled sections by the unit load method 
is achieved in a similar manner. By comparing Eq. (19.15), we deduce that the deflection As, due to 
shear of a thin-walled open or closed section beam of thickness f, is given by 


as= f [ anes dz (19.18) 


E sect 


where q; is the shear stress at an arbitrary point s around the section produced by a unit load applied 
at the point and in the direction As, and yo is the shear strain at the arbitrary point corresponding to 
the actual loading system. The integral in parentheses is taken over all the walls of the beam. In fact, 
both the applied and unit shear loads must act through the shear center of the cross section; otherwise 
additional torsional displacements occur. Where shear loads act at other points, these must be replaced 
by shear loads at the shear center plus a torque. The thickness ¢ is the actual skin thickness and may 
vary around the cross section but is assumed to be constant along the length of the beam. Rewriting 
Eq. (19.18) in terms of shear flows qı and go, we obtain 


as= f [as dz (19.19) 


L sect 
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where again the suffixes refer to the actual and unit loading systems. In the cases of both open and closed 
section beams, the general expressions for shear flow are long and are best evaluated before substituting 
in Eq. (19.19). For an open section beam comprising booms and walls of direct stress-carrying thickness 
tp, we have, from Eq. (19.6), 


Ss 
Sx olex — Sy oley E 
go=— (See) [rds + > Box 
0 


Lexl, yy xy eas 


(19.20) 
Sy oly — Sx.o1 | n 
(P) (0t Do 
xxlyy — try / Si 
and 
Seila — Syl f a 
{o3) foris +5 B, 
Iexlyy = Ty 2 r=l 
(19.21) 


xxtyy ~ Loy i 


S 
Sy Ly — Sy Ly n 
(35 [vast Bor 
0 


Similar expressions are obtained for a closed section beam from Eq. (19.11). 


$$$ $$ $$ $$ 
Example 19.5 

Calculate the deflection of the free end of a cantilever 2000 mm long having a channel section identical 
to that in Example 19.3 and supporting a vertical, upward load of 4.8 kN acting through the shear center 
of the section. The effective direct stress-carrying thickness of the skin is zero, while its actual thickness 
is 1mm. Young’s modulus E and the shear modulus G are 70000 and 30000N/mm”, respectively. Hl 


The section is doubly symmetrical (i.e., the direct stress-carrying area) and supports a vertical load 
producing a vertical deflection. Thus, we apply a unit load through the shear center of the section at 
the tip of the cantilever and in the same direction as the applied load. Since the load is applied through 
the shear center, there is no twisting of the section, and the total deflection is given, from Eqs. (19.17), 
(19.19), (19.20), and (19.21), by 


L L 
MoM. 
a= |e slas f [=s dz (i) 
Ely Gt 
0 


0 sect 


where M,.9 =—4.8 x 103 (2000 — z), M,,ı = — 1 (2000 — 2) 


4.8 x 103 £ 1Y 
qo = -= By qı =-—) By, 
Lyx Lyx r=1 


r=1 
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and z is measured from the built-in end of the cantilever. The actual shear flow distribution has been 
calculated in Example 19.3. In this case, the qı shear flows may be deduced from the actual distribution 
shown in Fig. 19.8, that is, 


qı = q0/4.8 x 10° 


Evaluating the bending deflection, we have 


2000 
4.8 x 103(2000 — z)*dz 
Au= | —————— 3.81 mm 
70000 x 48 x 106 
0 
The shear deflection Ag is given by 
2000 
As = f =, e x 200 + 127 x 400 + 67 x 200) | dz 
30000 x 1 | 4.8 x 103 
0 
= 1.0mm 


The total deflection A is then Ay + As =4.81 mm in a vertical upward direction. 





Problems 


P.19.1 Idealize the box section shown in Fig. P.19.1 into an arrangement of direct stress-carrying booms positioned 
at the four corners and panels which are assumed to carry only shear stresses. Hence, determine the distance of the 
shear center from the left-hand web. 


Ans. 225mm. 


| 10mm 








Angles 


Angles 
60 x 50 x 10mm 


50 x 40 x 8mm 





300mm 


pom 


la 

















Fig. P.19.1 


P.19.2 The beam section shown in Fig. P.19.2 has been idealized into an arrangement of direct stress-carrying 
booms and shear-stress-only-carrying panels. If the beam section is subjected to a vertical shear load of 1495 N 
through its shear center, booms 1, 4, 5, and 8 each have an area of 200 mmĉ, and booms 2, 3, 6, and 7 each have an 
area of 250 mm?, determine the shear flow distribution and the position of the shear center. 
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Ans. Wall 12, 1.86 N/mm; 43, 1.49 N/mm; 32, 5.21 N/mm; 27, 10.79 N/mm; remaining distribution follows 
from symmetry. 122 mm to the left of the web 27. 
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Fig. P.19.2 


P.19.3 Figure P.19.3 shows the cross section of a single cell, thin-walled beam with a horizontal axis of symmetry. 
The direct stresses are carried by the booms B to B4, while the walls are effective only in carrying shear stresses. 
Assuming that the basic theory of bending is applicable, calculate the position of the shear center S. The shear 
modulus G is the same for all walls. 

Cell area = 135 000 mm?. Boom areas: Bı = B4 =450mm?, B2 = B3 = 550 mm?. 


Ans. 197.2 mm from vertical through booms 2 and 3. 


0.8 mm 


{00 mm 100 mm 
100 mm Komm 100 mm 


3 0.8mm i 
500 mm 


Fig. P.19.3 








Wall Length (mm) Thickness (mm) 


12, 34 500 0.8 
23 580 1.0 
41 200 1.2 








P.19.4 Find the position of the shear center of the rectangular four-boom beam section shown in Fig. P.19.4. The 


booms carry only direct stresses, but the skin is fully effective in carrying both shear and direct stress. The area of 


each boom is 100 mm2. 
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Ans. 142.5mm from side 23. 


2 1 


80mm 





eo oan 
240 mm 


Fig. P.19.4 


P.19.5 A uniform beam with the cross section shown in Fig. P.19.5(a) is supported and loaded as shown in 
Fig. P.19.5(b). If the direct and shear stresses are given by the basic theory of bending, the direct stresses being 
carried by the booms, and the shear stresses by the walls, calculate the vertical deflection at the ends of the 
beam when the loads act through the shear centers of the end cross sections, allowing for the effect of shear 
strains. 













l 

Somm | 75mm 
100mm [75 a 

6 
maat eel 
250mm i 300mm 
(a) 
4450N 
YY 








4450N 





Take E =69000N/mm? and G=26700N/mm2. Boom areas: 1, 3, 4, 6=650 mm”, 2,5 = 1300mm2. 


| 


1250mm 500mm 
(b) 
Fig. P.19.5 


1250mm 


Ans. 3.4mm. 


P.19.6 A cantilever, length, L, has a hollow cross section in the form of a doubly symmetric wedge as shown in 
Fig. P.19.6. The chord line is of length c, wedge thickness is t, the length of a sloping side is a/2, and the wall 
thickness is constant and equal to tọ. Uniform pressure distributions of magnitudes shown act on the faces of the 
wedge. Find the vertical deflection of point A due to this given loading. If G=0.4E£, t/c=0.05, and L=2c, show 
that this deflection is approximately 5600poc?/Eto. 
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Po/ unit area 0.8 pọ /unit area 


| 4/2 





t/2 





1.2 pg /unit area Po/unit area 


F c/2 T c/2 








Fig. P.19.6 


P.19.7 A rectangular section thin-walled beam of length L and breadth 3b, depth b, and wall thickness ¢ is built in 
at one end (Fig. P.19.7). The upper surface of the beam is subjected to a pressure which varies linearly across the 
breadth from a value po at edge AB to zero at edge CD. Thus, at any given value of x, the pressure is constant in 
the z direction. Find the vertical deflection of point A. 


B 





e Po D 
3 — ed 


3b 
Fig. P.19.7 


Ans. pol? (9L* /80Eb* + 1609 /2000G)/t. 
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Wing Spars and Box Beams 


In Chapters 15 through 17, we established the basic theory for the analysis of open and closed section 
thin-walled beams subjected to bending, shear, and torsional loads. In addition, in Chapter 19, we saw 
how complex stringer stiffened sections could be idealized into sections more amenable to analysis. We 
shall now extend this analysis to actual aircraft components, including, in this chapter, wing spars and 
box beams. In subsequent chapters, we shall investigate the analysis of fuselages, wings, frames, and 
ribs and consider the effects of cutouts in wings and fuselages. 

Aircraft structural components are, as we saw in Chapter 11, complex, consisting usually of thin 
sheets of metal stiffened by arrangements of stringers. These structures are highly redundant and require 
some degree of simplification or idealization before they can be analyzed. The analysis presented here 
is therefore approximate, and the degree of accuracy obtained depends on the number of simplifying 
assumptions made. A further complication arises in that factors such as warping restraint, structural 
and loading discontinuities, and shear lag significantly affect the analysis. Generally, a high degree of 
accuracy can only be obtained by using computer-based techniques such as the finite element method 
(see Chapter 6). However, the simpler, quicker, and cheaper approximate methods can be used to 
advantage in the preliminary stages of design when several possible structural alternatives are being 
investigated; they also provide an insight into the physical behavior of structures which computer-based 
techniques do not. 

Major aircraft structural components such as wings and fuselages are usually tapered along their 
lengths for greater structural efficiency. Thus, wing sections are reduced both chordwise and in depth 
along the wing span toward the tip and fuselage sections aft of the passenger cabin taper to provide a 
more efficient aerodynamic and structural shape. 

The analysis of open and closed section beams presented in Chapters 15 through 17 assumes that the 
beam sections are uniform. The effect of taper on the prediction of direct stresses produced by bending 
is minimal if the taper is small and the section properties are calculated at the particular section being 
considered; Eqs. (15.18) through (15.22) may therefore be used with reasonable accuracy. On the other 
hand, the calculation of shear stresses in beam webs can be significantly affected by taper. 





20.1 TAPERED WING SPAR 


Consider first the simple case of a beam—for example, a wing spar—positioned in the yz plane and 
comprising two flanges and a web; an elemental length 5z of the beam is shown in Fig. 20.1. At 
the section z, the beam is subjected to a positive bending moment My and a positive shear force Sy. 
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Fig. 20.1 


Effect of taper on beam analysis. 





The bending moment resultants P, ı and P, are parallel to the z axis of the beam. For a beam in 
which the flanges are assumed to resist all the direct stresses, Pz, =M,/h and P,.2 =—M,./h. In the case 
where the web is assumed to be fully effective in resisting direct stress, P,,1 and P,,2 are determined by 
multiplying the direct stresses o,,; and o,2 found using Eqs. (15.18) or (15.19) by the flange areas Bı 
and B2. P,,; and P,.2 are the components in the z direction of the axial loads P; and P in the flanges. 
These have components P,,; and P,,2 parallel to the y axis given by 

1 dy2 


ô 
Py = P21 = Py2 = —Pz2— (20.1) 
oz ôZ 


in which, for the direction of taper shown, ôy2 is negative. The axial load in flange ® is given by 
Pi = (P2 +P 


Substituting for P,,ı from Eq. (20.1), we have 


Pi =P 


5 2 5 2)1/2 P 
„1% Zo y1) _ z,1 (20.2) 


OZ cosa] 


Similarly, 


P> = P22 


2= (20.3) 
cos g2 


The internal shear force S, comprises the resultant S,,,, of the web shear flows together with the vertical 
components of Pı and P2. Thus, 


Sy = Syw + Py,1 — Py,2 
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or 
éy1 dy2 
Sy=S P1 — +P:2— 20.4 
y = Spa +P et 5 + Pea (20.4) 
so that 
ôyı ôy2 
Syw = Sy —Pz4 “bz to (20.5) 


Again we note that ôy2 in Eqs. (20.4) and (20.5) is negative. Equation (20.5) may be used to determine 
the shear flow distribution in the web. For a completely idealized beam, the web shear flow is constant 
through the depth and is given by S\,,,/h. For a beam in which the web is fully effective in resisting 
direct stresses, the web shear flow distribution is found using Eq. (19.6), in which S, is replaced by Sj, 
and which, for the beam of Fig. 20.1, would simplify to 


Ss 











S 
qs = -> J tpyds + B1y1 (20.6) 
Lyx 
0 
or 
s S 
qs =— A foss + Boy2 (20.7) 
XX 
Example 20.1 


Determine the shear flow distribution in the web of the tapered beam shown in Fig. 20.2, at a section 
midway along its length. The web of the beam has a thickness of 2mm and is fully effective in resisting 








y 
400 mm?! 1 
400 mm Š 300 mm 
2mm 
2 
400 mm? 
Section AA 
(b) 

Fig. 20.2 





Tapered beam of this example. 
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direct stress. The beam tapers symmetrically about its horizontal centroidal axis, and the cross-sectional 
area of each flange is 400 mm?. E 


The internal bending moment and shear load at the section AA produced by the externally applied 
load are, respectively, 


M,=20x1=20kNm = S,=—20kN 


The direct stresses parallel to the z axis in the flanges at this section are obtained from either Eq. (15.18) 
or Eq. (15.19), in which M, =0 and Jy, =0. Thus, from Eq. (15.18), 





My ; 
e= (i) 
in which 
Tee = 2 x 400 x 150? +2 x 3003/12 
that is, 
Te = 22.5 x 10°mm4* 
Hence, 


20 x 10° x 150 


mee = 133.3 N/mm? 


07,1 = —97,2 = 


The components parallel to the z axis of the axial loads in the flanges are therefore 
P,1 = —Pz2 = 133.3 x 400 = 53320N 
The shear load resisted by the beam web is then, from Eq. (20.5), 


5 5 
Sip = 20 R10 53320" 4553320" 
, OZ éz 


in which, from Figs. 20.1 and 20.2, we see that 


5 —100 5 100 
S | o ae S 
bz 2x103 sz 2x10 


Hence, 
Sy,w = —20 x 10° + 53320 x 0.05 + 53320 x 0.05 = —14668N 


The shear flow distribution in the web follows from either Eq. (20.6) or Eq. (20.7) and is (see Fig. 20.2(b)) 


14668 


112 = 995 x 10° 


S 
faso —s)ds +400 x 150 
0 
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aan 39.1 


53.8 





— m 39.1 
Fig. 20.3 


Shear flow (N/mm) distribution at Section AA in Example 20.1. 





that is, 
q12 = 6.52 x 1074(—s? + 300s + 60000) (ii) 


The maximum value of q12 occurs when s = 150 mm and q12 (max) = 53.8 N/mm. The values of shear 
flow at points 1 (s=0) and 2 (s=300mm) are gq; =39.1 N/mm and g2=39.1 N/mm; the complete 
distribution is shown in Fig. 20.3. 


20.2 OPEN AND CLOSED SECTION BEAMS 


We shall now consider the more general case of a beam tapered in two directions along its length and 
comprising an arrangement of booms and skin. Practical examples of such a beam are complete wings 
and fuselages. The beam may be of open or closed section; the effects of taper are determined in an 
identical manner in either case. 

Figure 20.4(a) shows a short length 5z of a beam carrying shear loads Sy and S, at the section z; 
Sy and S, are positive when acting in the directions shown. Note that if the beam were of open cross 
section, the shear loads would be applied through its shear center so that no twisting of the beam 
occurred. In addition to shear loads, the beam is subjected to bending moments My and M,, which 
produce direct stresses oz in the booms and skin. Suppose that in the rth boom the direct stress in a 
direction parallel to the z axis is oz,, which may be found using either Eq. (15.18) or Eq. (15.19). 
The component P-,. of the axial load P,. in the rth boom is then given by 


Poy = OzrBr (20.8) 


where B, is the cross-sectional area of the rth boom. 
From Fig. 20.4(b), 


5 
Pyr = Pzr = (20.9) 
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Fig. 20.4 


Effect of taper on the analysis of open and closed section beams. 





Further, from Fig. 20.4(c), 


or, substituting for P,,,. from Eq. (20.9), 


Pyy = Pap — (20.10) 


ae 
20.2 Open and Closed Section Beams 567 


The axial load P, is then given by 


SAP EP ee) (20.11) 
or 
5 2 5 2 5 2517/2 
P, = pee (20.12) 
Z 


The applied shear loads Sy and S, are reacted by the resultants of the shear flows in the skin panels and 
webs, together with the components Py, and P,, of the axial loads in the booms. Therefore, if Sx, and 
Sy,w are the resultants of the skin and web shear flows and there is a total of m booms in the section, 


m m 
S= Swt Y Par Y= Syw tY Pyy (20.13) 


r=l r=1 


Substituting in Eq. (20.13) for Py, and P,, from Eqs. (20.10) and (20.9), we have 


m m 
Ox, ô 
Se = Sst D Per Sy = Sw + D Pap (20.14) 


r=l r=l 


Hence, 


Sew = Sx — Sar Syw = Sy — SP (20.15) 


The shear flow distribution in an open section beam is now obtained using Eq. (19.6) in which Sy is 
replaced by S; and Sy by S,,, from Eq. (20.15). Similarly for a closed section beam, S, and S, in 
Eq. (19.11) are replaced by S,.,, and Sy. In the latter case, the moment equation (Eq. (16.17)) requires 
modification due to the presence of the boom load components P,,,. and P,,,. Thus, from Fig. 20.5, we 


Eo 





Fig. 20.5 


Modification of moment equation in shear of closed section beams due to boom load. 
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see that Eq. (16.17) becomes 


m m 
Sx70 — Syéo = f qəp ds + 2Aqgs.0 = S Par + > Pyrkr (20.16) 


r=1 r=l 


Equation (20.16) is directly applicable to a tapered beam subjected to forces positioned in relation to 
the moment center as shown. Care must be taken in a particular problem to ensure that the moments of 
the forces are given the correct sign. 


B 
Example 20.2 

The cantilever beam shown in Fig. 20.6 is uniformly tapered along its length in both x and y directions 
and carries a load of 100KkN at its free end. Calculate the forces in the booms and the shear flow 
distribution in the walls at a section 2m from the built-in end if the booms resist all the direct stresses 
while the walls are effective only in shear. Each corner boom has a cross-sectional area of 900 mm?, 
while both central booms have cross-sectional areas of 1200 mm?. | 


The internal force system at a section 2m from the built-in end of the beam is 
Sy =100kN S,=0 M,=-100x2=-—200kNm M,=0 
The beam has a doubly symmetrical cross section so that J, =0 and Eq. (15.18) reduces to 


My 





Oz = 


Lex 


y 


x 





Fig. 20.6 


(a) Beam of Example 20.2; (b) section 2m from built-in end. 
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in which, for the beam section shown in Fig. 20.6(b), 
Lyx = 4 x 900 x 3007 +2 x 1200 x 300* = 5.4 x 10° mm*4 


Then, 
—200 x 10° 
Ozr = 54x108 | 
or 
ozr = —0.37y, (ii) 
Hence, 
Pz; = —0.37y,B, (iii) 


The value of Pz, is calculated from Eq. (iii) in column @ in Table 20.1; P,, and Py, follow from 
Eqs. (20.10) and (20.9), respectively, in columns © and ©. The axial load P,, column ®, is given by 
[@* +6? + ©7]!/? and has the same sign as P-,, (see Eq. (20.12)). The moments of P,.,. and Py» are 
calculated for a moment center at the center of symmetry with anticlockwise moments taken as positive. 
Note that in Table 20.1, P;, and P,,, are positive when they act in the positive directions of the section x 
and y axes, respectively; the distances 7, and &; of the lines of action of P,,,. and P,,, from the moment 
center are not given signs, since it is simpler to determine the sign of each moment, Py „n, and Py rér, 
by referring to the directions of Py, and Py, individually. 


6 


From column © Ps = 33.4kN 
r=l 
6 
From column @ S Par =0 
r=l 
6 
From column ® Pie =0 
r=1 


From Eq. (20.15), 
Sxw=0  Syw = 100 — 33.4 = 66.6kN 





Table 20.1 
® © © ® © © © ©) ® ® 
Poy ôxr/ôz  Syr/5z Pyr Pyy P, ér Nr Pry Pyrêr 
Boom (kN) (KN) (kN) (KN) m) (m) (kNm) (kNm) 
1 —100 0.1 —0.05 —10 5 —101.3 06 0.3 3 —3 
2 —133 O —0.05 O 6.7 -1773 O 0.3 0 0 
3 —100 —-0.1 —0.05 10 5 —101.3 06 0.3 —3 3 
4 100 —-0.1 0.05 —10 5 101.3 0.6 0.3 —3 3 
5 133 O 0.05 O 6.7 177.3 O 0.3 O O 
6 100 0.1 0.05 10 5 101.3 0.6 0.3 3 —3 
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The shear flow distribution in the walls of the beam is now found using the method described in 
Section 19.3. Since, for this beam, J, =0 and S;=S,w=0, Eq. (19.11) reduces to 


—Syw~ ! 
ds = —* Bir + 4s,0 (iv) 
p= 


We now “cut” one of the walls, say 16. The resulting “open section” shear flow is given by 


66.6 x 103° € 
Ie = Sax 108 2 Birr 


or 


n 
qb = -1.23 x 1074 $ B,yr (v) 


r=1 
Thus, 
qv,16 = 0 
qvb,12 = 0 — 1.23 x 1074 x 900 x 300 = —33.2 N/mm 
9b,23 = —33.2 — 1.23 x 1074 x 1200 x 300 = —77.5 N/mm 


qv,34 = —77.5 — 1.23 x 1074 x 900 x 300 = —110.7N/mm 
qb,45 = —77.5N/mm (from symmetry) 
b,56 = —33.2 N/mm (from symmetry) 


giving the distribution shown in Fig. 20.7. Taking moments about the center of symmetry, we have, 
from Eq. (20.16), 


—100 x 10° x 600 = 2 x 33.2 x 600 x 300 +2 x 77.5 x 600 x 300 
+ 110.7 x 600 x 600 +2 x 1200 x 600qs,0 


from which g;,.9 = —97.0 N/mm (i.e., clockwise). The complete shear flow distribution is found by adding 
the value of g;,9 to the gp shear flow distribution of Fig. 20.7 and is shown in Fig. 20.8. 


_ 775 


110.7 


a 





Fig. 20.7 


“Open section” shear flow (N/mm) distribution in beam section of Example 20.2. 
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97.0 13.7 


63.8 19.5 
Fig. 20.8 


Shear flow (N/mm) distribution in beam section of Example 20.2. 








20.3 BEAMS HAVING VARIABLE STRINGER AREAS 


In many aircraft, structural beams, such as wings, have stringers whose cross-sectional areas vary in the 
spanwise direction. The effects of this variation on the determination of shear flow distribution cannot 
therefore be found by the methods described in Section 19.3 which assume constant boom areas. In 
fact, as we noted in Section 19.3, if the stringer stress is made constant by varying the area of cross 
section, there is no change in shear flow as the stringer/boom is crossed. 

The calculation of shear flow distributions in beams having variable stringer areas is based on the 
alternative method for the calculation of shear flow distributions described in Section 19.3 and illustrated 
in the alternative solution of Example 19.3. The stringer loads P,,; and P,,2 are calculated at two sections 
z1 and z2 of the beam a convenient distance apart. We assume that the stringer load varies linearly along 
its length so that the change in stringer load per unit length of beam is given by 


Poy =P 


21 —22 


AP= 


The shear flow distribution follows as previously described. 


m——— $A 


Example 20.3 
Solve Example 20.2 by considering the differences in boom load at sections of the beam either side of 
the specified section. a 


In this example, the stringer areas do not vary along the length of the beam, but the method of solution 
is identical. 

We are required to find the shear flow distribution at a section 2m from the built-in end of the 
beam. We therefore calculate the boom loads at sections, say 0.1m either side of this section. Thus, at 
a distance 2.1 m from the built-in end, 


Myx = —100 x 1.9 = —-190kNm 


The dimensions of this section are easily found by proportion and are of width=1.18m and 
depth = 0.59 m. Thus, the second moment of area is 


Ta = 4 x 900 x 2957 +2 x 1200 x 2957 = 5.22 x 108 mm* 
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and 
—190 x 10° 
Iar = S22 x TGS r 
Hence, 
Pı = P3 = —P4 = —Po = —0.364 x 295 x 900 = —96642N 
and 


P2 = —Ps = —0.364 x 295 x 1200 = —128856N 
At a section 1.9m from the built-in end, 
Myx = —100 x 2.1 = —210 KN m 
and the section dimensions are of width = 1.22 m and depth = 0.61 m, so 


Ta = 4 x 900 x 3052 +2 x 1200 x 305? = 5.58 x 108 mm‘ 


and 
—210 x 10° 
Sasser se 
Hence, 
Pı = P3 = —P4 = —Po6 = —0.376 x 305 x 900 = —103212N 
and 


P2 = —Ps5 = —0.376 x 305 x 1200 = —137616N 


Thus, there is an increase in compressive load of 103212 —96 642=6570N in booms | and 3 and an 
increase in tensile load of 6570N in booms 4 and 6 between the two sections. Also, the compressive 
load in boom 2 increases by 137616 — 128 856 =8760N, while the tensile load in boom 5 increases by 
8760N. Therefore, the change in boom load per unit length is given by 


6570 
AP, = AP3 = —AP4 = —AP6 = 00 ~ 32.85N 





and 


p= ape apex 
BS S= 0G 


The situation is illustrated in Fig. 20.9. Suppose now that the shear flows in the panels 12, 23, 34, and 
So on are 412, 923, 734, and so on, and consider the equilibrium of boom 2, as shown in Fig. 20.10, with 
adjacent portions of the panels 12 and 23. Thus, 


q23 +43.8 — qi2 = 90 


ae 
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Fig. 20.9 


Change in boom loads/unit length of beam. 








Fig. 20.10 


Equilibrium of boom. 





or 


923 = q12 — 43.8 
Similarly, 
q34 = q23 — 32.85 = q12 — 76.65 
q45 = q34 + 32.85 = q12 — 43.8 


q56 = q45 + 43.8 = q12 
q61 = q45 + 32.85 = q12 + 32.85 


A 
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The moment resultant of the internal shear flows, together with the moments of the components P,,,, 
of the boom loads about any point in the cross section, is equivalent to the moment of the externally 
applied load about the same point. We note from Example 20.2 that for moments about the center of 


symmetry, 


6 6 
S Po =0 S Pyré =0 
r=1 r=1 


Therefore, taking moments about the center of symmetry 


100 x 103 x 600 = 2412 x 600 x 300 + 2(q12 — 43.8)600 x 300 
+ (12 — 76.65)600 x 600 + (q12 + 32.85)600 x 600 


from which 
qi2 = 62.5N/mm 
from which 


q2 = 19.7N/mm  q34= —13.2N/mm q45 = 19.7N/mm, 
qs6 = 63.5N/mm = qo) = 96.4N/mm 


so that the solution is almost identical to the longer exact solution of Example 20.2. 

The shear flows g12, ¢23, and so on induce complementary shear flows q12, q23, and so on in the 
panels in the longitudinal direction of the beam; these are, in fact, the average shear flows between the 
two sections considered. For a complete beam analysis, the above procedure is applied to a series of 
sections along the span. The distance between adjacent sections may be taken to be any convenient 
value; for actual wings, distances of the order of 350 to 700mm are usually chosen. However, for very 
small values, small percentage errors in P,; and P,7 result in large percentage errors in AP. On the 
other hand, if the distance is too large, the average shear flow between two adjacent sections may not 
be quite equal to the shear flow midway between the sections. 


Problems 


P.20.1 A wing spar has the dimensions shown in Fig. P.20.1 and carries a uniformly distributed load of 15 kN/m 
along its complete length. Each flange has a cross-sectional area of 500 mm? with the top flange being horizontal. 
If the flanges are assumed to resist all direct loads while the spar web is effective only in shear, determine the flange 
loads and the shear flows in the web at sections 1 and 2m from the free end. 


Ans. 1m from free end: Py =25kKN (tension), P| =25.1 kN (compression), q=41.7N/mm. 
2m from free end: Py =75kN (tension), PL =75.4 kN (compression), g=56.3 N/mm. 
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500mm 





Fig. P.20.1 


P.20.2 Ifthe web in the wing spar of P.20.1 has a thickness of 2mm and is fully effective in resisting direct stresses, 
calculate the maximum value of shear flow in the web at a section 1 m from the free end of the beam. 


Ans. 46.8 N/mm. 


P.20.3 Calculate the shear flow distribution and the stringer and flange loads in the beam shown in Fig. P.20.3 at 
a section 1.5m from the built-in end. Assume that the skin and web panels are effective in resisting shear stress 
only; the beam tapers symmetrically in a vertical direction about its longitudinal axis. 


Ans. 413 =q42 =36.9N/mm, 935 = 464 =7.3N/mm, g21 =96.2N/mm, 
965 =22.3N/mm. 


P2 = —P = 133.3KN, P4 = Po = —P3 = —P5 = 66.7KN. 





Fig. P.20.3 
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Fuselages 


Aircraft fuselages consist, as we saw in Chapter 11, of thin sheets of material stiffened by large numbers 
of longitudinal stringers together with transverse frames. Generally, they carry bending moments, shear 
forces, and torsional loads, which induce axial stresses in the stringers and skin together with shear 
stresses in the skin; the resistance of the stringers to shear forces is generally ignored. Also, the distance 
between adjacent stringers is usually small so that the variation in shear flow in the connecting panel will 
be small. It is therefore reasonable to assume that the shear flow is constant between adjacent stringers 
so that the analysis simplifies to the analysis of an idealized section in which the stringers/booms carry 
all the direct stresses, while the skin is effective only in shear. The direct stress-carrying capacity of 
the skin may be allowed for by increasing the stringer/boom areas as described in Section 19.3. The 
analysis of fuselages therefore involves the calculation of direct stresses in the stringers and the shear 
stress distributions in the skin; the latter are also required in the analysis of transverse frames, as we 
shall see in Chapter 23. 


21.1 BENDING 


The skin/stringer arrangement is idealized into one comprising booms and skin as described in 
Section 19.3. The direct stress in each boom is then calculated using either Eq. (15.18) or Eq. (15.19), in 
which the reference axes and the section properties refer to the direct stress-carrying areas of the cross 
section. 


i 
Example 21.1 

The fuselage of a light passenger-carrying aircraft has the circular cross section shown in Fig. 21.1(a). 
The cross-sectional area of each stringer is 100 mmĉ?, and the vertical distances given in Fig. 21.1(a) are 
to the midline of the section wall at the corresponding stringer position. If the fuselage is subjected to 
a bending moment of 200 KN m applied in the vertical plane of symmetry, at this section, calculate the 
direct stress distribution. = 


The section is first idealized using the method described in Section 19.3. As an approximation, we 
shall assume that the skin between adjacent stringers is flat so that we may use either Eq. (19.1) or 
Eq. (19.2) to determine the boom areas. From symmetry, Bı = B9, B2 = Bg = B10 = B16, B3 = B7 = 


Copyright © 2010, T. H. G. Megson. Published by Elsevier Ltd. All rights reserved. 
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352.0 mm 


Fig. 21.1 


(a) Actual fuselage section; (b) idealized fuselage section. 





By = B15, B4 = B6 = Bi = Bia, and Bs = Bj3. From Eq. (19.1), 


0.8 x 149.6 0.8 x 149.6 
31004 24 Z) zy 
6 o1 6 o1 





that is, 


0.8 x 149.6 2.0 
By = 1004 SATS (2 2 


=Z }) x2 = 216.6mm° 
6 $ Sr) FORN 
Similarly, B2 = 216.6 mm?, B3 = 216.6mm°, B4 = 216.7 mm°?. We note that stringers 5 and 13 lie on 
the neutral axis of the section and are therefore unstressed; the calculation of boom areas B5 and B13 
does not then arise. For this particular section, Jy = 0, since Cx (and Cy) is an axis of symmetry. Further, 
M, = 0 so that Eq. (15.18) reduces to 


My 
Lx 





0z = 
in which 
Ix = 2 X 216.6 x 381.07 +4 x 216.6 x 352.07 +4 x 216.6 x 26957 
+4 x 216.7 x 145.8? = 2.52 x 108 mm4 


The solution is completed in Table 21.1. 





21.2 SHEAR 


For a fuselage having a cross section of the type shown in Fig. 21.1(a), the determination of the shear 
flow distribution in the skin produced by shear is basically the analysis of an idealized single cell 


E 
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Table 21.1 

Stringer/boom y(mm) o, (N/mm?) 
1 381.0 302.4 
2,16 352.0 279.4 
3,15 269.5 213.9 
4,14 145.8 115.7 
5,13 O O 
6,12 —145.8 —115.7 
7,11 —269.5 —213.9 
8,10 —352.0 —279.4 
9 —381.0 —302.4 





closed section beam. The shear flow distribution is therefore given by Eq. (19.11), in which the direct 
stress-carrying capacity of the skin is assumed to be zero, that is, tp = 0, thus, 


Silex — Syley Z Sy WY — Sel xy 
a= ( Teclyy — ) 22 (i Lely = I, Esatea en 
Equation (21.1) is applicable to loading cases in which the shear loads are not applied through the 
section shear center so that the effects of shear and torsion are included simultaneously. Alternatively, 
if the position of the shear center is known, the loading system may be replaced by shear loads acting 
through the shear center together with a pure torque, and the corresponding shear flow distributions 
may be calculated separately and then superimposed to obtain the final distribution. 


ee eee 
Example 21.2 

The fuselage of Example 21.1 is subjected to a vertical shear load of 100kN applied at a distance of 
150mm from the vertical axis of symmetry as shown, for the idealized section, in Fig. 21.2. Calculate 
the distribution of shear flow in the section. = 


As in Example 21.1, Z% = 0, and, since Sy = 0, Eq. (21.1) reduces to 
S n 
qs = —-2 S B,yr + 4s,0 (i) 
Lxx r=l 


in which J, = 2.52x 108 mm‘ as before. Then, 


n 


—100 x 10° 
ea TA > Bryr + 4s,0 
1 


4° 252x108 & 


or 


n 
qs =—3.97 x 10-* SB, y, +50 (ii) 


r=1 


ee 
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Fig. 21.2 


Idealized fuselage section of Example 21.2. 





The first term on the right-hand side of Eq. (ii) is the “open section” shear flow gp. We therefore “cut” 
one of the skin panels, say 12, and calculate gp. The results are presented in Table 21.2. 

Note that in Table 21.2, the column headed Boom indicates the boom that is crossed when the 
analysis moves from one panel to the next. Note also that, as would be expected, the gp shear flow 
distribution is symmetrical about the Cx axis. The shear flow q;,9 in the panel 12 is now found by taking 
moments about a convenient moment center, say C. Therefore, from Eq. (16.17), 


100 x 10° x 150 = f qo pds + 24qs,0 (iii) 
in which A = m x381.07 = 4.56x 10° mm7. Since the gp shear flows are constant between the booms, 
Eq. (iii) may be rewritten in the form (see Eq. (19.10)) 

100 x 10° x 150 = —2A 290,12 — 24239,23 — ++: — 241619b,161 + 2495.0 (iv) 


in which A412, A23,..., 4161 are the areas subtended by the skin panels 12, 23, ..., 161 at the center C 
of the circular cross section and counterclockwise moments are taken as positive. Clearly 412 = A23 = 
-++ = Ajo) = 4.56 105/16 = 28 500 mm?. Equation (iv) then becomes 


100 x 10° x 150 =2 x 28500(—qb1. — qb» — `` * — qb161) + 2 x 4.56 x 10°qs,0 (v) 
Substituting the values of gp from Table 21.2 in Eq. (v), we obtain 
100 x 10° x 150 =2 x 28500(—262.4) +2 x 4.56 x 10°qs.0 


C 
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Table 21.2 
Skin panel Boom B,(mm?®) y,(mm) qb(N/mm) 
17 2 = 5 z 0 
2 8 2 216.6 352.0 —30.3 
3 4 3 216.6 269.5 —53.5 
4 5 4 216.7 145.8 —66.0 
5 6 5 — 0 —66.0 
6 7 6 216.7 —145.8 —53.5 
7 8 7 216.6 —269.5 —30.3 
8 9 8 216.6 —352.0 0 
1 16 1 216.6 381.0 —32.8 
16 15 16 216.6 352.0 —63.1 
15 14 15 216.6 269.5 —86.3 
14 13 14 216.6 145.8 —98.8 
13 12 13 — 0 —98.8 
12 11 12 216.7 —145.8 —86.3 
11 10 11 216.6 —269.5 —63.1 
10 9 10 216.6 —352.0 —32.8 











from which 
s,0 = 32.8 N/mm (acting in an counterclockwise sense) 


The complete shear flow distribution follows by adding the value of qs,o to the gp shear flow distribution, 
giving the final distribution shown in Fig. 21.3. The solution may be checked by calculating the resultant 
of the shear flow distribution parallel to the Cy axis. Thus, 


2[(98.8 + 66.0)145.8 + (86.3 + 53.5)123.7 + (63.1 + 30.3)82.5 


+ (32.8 — 0)29.0] x 1073 = 99.96kN 


which agrees with the applied shear load of 100 kN. The analysis of a fuselage which is tapered along 
its length is carried out using the method described in Section 20.2 and illustrated in Example 20.2. 





21.3 TORSION 


A fuselage section is basically a single cell closed section beam. The shear flow distribution produced 
by a pure torque is therefore given by Eq. (17.1) and is 


T 


=> (21.2) 


q 
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66.0 





98.8 








Fig. 21.3 


Shear flow (N/mm) distribution in fuselage section of Example 21.2. 





It is immaterial whether or not the section has been idealized, since, in both cases, the booms are assumed 
not to carry shear stresses. 

Equation (21.2) provides an alternative approach to that illustrated in Example 21.2 for the solution 
of shear loaded sections in which the position of the shear center is known. In Fig. 21.1, the shear 
center coincides with the center of symmetry so that the loading system may be replaced by the shear 
load of 100kN acting through the shear center together with a pure torque equal to 100 x 10° x 150 = 
15x 10°Nmm as shown in Fig. 21.4. The shear flow distribution due to the shear load may be found 
using the method of Example 21.2 but with the left-hand side of the moment equation (iii) equal to 
zero for moments about the center of symmetry. Alternatively, use may be made of the symmetry of 
the section and the fact that the shear flow is constant between adjacent booms. Suppose that the shear 
flow in the panel 21 is g21. Then, from symmetry and using the results of Table 21.2, 


998 = 9910 = 7161 = 921 

932 = 987 = 71011 = 91516 = 30.3 + G21 
943 = 976 = 41112 = 91415 = 53.5 +421 
954 = 65 = 41213 = 91314 = 66.0 +921 


The resultant of these shear flows is statically equivalent to the applied shear load so that 


4(29.0q21 + 82.5932 + 123.7q43 + 145.8954) = 100 x 10° 


pe 
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100 KN 





Fig. 21.4 


Alternative solution of Example 21.2. 





Substituting for q32, g43, and g54 from the preceding, we obtain 
4(381qg21 + 18740.5) = 100 x 10° 
from which 
qz1 = 16.4N/mm 
and 
q32 =46.7N/mm, g43=69.9N/mm, q54 = 83.4N/mm, and so on 
The shear flow distribution due to the applied torque is, from Eq. (21.2) 


_ 15x 108 
~ 2x 4,56 x 105 
acting in an counterclockwise sense completely around the section. This value of shear flow is now 


superimposed on the shear flows produced by the shear load; this gives the solution shown in Fig. 21.3; 
that is, 


q = 16.4N/mm 


g21 = 16.44 16.4 = 32.8N/mm 
q161 = 16.4 — 16.4 =0, and so on 
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21.4 CUTOUTS IN FUSELAGES 


So far we have considered fuselages to be closed sections stiffened by transverse frames and longitudinal 
stringers. In practice, it is necessary to provide openings in these closed stiffened shells for, for example, 
doors, cockpits, bomb bays, windows in passenger cabins, and so forth. These openings or “cutouts” 
produce discontinuities in the otherwise continuous shell structure so that loads are redistributed in the 
vicinity of the cutout, thereby affecting loads in the skin, stringers, and frames. Frequently, these regions 
must be heavily reinforced, resulting in unavoidable weight increases. In some cases—for example, door 
openings in passenger aircraft—it is not possible to provide rigid fuselage frames on each side of the 
opening because the cabin space must not be restricted. In such situations, a rigid frame is placed 
around the opening to resist shear loads and to transmit loads from one side of the opening to the 
other. 

The effects of smaller cutouts, such as those required for rows of windows in passenger aircraft, 
may be found approximately as follows. Figure 21.5 shows a fuselage panel provided with cutouts for 
windows which are spaced a distance / apart. The panel is subjected to an average shear flow gay, which 
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Fig. 21.5 





Fuselage panel with windows. 
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would be the value of the shear flow in the panel without cutouts. Considering a horizontal length of 
the panel through the cutouts, we see that 


qılı = qavl 


or 
l 


day (21.3) 
h 


Now considering a vertical length of the panel through the cutouts, 


q1 = 


q2dı = qayd 
or 
d 
q2 = Tga (21.4) 
1 


The shear flows q3 may be obtained by considering either vertical or horizontal sections not containing 
the cutout. Thus, 


qzl + q2lw = qav! 
Substituting for q2 from Eq. (21.3) and noting that / = l1 + Iw and d = dı + dw, we obtain 


ri 
B=- gn)» (21.5) 





Problems 


P.21.1 The doubly symmetrical fuselage section shown in Fig. P.21.1 has been idealized into an arrangement of 
direct stress-carrying booms and shear stress-carrying skin panels; the boom areas are all 150mm?. Calculate the 


50kN 
— 


500mm 





Fig. P.21.1 
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direct stresses in the booms and the shear flows in the panels when the section is subjected to a shear load of S0kN 
and a bending moment of 100 KN m. 


Ans. 07,1 = —026 =180N/mm2, 07,2 = 02,10 = —07,5 = —0z,7 =144.9N/mm?, 


023 = 02,9 = —0z,4 = —07,3 = 60 N/mm”. 


921 = 965 = 1.9N/mm, 932 = 954 = 12.8 N/mm, g43 = 17.3 N/mm, 
967 = 9101 = 11.6 N/mm, q78 = go10 = 22.5 N/mm, gg9 = 27.0 N/mm. 


P.21.2 Determine the shear flow distribution in the fuselage section of P.21.1 by replacing the applied load by a 
shear load through the shear center together with a pure torque. 


o C 


Wings 


We have seen in Chapters 11 and 19 that wing sections consist of thin skins stiffened by combinations of 
stringers, spar webs, and caps and ribs. The resulting structure frequently comprises one, two, or more 
cells and is highly redundant. However, as in the case of fuselage sections, the large number of closely 
spaced stringers allows the assumption of a constant shear flow in the skin between adjacent stringers 
so that a wing section may be analyzed as though it were completely idealized as long as the direct 
stress-carrying capacity of the skin is allowed for by additions to the existing stringer/boom areas. We 
shall investigate the analysis of multicellular wing sections subjected to bending, torsional, and shear 
loads, although, initially, it will be instructive to examine the special case of an idealized three-boom 
shell. 





22.1 THREE-BOOM SHELL 


The wing section shown in Fig. 22.1 has been idealized into an arrangement of direct stress-carrying 
booms and shear-stress-only carrying skin panels. The part of the wing section aft of the vertical spar 31 
performs an aerodynamic role only and is therefore unstressed. Lift and drag loads, S, and Sx, induce 
shear flows in the skin panels, which are constant between adjacent booms, since the section has been 
completely idealized. Therefore, resolving horizontally and noting that the resultant of the internal shear 
flows is equivalent to the applied load, we have 


Sx = —q12l12 + q23l23 (22.1) 
Now resolving vertically, 
Sy = q31 (h12 + h23) — q12h12 — q23h23 (22.2) 
Finally, taking moments about, say, boom 3, 
Sxno + Syo = —2412q12 — 2423423 (22.3) 


(see Eqs. (19.9) and (19.10)). In the above, there are three unknown values of shear flow, ¢12,923,931, 
and three equations of statical equilibrium. We conclude therefore that a three-boom idealized shell is 
statically determinate. 
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Fig. 22.1 


Three-boom wing section. 





We shall return to the simple case of a three-boom wing section when we examine the distributions 
of direct load and shear flows in wing ribs. Meanwhile, we shall consider the bending, torsion, and shear 
of multicellular wing sections. 


22.2 BENDING 


Bending moments at any section of a wing are usually produced by shear loads at other sections of 
the wing. The direct stress system for such a wing section (Fig. 22.2) is given by either Eq. (15.18) or 
Eq. (15.19), in which the coordinates (x,y) of any point in the cross section and the sectional properties 
are referred to axes Cxy in which the origin C coincides with the centroid of the direct stress-carrying 
area. 


BB} $$ $?_$_$?_$_$_ 
Example 22.1 

The wing section shown in Fig. 22.3 has been idealized such that the booms carry all the direct stresses. 
If the wing section is subjected to a bending moment of 300 KN m applied in a vertical plane, calculate 
the direct stresses in the booms. 


Boom areas: B; = Be = 2580mm? Bz = B5 =3880mm? B3 = B4 = 3230mm? 


We note that the distribution of the boom areas is symmetrical about the horizontal x axis. Hence, 
in Eq. (15.18), Zy =0. Further, Mx =300 kN m and M, =0 so that Eq. (15.18) reduces to 


My 


I- (i) 





Oz = 
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Fig. 22.2 


Idealized section of a multicell wing. 
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Wing section of Example 22.1. 





Table 22.1 

Boom y(mm) o;(N/mm7) 
1 165 61.2 

2 230 85.3 

3 200 74.2 

4 —200 —74.2 

5 —230 —85.3 

6 —165 —61.2 





in which 
Ixy = 2(2580 x 165° + 3880 x 2307 + 3230 x 2007) = 809 x 10°mm* 
Hence, 
300 x 10° 
= _y=0.371 ii 
° = 809 x 106” f “) 


The solution is now completed in Table 22.1 in which positive direct stresses are tensile and negative 
direct stresses compressive. 


i 
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22.3 TORSION 


The chordwise pressure distribution on an aerodynamic surface may be represented by shear loads 
(lift and drag loads) acting through the aerodynamic center together with a pitching moment Mo (see 
Section 11.1). This system of shear loads may be transferred to the shear center of the section in the 
form of shear loads S, and S, together with a torque 7. It is the pure torsion case that is considered 
here. In the analysis, we assume that no axial constraint effects are present and that the shape of the 
wing section remains unchanged by the load application. In the absence of axial constraint, there is no 
development of direct stress in the wing section so that only shear stresses are present. It follows that 
the presence of booms does not affect the analysis in the pure torsion case. 

The wing section shown in Fig. 22.4 comprises N cells and carries a torque T which generates 
individual but unknown torques in each of the N cells. Each cell therefore develops a constant shear 
flow q1,41,.---,4R,. -qN given by Eq. (17.1). 

The total is therefore 


N 
T=) 2Argr (22.4) 
R=1 


Although Eq. (22.4) is sufficient for the solution of the special case of a single-cell section, which 
is therefore statically determinate, additional equations are required for an N-cell section. These are 
obtained by considering the rate of twist in each cell and the compatibility of displacement condition 
that all N cells possess the same rate of twist d@/dz; this arises directly from the assumption of an 
undistorted cross section. 

Consider the Rth cell of the wing section shown in Fig. 22.5. The rate of twist in the cell is, from 
Eq. (16.22), 


dé 1 ds 
de ar As 22. 
dz aofa 7 (2253) 


R 





Fig. 22.4 


Multicell wing section subjected to torsion. 
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Fig. 22.5 





Shear flow distribution in the Rth cell of an N-cell wing section. 


The shear flow in Eq. (22.5) is constant along each wall of the cell and has the values shown in Fig. 22.5. 
Writing [s/t for each wall as 5, Eq. (22.5) becomes 


do 1 
q =z girô —qr-1)5 ô = 8 
dz JAG 12 + (qR — qR-1)ô23 + GRd34 + (qr — qr+1)841] 


or, rearranging the terms in square brackets, 


d 1 
EE ET, 812 +823 + 834 + ô41) — qR+1ô 
ae ZAG. qr—-1823 + qr(812 + 623 + 534 + 641) — gr41641] 


In general terms, this equation may be rewritten in the form 


d 1 
— = ——(—gp_1dp_ ÔR — ô 22.6 
Jz ZAG. r—19R-1,R + GROR — FR+19R+1,R) (22.6) 


in which dp_1,p is ifi ds/t for the wall common to the Rth and (R — 1)th cells, 5p is FE ds/t for all the walls 
enclosing the Rth cell, and dp+1,p is f ds/t for the wall common to the Rth and (R+ 1)th cells. 

The general form of Eq. (22.6) is applicable to multicell sections in which the cells are connected 
consecutively—that is, cell I is connected to cell II, cell II to cells I and III, and so on. In some cases, 
cell I may be connected to cells II and III, and so on (see problem P.22.4) so that Eq. (22.6) cannot be 
used in its general form. For this type of section, the term $ g(ds/t) should be computed by considering 
J q(ds/t) for each wall of a particular cell in turn. 

There are N equations of the type (22.6) which, with Eq. (22.4), comprise the N+ 1 equations 
required to solve for the N unknown values of shear flow and the one unknown value of d0/dz. 

Frequently, in practice, the skin panels and spar webs are fabricated from materials possessing 
different properties such that the shear modulus G is not constant. The analysis of such sections is 
simplified if the actual thickness ¢ of a wall is converted to a modulus-weighted thickness ¢* as follows. 
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For the Rth cell ofan N-cell wing section in which G varies from wall to wall, Eq. (22.5) takes the form 


dð 1l ds 
dz 2dr} Gi 
R 
This equation may be rewritten as 
do 


1 d. 
z f ja (22.7) 
dz 2ArGrer J © (G/Grer)t 
R 





in which Gpgr is a convenient reference value of the shear modulus. Equation (22.7) is now rewritten as 


d0 1 ds 
L ae 22.8 
dz a (228) 
R 


in which the modulus-weighted thickness ¢* is given by 


t a t (22.9) 


"GREE 





Then, in Eq. (22.6), 5 becomes [ds/t*. 


Ee 
Example 22.2 

Calculate the shear stress distribution in the walls of the three-cell wing section shown in Fig. 22.6, 
when it is subjected to an counterclockwise torque of 11.3kNm. 





Wall Length (mm) Thickness (mm) G(N/mm?) Cell area (mm?) 
12° 1650 1.22 24 200 Ay = 258 000 
12! 508 2.03 27 600 A= 355 000 
13, 24 775 1.22 24200 Ay, = 161 000 
34 380 1.63 27 600 

35, 46 508 0.92 20700 

56 254 0.92 20 700 








Note: The superscript symbols o and i are used to distinguish between outer and inner walls 
connecting the same two booms. 


Since the wing section is loaded by a pure torque, the presence of the booms has no effect on the 
analysis. = 
Choosing Gref = 27 600 N/mm? then, from Eq. (22.9), 


„ _ 24200 


120 = = X 1.22 = 1.07 mm 
27600 


Similarly, 


* * * * * 
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11300 Nm 
1 3 
5 
2 4 S 
Fig. 22.6 
Wing section of Example 22.2. 
Hence, 
d 1650 
soem eo NSA? 
t* 1.07 
12° 
Similarly, 


bp =250 = 3 = 894 = 725 834 = 233 535 =546=736 ôs = 368 
Substituting the appropriate values of 5 in Eq. (22.6) for each cell in turn gives the following: 


¢ For cell I, 


dé 1 


= oon (1542 + 250) — 250 ; 
ac NORGE ATN qu] (i) 
¢ For cell II, 


do 1 
dz 2 x 355000GREF 


¢ For cell II, 


[—250q1 + qu (250 + 725 + 233 +725) — 2339] (ii) 


do 1 
dz 2x 161000GrEF 


In addition, from Eq. (22.4), 


[—233¢n + qi(736 + 233 + 736 + 368)] (iii) 


11.3 x 10° = 2(258000q; + 355 000gy + 161 000411) (iv) 
Solving Eqs. (i) through (iv) simultaneously gives 
g=71N/mm qu=8.9N/mm qm = 4.2N/mm 


The shear stress in any wall is obtained by dividing the shear flow by the actual wall thickness. Hence, 
the shear stress distribution is as shown in Fig. 22.7. 
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Fig. 22.7 





Shear stress (N/mm?) distribution in wing section of Example 22.2. 












Moment center 





Fig. 22.8 





N-cell wing section subjected to shear loads. 





22.4 SHEAR 


Initially, we shall consider the general case of an N-cell wing section comprising booms and skin panels, 
the latter being capable of resisting both direct and shear stresses. The wing section is subjected to shear 
loads S, and S,, whose lines of action do not necessarily pass through the shear center S (see Fig. 22.8); 
the resulting shear flow distribution is therefore due to the combined effects of shear and torsion. 

The method for determining the shear flow distribution and the rate of twist is based on a simple 
extension of the analysis of a single-cell beam subjected to shear loads (Sections 16.3 and 19.3). Such 
a beam is statically indeterminate, the single redundancy being selected as the value of shear flow 
at an arbitrarily positioned “cut.” Thus, the N-cell wing section of Fig. 22.8 may be made statically 
determinate by “cutting” a skin panel in each cell as shown. While the actual position of these “cuts” is 
theoretically immaterial, there are advantages to be gained from a numerical point of view if the “cuts” 
are made near the center of the top or bottom skin panel in each cell. Generally, at these points, the 
redundant shear flows (qs,o) are small so that the final shear flows differ only slightly from those of the 
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determinate structure. The system of simultaneous equations from which the final shear flows are found 
will then be “well conditioned” and will produce reliable results. The solution of an “ill-conditioned” 
system of equations would probably involve the subtraction of large numbers of a similar size which 
would therefore need to be expressed to a large number of significant figures for reasonable accuracy. 
Although this reasoning does not apply to a completely idealized wing section, since the calculated 
values of shear flow are constant between the booms, it is again advantageous to “cut” either top or 
bottom skin panels for, in the special case of a wing section having a horizontal axis of symmetry, a 
“cut” in, say, the top skin panels will result in the “open section” shear flows (qp) being zero in the 
bottom skin panels. This decreases the arithmetical labor and simplifies the derivation of the moment 
equation, as will become obvious in Example 22.4. 
The “open section” shear flow q» in the wing section of Fig. 22.8 is given by Eq. (19.6), that is, 


S 
Sel Sby Z 
qb = (5) foxas + $B, 


xt yy xy 7 F= 


S 
Sylyy — Sel, 
=| ee [vas Dam 
Lexlyy =I ô 


r=l 


We are left with an unknown value of shear flow at each of the “cuts,” that is, qs,0,1, qs,0,1b - - < »4s,0,N> 
plus the unknown rate of twist d0/dz, which, from the assumption of an undistorted cross section, is the 
same for each cell. Therefore, as in the torsion case, there are N + 1 unknowns requiring N + | equations 
for a solution. 

Consider the Rth cell shown in Fig. 22.9. The complete distribution of shear flow around the cell is 
given by the summation of the “open section” shear flow gp and the value of shear flow at the “cut,” 
s,0,R- We may therefore regard qs0,r as a constant shear flow acting around the cell. The rate of twist 
is again given by Eq. (16.22); thus, 





de I24eG J *¢ FAG 
R 


do 1 ds 1 ds 
= fa = fas + s,0,R) F 
R 





Fig. 22.9 





Redundant shear flow in the Rth cell of an N-cell wing section subjected to shear. 
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Ath cell 





Fig. 22.10 





Moment equilibrium of Rth cell. 


By comparing with the pure torsion case, we deduce that 


d 1 ds 

— = — | — —1ÔR— ÔR — ô — 22.10 
E G qs,0,R—1ÔR—1,R + qs,0,RÔR — qs,0,R+1ÔR+1,R + f Io- ( ) 
R 


in which qp has previously been determined. There are N equations of the type (22.10) so that a further 
equation is required to solve for the N+ 1 unknowns. This is obtained by considering the moment 
equilibrium of the Ath cell in Fig. 22.10. 

The moment My,z produced by the total shear flow about any convenient moment center O is given by 


MyR= f ano ds (see Section 17.1) 


Substituting for gr in terms of the “open section” shear flow gp and the redundant shear flow qs,0,R, 
we have 


Mgr = f qbpo ds + qs,0,R f pods 
R R 


or 
Mq,R = f qbpo ds + 2ARqs,0,R 
R 


The sum of the moments from the individual cells is equivalent to the moment of the externally 
applied loads about the same point. Thus, for the wing section of Fig. 22.8, 


N N N 
Sm- Séo = X Mir =X. $ mpods+ X` 2Argsoz (22.11) 
R=1 R=1R R=1 
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If the moment center is chosen to coincide with the point of intersection of the lines of action of Sy and 
Sy, Eq. (22.11) becomes 
N N 


0= ` f qbpods + $ 2Arqs,o,R (22.12) 
R=1R R=1 


ee eee 
Example 22.3 

The wing section of Example 22.1 (Fig. 22.3) carries a vertically upward shear load of 86.8kN in the 
plane of the web 572. The section has been idealized such that the booms resist all the direct stresses, 
while the walls are effective only in shear. If the shear modulus of all walls is 27600 N/mm except for 
the wall 78 for which it is three times this value, calculate the shear flow distribution in the section and 





the rate of twist. Additional data are given in the table. = 
Wall Length (mm) Thickness (mm) Cell area (mm?) 

12, 56 1023 1.22 Ay = 265 000 
23 1274 1.63 Ay =213000 
34 2200 2.03 Ay =413 000 

483 400 2.64 

572 460 2.64 
61 330 1.63 
78 1270 1.22 








Choosing Grrr as 27 600 N/mm? then, from Eq. (22.9), 


eg = a x 1.22 = 3.66mm 
Hence, 
673 = Hane = 347 
3.66 
Also, 


612 = 656 = 840 523 = 783 534= 1083 533 =57 d594=95 597= 347 
697 = 68 575=106 516 = 202 
We now “cut” the top skin panels in each cell and calculate the “open section” shear flows using 


Eq. (19.6), which, since the wing section is idealized, singly symmetrical (as far as the direct stress- 
carrying area is concerned) and is subjected to a vertical shear load only, reduces to 


S n 
IS ip (i 
XX y=l 





db = 
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where, from Example 22.1, J, =809 x 10°mm‘. Thus, from Eq. (i), 


86.8 x 10% Be 
E Sey = 107» 107 ‘Lae (ii) 


Since gp =0 at each “cut,” then gp =0 for the skin panels 12, 23, and 34. The remaining q» shear flows 
are now calculated using Eq. (ii). Note that the order of the numerals in the subscript of qp indicates the 
direction of movement from boom to boom. 

q»,27 = —1.07 x 1074 x 3880 x 230 = —95.5N/mm 

qv,16 = —1.07 x 1074 x 2580 x 165 = —45.5N /mm 

qb65 = —45.5 — 1.07 x 1074 x 2580 x (—165) = 0 

b,s7 = —1.07 x 10-4 x 3880 x (—230) = 95.5N/mm 

qv,38 = —1.07 x 10~* x 3230 x 200 = —69.0N/mm 

b,48 = —1.07 x 1074 x 3230 x (—200) = 69.0N/mm 
Therefore, as 4,83 = 4b,48 (OF 4b,72 = 9,57) 7b,78 = 9. The distribution of the gp shear flows is shown in 
Fig. 22.11. The values of ô and qp are now substituted in Eq. (22.10) for each cell in turn. 
¢ For cell I, 


dé 1 


a i 2 B n 
e Ia [4s,0,1(1083 + 95 + 57) — 57qs,0,1 + 69 x 95 + 69 x 57] (iii) 


¢ For cell II, 


dé 1 


———— 4 
5 7x213000Geer | 574,01 + 4s,0,1(783 + 57 + 347 + 68) 


(iv) 


— 684s,0,11 + 95.5 x 68 — 69 x 57] 





Fig. 22.11 
q» distribution (N/mm). 
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¢ For cell II, 


do 1 
dz 2 x 413 000GREF 


+ 840 + 202) + 45.5 x 202 — 95.5 x 68 — 95.5 x 106] 


[—684qs,0,11 + qs,0,11 (840 + 68 + 106 
(v) 


The solely numerical terms in Eqs. (iii) through (v) represent ¢p qp(ds/t) for each cell. Care must be 
taken to ensure that the contribution of each gp value to this term is interpreted correctly. The path of the 
integration follows the positive direction of qs,9 in each cell—in other words, counterclockwise. Thus, 
the positive contribution of gp,83 to fi qb(ds/t) becomes a negative contribution to fi q»(ds/t) and so on. 

The fourth equation required for a solution is obtained from Eq. (22.12) by taking moments about 
the intersection of the x axis and the web 572. Thus, 


0 = — 69.0 x 250 x 1270 — 69.0 x 150 x 1270 + 45.5 x 330 x 1020 
+2 x 265 000qs,0,1 +2 x213 000qs,0,1 +2 x 413 000¢s,0.m 


(vi) 


Simultaneous solution of Eqs. (iii) through (vi) gives 
s,0,1 = 5.5 N/mm s,0,1 = 10.2N/mm s,0,01 = 16.5N/mm 


Superimposing these shear flows on the gp distribution of Fig. 22.11, we obtain the final shear flow 
distribution. Thus, 


q34 = 5.5N/mm 23 = 487 = 10.2N/mm q12 = 956 = 16.5N/mm 


qo. = 62.0N/mm g57=79.0N/mm g72 = 89.2N/mm 
gag =74.5N/mm_ qs3 = 64.3N/mm 


Finally, from any of Eqs. (iii) through (v), 


dé 
— =1.16x 10~° rad 
qd x rad/mm 





22.5 SHEAR CENTER 


The position of the shear center of a wing section is found in an identical manner to that described 
in Section 16.3. Arbitrary shear loads Sy and S, are applied in turn through the shear center S, the 
corresponding shear flow distributions are determined, and moments are taken about some convenient 
point. The shear flow distributions are obtained as described previously in the shear of multicell wing 
sections except that the N equations of the type (22.10) are sufficient for a solution, since the rate of 
twist d0/dz is zero for shear loads applied through the shear center. 
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22.6 TAPERED WINGS 


Wings are generally tapered in both spanwise and chordwise directions. The effects on the analysis of 
taper in a single-cell beam have been discussed in Section 20.2. In a multicell wing section, the effects 
are dealt with in an identical manner except that the moment equation (20.16) becomes, for an N-cell 
wing section (see Figs. 20.5 and 22.8), 


N N m m 
Sx0 — Syéo = >? dopo ds + D5 24R95.0,8 = S Pom + > Pyrkr (22.13) 
R=1 


R=1R r=1 r=1 





Example 22.4 

A two-cell beam has singly symmetrical cross sections 1.2m apart and tapers symmetrically in the 
y direction about a longitudinal axis (Fig. 22.12). The beam supports loads which produce a shear force 
Sy) =10KN and a bending moment M, =1.65kNm at the larger cross section; the shear load is applied 
in the plane of the internal spar web. If booms | and 6 lie in a plane which is parallel to the yz plane, 
calculate the forces in the booms and the shear flow distribution in the walls at the larger cross section. 
The booms are assumed to resist all the direct stresses, while the walls are effective only in shear. The 


10kN i 





Fig. 22.12 
Tapered beam of Example 22.4. 
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shear modulus is constant throughout, the vertical webs are all 1.0 mm thick, while the remaining walls 
are all 0.8mm thick: 


Boom areas: B1 = B3 = B4 = Be = 600mm? By = Bs = 900mm? E 
At the larger cross section, 
Tex = 4 x 600 x 907 +2 x 900 x 907 = 34.02 x 10°mm?4 


The direct stress in a boom is given by Eq. (15.18), in which J, =0 and M,=0, that is, 








Bois My r 
Zar Lex 
from which 
M, 
Poy ex ie 5 B, 
or 


_ 1.65 x 10°y,B, 
a" 34.02 x 106 


The value of Pz, is calculated from Eq. (i) in column @ of Table 22.2; P,, and P,, follow from 
Eqs. (20.10) and (20.9), respectively, in columns ®© and ©. The axial load P, is given by [@?+ 
6* + ©*]!/ in column © and has the same sign as P-,- (see Eq. (20.12)). The moments of P, and Py» 
and columns © and @ are calculated for a moment center at the midpoint of the internal web, taking 
counterclockwise moments as positive. 


= 0.08y,B, (i) 














6 
From column © > Pry =0 
r=l 

(as would be expected from symmetry). 
Table 22.2 
® © ® ® © © © © ® ® 

P, Zr P, ar P, yr P, f: E, Nr P, xrrr P yr Er 
Boom (N) = = (N) (N) (N) (mm) (mm) (Nmm) (Nmm) 
z z 

1 2619.0 0 0.0417 o 109.2 2621.3 400 90 O 43 680 
2 3928.6 0.0833 0.0417 327.3 163.8 3945.6 O 90 —29 457 O 
3 2619.0 0.1250 0.0417 327.4 109.2 2641.6 200 90 —29 466 21 840 
4 —2619.0 0.1250 —0.0417 —327.4 109.2  -—2641.6 200 90 —29 466 21840 
5 —3928.6 0.0883 -—0.0417 —327.3 163.8 —3945.6 (0) 90 —29 457 O 
6 —2619.0 0O —0.0417 O 109.2 —2621.3 400 90 O —43 680 
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6 
From column © > Py = 764.4N 
t=) 
6 
From column ® D> Petr = —117846Nmm 
r=l 
6 
From column ® > Py,ré = —43 680N mm 


x 
pa 


From Eq. (20.15), 
Sxw=0 Syw = 10 x 10° — 764.4 = 9235.6N 


Also, since Cx is an axis of symmetry, J, = 0 and Eq. (19.6) for the “open section” shear flow reduces to 





S n 
db = — a Bry 
or = 
9235.6 ~ we fe 
= - Bid = - 2.15 x 10-4 By, (ii) 
34.02 x 10° &— = 


“Cutting” the top walls of each cell and using Eq. (ii), we obtain the gp distribution shown in Fig. 22.13. 
Evaluating ô for each wall and substituting in Eq. (22.10) gives the following: 
For cell I, 


dé 1 


— = ———— (7604 — 180g — 1314 iii 
dz 2x36 000G í So ae ) ay) 
For cell II, 


do 
dz 2x 72000G 


Taking moments about the midpoint of web 25, we have, using Eq. (22.13), 


(—18045.9,1 + 1160950, + 1314) (iv) 


0 = —14.7 x 180 x 400 + 14.7 x 180 x 200 +2 x 360009501 +2 x 72.0009;.0,1 
—117846 — 43680 





Fig. 22.13 


qv (N/mm) distribution in beam section of Example 22.4 (view along z axis toward C). 
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P oag = 2 fe 3 
4 
| 
12.2 | I! 19.9 19.3 
| 
| 
° 25 A 
Fig. 22.14 
Shear flow (N/mm) distribution in tapered beam of Example 22.4. 
or 
0 = —690 726 + 72 000qs,0,1 + 144000qs,0,11 (v) 


Solving Eqs. (iii) through (iv) gives 
4s,0,1 = 4.6N/mm 4s,0, 0 = 2.5N/mm 


and the resulting shear flow distribution is shown in Fig. 22.14. 





22.7 DEFLECTIONS 


Deflections of multicell wings may be calculated by the unit load method in an identical manner to that 
described in Section 19.4 for open and single-cell beams. 


i 
Example 22.5 

Calculate the deflection at the free end of the two-cell beam shown in Fig. 22.15, allowing for both 
bending and shear effects. The booms carry all the direct stresses, while the skin panels, of constant 
thickness throughout, are effective only in shear. 


Take E = 69000N/mm? and G=25900N/mm? 
Boom areas: B = B3 = B4 = Be = 650mm? B2 = B5 = 1300mm? = 


The beam cross section is symmetrical about a horizontal axis and carries a vertical load at its free 
end through the shear center. The deflection A at the free end is then, from Eqs. (19.17) and (19.19), 


2000y M 2000 
A= i a sat f J DT ås | az (i) 
Elx Gt 
0 0 section 


where 


Mx, = —44.5 x 10° (2000 —z) Myx, = —(2000 — 2) 
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S, =44 500 N 


Fig. 22.15 


Deflection of two-cell wing section. 





and 
Tee = 4 x 650 x 125? +2 x 1300 x 125? = 81.3 x 10°mm?4 
also, 
Sy0 =44.5x10N Syi=l 


The qo and qı shear flow distributions are obtained as previously described (note d6/dz=0 for a shear 
load through the shear center) and are 


90,12 =9.6N/mm q0,23 = —5.8N/mm qo0,43 = 50.3 N/mm 
90,45 = —5.8 N/mm 40,56 = 9.6N/mm 40,61 = 54.1 N/mm 


40,52 = 73.6N/mm at all sections of the beam 


The qı shear flows in this case are given by qo/44.5 x 10°. Thus, 


qo4q1 1 2 2 
WI js =——— 62-959 94.5.8? K 500K D 
J ci Bk es ee A 


section 


+50.3? x 250 + 54.12 x 250 + 73.62 x 250) 
=1.22 x 1073 


Hence, from Eq. (i), 


2000 2000 
as J 44.5 x 10° (2000 — z)? 


eed 1.22 x 10734 
69000 x 81.3 x 106 z+ | g 
0 0 
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giving 


A = 23.5 mm 





22.8 CUTOUTS IN WINGS 


Wings, as well as fuselages, have openings in their surfaces to accommodate undercarriages, engine 
nacelles and weapons installations, and so forth. In addition, inspection panels are required at specific 
positions so that, as for fuselages, the loads in adjacent portions of the wing structure are modified. 

Initially we shall consider the case of a wing subjected to a pure torque in which one bay of 
the wing has the skin on its undersurface removed. The method is best illustrated by a numerical 
example. 


$$ $$ $ $$ $$$ 
Example 22.6 

The structural portion of a wing consists of a three-bay rectangular section box which may be assumed 
to be firmly attached at all points around its periphery to the aircraft fuselage at its inboard end. The 
skin on the undersurface of the central bay has been removed, and the wing is subjected to a torque of 
10kN m at its tip (Fig. 22.16). Calculate the shear flows in the skin panels and spar webs, the loads in 
the corner flanges, and the forces in the ribs on each side of the cutout, assuming that the spar flanges 
carry all the direct loads, while the skin panels and spar webs are effective only in shear. = 









~ 1500 ; 
1500 mm Cutöut 
Station 


3000 
1500mm `~ 


Fig. 22.16 


Three-bay wing structure with cutout of Example 22.6. 
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If the wing structure were continuous and the effects of restrained warping at the built-in end ignored, 
the shear flows in the skin panels would be given by Eq. (17.1), that is, 


T 10 x 10° 


= — = —_—— =313N/mm 
24 2x 200 x 800 


q 
and the flanges would be unloaded. However, the removal of the lower skin panel in bay @ results in 
a torsionally weak channel section for the length of bay @, which must in any case still transmit the 
applied torque to bay ® and subsequently to the wing support points. Although open section beams are 
inherently weak in torsion (see Section 17.2), the channel section in this case is attached at its inboard 
and outboard ends to torsionally stiff closed boxes so that, in effect, it is built-in at both ends. An 
alternative approach is to assume that the torque is transmitted across bay @ by the differential bending 
of the front and rear spars. The bending moment in each spar is resisted by the flange loads P as shown, 
for the front spar, in Fig. 22.17(a). The shear loads in the front and rear spars form a couple at any 
station in bay @ which is equivalent to the applied torque. Thus, from Fig. 22.17(b), 


8005S = 10 x 10°Nmm 
that is, 
S = 12500N 


The shear flow q1 in Fig. 22.17(a) is given by 


12500 _ 69 sn 
= ——_ = 62, mm 
41 = 300 





Station 
3000 Js 


Front Rear 


spar 
spar (104 7 
| 800 mm 


(a) (b) 





L 1500 mm 





Fig. 22.17 


Differential bending of front spar. 
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Midway between stations 1500 and 3000 a point of contraflexure occurs in the front and rear spars so 
that at this point the bending moment is zero. Hence, 


200P = 12500 x 750Nmm 


so that 
P=46875N 


Alternatively, P may be found by considering the equilibrium of either of the spar flanges. Thus, 
2P = 1500q1 = 1500 x 62.5N 
whence 
P=46875N 


The flange loads P are reacted by loads in the flanges of bays ® and ©. These flange loads are transmitted 
to the adjacent spar webs and skin panels as shown in Fig. 22.18 for bay ® and modify the shear flow 
distribution given by Eq. (17.1). For equilibrium of flange 1, 


1500g2 — 150093 = P = 46875N 





or 
q2 -q3 =31.3 (i) 
Station 
3000 
Station 4 
4500 
Fig. 22.18 





Loads on bay ®© of the wing of Example 22.6. 
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The resultant of the shear flows gz and q3 must be equivalent to the applied torque. Hence, for moments 
about the center of symmetry at any section in bay ® and using Eq. (19.10), 


200 x 800g + 200 x 800g3 = 10 x 10°Nmm 
or 
q2 +q3 = 62.5 (ii) 
Solving Eggs. (i) and (ii), we obtain 
q2=46.9N/mm q3 = 15.6N/mm 


Comparison with the results of Eq. (17.1) shows that the shear flows are increased by a factor of 1.5 in 
the upper and lower skin panels and decreased by a factor of 0.5 in the spar webs. 

The flange loads are in equilibrium with the resultants of the shear flows in the adjacent skin panels 
and spar webs. Thus, for example, in the top flange of the front spar, 


P(st.4500) = 0 
P(st.3000) = 1500g2 — 1500q3 = 46875 N (compression) 
P(st.2250) = 1500g2 — 1500g3 — 750q; = 0 


The loads along the remainder of the flange follow from antisymmetry, giving the distribution shown 
in Fig. 22.19. The load distribution in the bottom flange of the rear spar will be identical to that 
shown in Fig. 22.19, while the distributions in the bottom flange of the front spar and the top flange 
of the rear spar will be reversed. We note that the flange loads are zero at the built-in end of the wing 
(station 0). Generally, however, additional stresses are induced by the warping restraint at the built-in 
end (see [Ref. 1]). The loads on the wing ribs on either inboard or outboard end of the cutout are found 
by considering the shear flows in the skin panels and spar webs immediately inboard and outboard of 
the rib. Thus, for the rib at station 3000, we obtain the shear flow distribution shown in Fig. 22.20. 

In Example 22.6, we implicitly assumed in the analysis that the local effects of the cutout were 
completely dissipated within the length of the adjoining bays which were equal in length to the cutout 
bay. The validity of this assumption relies on St. Venant’s principle (Section 2.4). It may generally be 


46875N 
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Station 1500 Compression 


46875 N 


Fig. 22.19 
Distribution of load in the top flange of the front spar of the wing of Example 22.6. 
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Shear flows (N/mm) on wing rib at station 3000 in the wing of Example 22.6. 
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Fig. 22.21 
Wing box of Example 22.7. 





assumed therefore that the effects of a cutout are restricted to spanwise lengths of the wing equal to the 
length of the cutout on both inboard and outboard ends of the cutout bay. 

We shall now consider the more complex case of a wing having a cutout and subjected to shear loads 
which produce both bending and torsion. Again, the method is illustrated by a numerical example. 





Example 22.7 

A wing box has the skin panel on its undersurface removed between stations 2000 and 3000 and carries 
lift and drag loads which are constant between stations 1000 and 4000, as shown in Fig. 22.21(a). 
Determine the shear flows in the skin panels and spar webs and also the loads in the wing ribs at the 
inboard and outboard ends of the cutout bay. Assume that all bending moments are resisted by the spar 
flanges, while the skin panels and spar webs are effective only in shear. = 


The simplest approach is first to determine the shear flows in the skin panels and spar webs as though 
the wing box were continuous and then to apply an equal and opposite shear flow to that calculated 
around the edges of the cutout. The shear flows in the wing box without the cutout will be the same in 
each bay and are calculated using the method described in Section 19.3 and illustrated in Example 19.4. 
This gives the shear flow distribution shown in Fig. 22.22. 
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Fig. 22.22 


Shear flow (N/mm) distribution at any station in the wing box of Example 22.7 without cutout. 
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Fig. 22.23 


Correction shear flows in the cutout bay of the wing box of Example 22.7. 





We now consider bay @ and apply a shear flow of 75.9 N/mm in the wall 34 in the opposite sense 
from that shown in Fig. 22.22. This reduces the shear flow in the wall 34 to zero and, in effect, restores 
the cutout to bay @. The shear flows in the remaining walls of the cutout bay will no longer be equivalent 
to the externally applied shear loads so that corrections are required. Consider the cutout bay (Fig. 22.23) 
with the shear flow of 75.9 N/mm applied in the opposite sense to that shown in Fig. 22.22. The correction 
shear flows q/14, 749, and q, may be found using statics. Thus, resolving forces horizontally, we have 


800g/,5 = 800 x 75.9N 


from which 
G49 = 75.9N/mm 
Resolving forces vertically, 
200955 = 50g} — 50 x 75.9 — 300g} 4 =0 (i) 
and taking moments about O in Fig. 22.21(b), we obtain 


2 x 520009/,. —2 x 40000945 +2 x 52000 x 75.9 —2 x 60000q;4 =0 (ii) 
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Solving Eqs. (i) and (ii) gives 
dy =117.6N/mm  ql4 = 53.1N/mm 


The final shear flows in bay @ are found by superimposing q2; 452, and qi4 on the shear flows in 
Fig. 22.22, giving the distribution shown in Fig. 22.24. Alternatively, these shear flows could have been 
found directly by considering the equilibrium of the cutout bay under the action of the applied shear 
loads. 

The correction shear flows in bay @ (Fig. 22.23) will also modify the shear flow distributions in 
bays ® and ©. The correction shear flows to be applied to those shown in Fig. 22.22 for bay ® (those in 
bay © will be identical) may be found by determining the flange loads corresponding to the correction 
shear flows in bay @. 

It can be seen from the magnitudes and directions of these correction shear flows (Fig. 22.23) that at 
any section in bay ®, the loads in the upper and lower flanges of the front spar are equal in magnitude 
but opposite in direction, similar for the rear spar. Thus, the correction shear flows in bay @ produce 
an identical system of flange loads to that shown in Fig. 22.17 for the cutout bays in the wing structure 
of Example 22.6. It follows that these correction shear flows produce differential bending of the front 
and rear spars in bay @ and that the spar bending moments and hence the flange loads are zero at the 
midbay points. Therefore, at station 3000, the flange loads are 


Pı = (75.9 + 53.1) x 500 = 64500N (compression) 
P4 = 64500N (tension) 

P2 = (75.9 + 117.6) x 500 = 96750N (tension) 

P3 = 96750N (tension) 


These flange loads produce correction shear flows 931, 943, 953, and qj, in the skin panels and spar 
webs of bay ®, as shown in Fig. 22.25. Thus, for equilibrium of flange 1, 


10004; + 1000q5, = 64500N (iii) 
and for equilibrium of flange 2, 
1000451 + 1000q3, = 96750N (iv) 
1 24.1 
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Fig. 22.24 


Final shear flows (N/mm) in the cutout bay of the wing box of Example 22.7. 
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Fig. 22.25 





Correction shear flows in bay ® of the wing box of Example 22.7. 


For equilibrium in the chordwise direction at any section in bay, ® 
80095, = 800443 
or 
G1 = U3 (v) 

Finally, for vertical equilibrium at any section in bay, ® 

3004, + 50q43 + 5095, — 200q3, = 0 (vi) 
Simultaneous solution of Eqs. (iii) through (vi) gives 

gh) = 443 =38.0N/mm q3; =58.8N/mm q4, =26.6N/mm 


Superimposing these correction shear flows on those shown in Fig. 22.22 gives the final shear flow 
distribution in bay ® as shown in Fig. 22.26. The rib loads at stations 2000 and 3000 are found as before 
by adding algebraically the shear flows in the skin panels and spar webs on each side of the rib. Thus, 
at station 3000, we obtain the shear flows acting around the periphery of the rib as shown in Fig. 22.27. 
The shear flows applied to the rib at the inboard end of the cutout bay will be equal in magnitude but 
opposite in direction. 

Note that in this example, only the shear loads on the wing box between stations 1000 and 4000 are 
given. We cannot therefore determine the final values of the loads in the spar flanges, since we do not 
know the values of the bending moments at these positions caused by loads acting on other parts of the 
wing. 
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Fig. 22.26 
Final shear flows in bay ® (and bay ®) of the wing box of Example 22.7. 
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Shear flows (N/mm) applied to the wing rib at station 3000 in the wing box of Example 22.7. 
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Problems 


P.22.1 The central cell of a wing has the idealized section shown in Fig. P.22.1. If the lift and drag loads on the 
wing produce bending moments of —120000N m and —30000Nm, respectively, at the section shown, calculate 
the direct stresses in the booms. Neglect axial constraint effects and assume that the lift and drag vectors are in 
vertical and horizontal planes. 
Boom areas: Bj = Bg = B5 = Bg = 1000mm? 
B = B3 = B6 = B7 = 600mm? 


240 mm 





180 mm 








e - 
8 7 6 5 
: 400 mm 400 mm + 400 om 


Fig. P.22.1 
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Ans. 0, =—190.7N/mm2 02 =—181.7N/mm? 03 = —172.8N/mm2 
o4=—163.8N/mm2 o5=140N/mm2 o¢=164.8N/mm2 


07 =189.6N/mm? og =214.4N/mm?. 


P.22.2 Figure P.22.2 shows the cross section of a two-cell torque box. If the shear stress in any wall must not 


exceed 140 N/mm”, find the maximum torque which can be applied to the box. 
If this torque were applied at one end and resisted at the other end of such a box of span 2500 mm, find the twist 
in degrees of one end relative to the other and the torsional rigidity of the box. The shear modulus G =26 600 N/mm 


for all walls. Data are as follows: 


Shaded areas: 434 = 6450mm2, Aig= 7750mm? 
Wall lengths: s34 = 250mm, s16 = 300mm 
Wall thickness: t12 = 1.63mm, t34 = 0.56 mm 


Ans. 


t23 = t45 = t56 = 0.92 mm 
t61 = 2.03 mm 


t25 = 2.54 mm 


T=102417Nm, 0=1.46°, GJ=10 x 10!2 Nmm2/rad. 














2 
200 mm 
3 
Z, A 150 mm 
250 mm ip 4 
+ << 250 mm 
100 mmf 6| 
k 500 mm 1 920 mm J 
Fig. P.22.2 


P.22.3 Determine the torsional stiffness of the four-cell wing section shown in Fig. P.22.3. Data are as follows: 


Wall 12 23 34 
78 67 56 45° 45i 36 27 18 
Peripheral length (mm) 762 812 812 1525 356 406 356 254 
Thickness (mm) 0.915 0.915 0.915 0.711 1.220 1.625 1.220 0.915 
Cell areas (mm?) A; = 161500 Ay = 291000 
Ayr=291000 Ary =226000 


Ans. 522.5 x 106GNmm?/rad. 
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4 
BD j 
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Fig. P.22.3 Fig. P.22.4 


P.22.4 Determine the shear flow distribution for a torque of 56500Nm for the three-cell section shown in 
Fig. P.22.4. The section has a constant shear modulus throughout. 





Wall Length (mm) Thickness (mm) Cell Area (mm?) 
120 1084 1.220 | 108 400 
J24 2160 1.625 ll 202 500 
14, 23 127 0.915 Ill 528 000 
34¥ 797 0.915 

34L 797 0.915 








Ans. qu =25.4N/mm qzl =33.5N/mm q14=q32 =8.1 N/mm 
qa3U =13.4N/mm q34L =5.3 N/mm. 


P.22.5 The idealized cross section of a two-cell thin-walled wing box is shown in Fig. P.22.5. If the wing box 
supports a load of 44500 N acting along the web 25, calculate the shear flow distribution. The shear modulus G is 
the same for all walls of the wing box. 


Ans. qı6=33.9N/mm q65=q21 =1.1 N/mm 
q45 =q23 =7.2N/mm q34=20.8 N/mm 
q25 =713.4 N/mm. 








Wall Length (mm) Thickness (mm) Boom Area (mm?) 
16 254 1.625 1,6 1290 

25 406 2.032 2,5 1936 

34 202 1.220 3,4 645 

12, 56 647 0.915 

23, 45 775 0.559 








Cell areas: 4y=232 000 mm?, An =258 000 mm. 


ee 
616 CHAPTER 22 Wings 


44500 N 
6 4 
I 
1% D3 
2 
635 mm 763 mm 
Fig. P.22.5 


P.22.6 Figure P.22.6 shows a singly symmetric, two-cell wing section in which all direct stresses are carried by the 
booms and shear stresses alone being carried by the walls. All walls are flat with the exception of the nose portion 
45. Find the position of the shear center S and the shear flow distribution for a load of S, =66750N through S. 
Tabulated below are lengths, thicknesses, and shear moduli of the shear-carrying walls. Note that dotted line 45 is 


























not a wall. 
4 3 2 1 
153 mm 153 mm 
153 mm Y 153 mm 
+ 
5 6 T 8 
k 380 mm ls 356 mm a 356 mm -| 
Fig. P.22.6 
Wall Length (mm) Thickness (mm) G(N/mm?) Boom Area (mm?) 
34, 56 380 0.915 20700 1,3,6,8 1290 
12, 23, 67, 78 356 0.915 24 200 2,4,5,7 645 
36, 81 306 1.220 24 800 
45 610 1.220 24 800 








Nose area N =51 500 mm?. 


Ans. xs=160.lmm qi2=q7g=17.8N/mm q32=q76 = 18.5 N/mm 
q63 =88.2N/mm q43 =q65 =2.9N/mm q54=39.2 N/mm 
qgı =90.4N/mm. 


P.22.7 A singly symmetric wing section consists of two closed cells and one open cell (see Fig. P.22.7). The webs 
25, 34 and the walls 12, 56 are straight, while all other walls are curved. All walls of the section are assumed to be 
effective in carrying shear stresses only, direct stresses being carried by booms 1 to 6. Calculate the distance xs of 
the shear center S aft of the web 34. The shear modulus G is the same for all walls. 


Ans. 241.4mm. 
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Wall Length (mm) Thickness (mm) Boom Area (mm?) Cell Area (mm?) 
12, 56 510 0.559 1,6 645 | 93 000 
28, 45 765 0.915 2,5 1290 ll 258 000 
34° 1015 0.559 3,4 1935 

34! 304 2.080 

25 304 1.625 

















Fig. P.22.7 


P.22.8 A portion of a tapered, three-cell wing has singly symmetrical idealized cross sections 1000 mm apart as 
shown in Fig. P.22.8. A bending moment M, = 1800 Nm and a shear load S), = 12 000 N in the plane of the web 52 
are applied at the larger cross section. Calculate the forces in the booms and the shear flow distribution at this cross 
section. The modulus G is constant throughout. Section dimensions at the larger cross section are given below. 








210 mm 
320mm 











Fig. P.22.8 





Wall Length (mm) Thickness (mm) Boom Area(mm?) Cell Area (mm?) 


12, 56 600 1.0 1,6 600 | 100000 
23, 45 800 1.0 2,5 800 II 260000 
34° 1200 0.6 3,4 800 ll 180000 
34i 320 2.0 
25 320 2.0 


16 210 1.5 
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Ans. P,=—P5=1200N P2=—P5=2424N P3=—P4=2462N 
q12=q56 =3.74N/mm q23 =q45 =3.11 N/mm q34° =0.06 N/mm 
qayi =12.16N/mm q52=14.58N/mm qo) =11.22N/mm. 


P.22.9 A portion of a wing box is built-in at one end and carries a shear load of 2000N through its shear center 
and a torque of 1000 N m as shown in Fig. 22.9. If the skin panel in the upper surface of the inboard bay is removed, 
calculate the shear flows in the spar webs and remaining skin panels, the distribution of load in the spar flanges, 
and the loading on the central rib. Assume that the spar webs and skin panels are effective in resisting shear stresses 
only. 


Ans. Bay ®: q in spar webs =7.5 N/mm 
Bay ®: q in spar webs=1.9N/mm, in skin panels =9.4N/mm 
Flange loads (2): at built-in end = 1875 N (compression) 
at central rib = 5625 N (compression) 
Rib loads: g (horizontal edges) =9.4 N/mm 
q (vertical edges) = 9.4 N/mm. 





Fig. 22.9 
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Fuselage Frames 
and Wing Ribs 


Aircraft are constructed primarily from thin metal skins which are capable of resisting in-plane tension 
and shear loads but buckle under comparatively low values of in-plane compressive loads. The skins 
are therefore stiffened by longitudinal stringers which resist the in-plane compressive loads and, at 
the same time, resist small distributed loads normal to the plane of the skin. The effective length in 
compression of the stringers is reduced, in the case of fuselages, by transverse frames or bulkheads or, 
in the case of wings, by ribs. In addition, the frames and ribs resist concentrated loads in transverse 
planes and transmit them to the stringers and the plane of the skin. Thus, cantilever wings may be bolted 
to fuselage frames at the spar caps, while undercarriage loads are transmitted to the wing through spar 
and rib attachment points. 





23.1 PRINCIPLES OF STIFFENER/WEB CONSTRUCTION 


Generally, frames and ribs are themselves fabricated from thin sheets of metal and therefore require 
stiffening members to distribute the concentrated loads to the thin webs. If the load is applied in the 
plane of a web, the stiffeners must be aligned with the direction of the load. Alternatively, if this is not 
possible, the load should be applied at the intersection of two stiffeners so that each stiffener resists the 
component of load in its direction. The basic principles of stiffener/web construction are illustrated in 
Example 23.1. 


SS 
Example 23.1 

A cantilever beam (Fig. 23.1) carries concentrated loads, as shown. Calculate the distribution of stiffener 
loads and the shear flow distribution in the web panels assuming that the latter is effective only in 
shear. = 


We note that stiffeners HKD and JK are required at the point of application of the 4000N load to 
resist its vertical and horizontal components. A further transverse stiffener GJC is positioned at the 
unloaded end J of the stiffener JK, since stress concentrations are produced if a stiffener ends in the 
center of a web panel. We note also that the web panels are only effective in shear so that the shear flow 
is constant throughout a particular web panel; the assumed directions of the shear flows are shown in 
Fig. 23.1. 

It is instructive at this stage to examine the physical role of the different structural components in 
supporting the applied loads. Generally, stiffeners are assumed to withstand axial forces only so that 


Copyright © 2010, T. H. G. Megson. Published by Elsevier Ltd. All rights reserved. 
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Cantilever beam of Example 23.1. 
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Fig. 23.2 
Free body diagrams of stiffeners JK and HKD in the beam of Example 23.1. 


the horizontal component of the load at K is equilibrated locally by the axial load in the stiffener JK 
and not by the bending of stiffener HKD. By the same argument, the vertical component of the load at 
K is resisted by the axial load in the stiffener HKD. These axial stiffener loads are equilibrated in turn 
by the resultants of the shear flows qı and q2 in the web panels CDKJ and JKHG. Thus, we see that 
the web panels resist the shear component of the externally applied load and at the same time transmit 
the bending and axial load of the externally applied load to the beam flanges; subsequently, the flange 
loads are reacted at the support points A and E. 
Consider the free body diagrams of the stiffeners JK and HKD shown in Fig. 23.2(a) and (b). 
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c i 
93 g, 
200 mm 
J 
qz 100 mm 
Fig. 23.3 
Equilibrium of stiffener CJG in the beam of Example 23.1. 
From the equilibrium of stiffener JK, we have 
(q1 — q2) x 250 = 4000 sin 60° = 3464.1 N (i) 
and from the equilibrium of stiffener HKD, 
200q1 + 100g2 = 4000 cos 60° = 2000N (ii) 


Solving Eqs. (i) and (ii), we obtain 
qı =11.3N/mm q2 = —2.6 N/mm 


The vertical shear force in the panel BCGF is equilibrated by the vertical resultant of the shear flow q3. 
Thus, 


300q3 = 4000 cos 60° = 2000 N 
from which 
q3 = 6.7 N/mm 
Alternatively, q3 may be found by considering the equilibrium of the stiffener CJG. From Fig. 23.3, 
300q3 = 200q1 + 100q2 
or 
300q3 = 200 x 11.3 — 100 x 2.6 
from which 
q3 = 6.7 N/mm 


The shear flow q4 in the panel ABFE may be found using either of the above methods. Thus, considering 
the vertical shear force in the panel, 


300q4 = 4000 cos 60° + 5000 = 7000 N 
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from which 
q4 = 23.3N/mm 
Alternatively, from the equilibrium of stiffener BF, 
300q4 — 300q3 = 5000 N 
from which 
q4 = 23.3 N/mm 


The flange and stiffener load distributions are calculated in the same way and are obtained from the 
algebraic summation of the shear flows along their lengths. For example, the axial load P4 at A in the 
flange ABCD is given by 


Pa =250q1 + 25093 + 25094 
or 
Pa = 250 x 11.3 +250 x 6.7+ 250 x 23.3 = 10325N (tension) 
Similarly, 
Pg = —250q2 — 25093 — 250q4 
that is, 
PE = 250 x 2.6 — 250 x 6.7 — 250 x 23.3 = —6850N (compression) 


The complete load distribution in each flange is shown in Fig. 23.4. The stiffener load distributions are 
calculated in the same way and are shown in Fig. 23.5. 

The distribution of flange load in the bays ABFE and BCGF could have been obtained by considering 
the bending and axial loads on the beam at any section. For example, at the section AE, we can replace 
the actual loading system by a bending moment 


Mar = 5000 x 250 + 2000 x 750 — 3464.1 x 50 = 2 576 800 N mm 


and an axial load acting midway between the flanges (irrespective of whether or not the flange areas are 
symmetrical about this point) of 


P = 3464.1N 


Thus, 


2576800 3464.1 : 
i = A000 + a = 10321 N (tension) 


and 


—2576800 3464.1 
Pr = + 


= 300 5 = —6857N (compression) 
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Load distributions in flanges of the beam of Example 23.1. 
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Fig. 23.5 


Load distributions in stiffeners of the beam of Example 23.1. 





This approach cannot be used in the bay CDHG except at the section CJG, since the axial load in the 
stiffener JK introduces an additional unknown. 

The above analysis assumes that the web panels in beams of the type shown in Fig. 23.1 resist pure 
shear along their boundaries. In Chapter 9, we saw that thin webs may buckle under the action of such 
shear loads, producing tension field stresses which, in turn, induce additional loads in the stiffeners and 
flanges of beams. The tension field stresses may be calculated separately by the methods described in 
Chapter 9 and then superimposed on the stresses determined as described above. 
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So far we have been concerned with web/stiffener arrangements in which the loads have been applied 
in the plane of the web so that two stiffeners are sufficient to resist the components of a concentrated 
load. Frequently, loads have an out-of-plane component, in which case the structure should be arranged 
so that two webs meet at the point of load application with stiffeners aligned with the three component 
directions (Fig. 23.6). In some situations, it is not practicable to have two webs meeting at the point 
of load application so that a component normal to a web exists. If this component is small, it may be 
resisted in bending by an in-plane stiffener; otherwise, an additional member must be provided spanning 
between adjacent frames or ribs, as shown in Fig. 23.7. In general, no normal loads should be applied 
to an unsupported web no matter how small their magnitude. 


Fig. 23.6 





Structural arrangement for an out-of-plane load. 





Fig. 23.7 


Support of load having a component normal to a web. 
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23.2 FUSELAGE FRAMES 


We have noted that fuselage frames transfer loads to the fuselage shell and provide column support for 
the longitudinal stringers. The frames generally take the form of open rings so that the interior of the 
fuselage is not obstructed. They are connected continuously around their peripheries to the fuselage 
shell and are not necessarily circular in form but will usually be symmetrical about a vertical axis. 

A fuselage frame is in equilibrium under the action of any external loads and the reaction shear 
flows from the fuselage shell. Suppose that a fuselage frame has a vertical axis of symmetry and carries 
a vertical external load W, as shown in Fig. 23.8(a) and (b). The fuselage shell/stringer section has been 
idealized such that the fuselage skin is effective only in shear. Suppose also that the shear force in the 
fuselage immediately to the left of the frame is S,,; and that the shear force in the fuselage immediately 
to the right of the frame is S,, 9; clearly, S,,2=Sy,1 — W. S,1, and S),2 generate shear flow distributions q1 
and q2, respectively, in the fuselage skin, each given by Eq. (21.1), in which S,1 =Sy2 =0, and Ly =0 
(Cy is an axis of symmetry). The shear flow qf transmitted to the periphery of the frame is equal to the 
algebraic sum of q1 and qn, that is, 


qf =q1 — 42 


Thus, substituting for qı and q2 obtained from Eq. (21.1) and noting that S,.=S,1 — W, we have 


we 
> Bry + s,0 
Tox r=1 





qt = 


in which qs o is calculated using Eq. (16.17), where the shear load is W and 








Fig. 23.8 


Loads on a fuselage frame. 
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The method of determining the shear flow distribution applied to the periphery of a fuselage frame is 
identical to the method of solution (or the alternative method) of Example 21.2. 

Having determined the shear flow distribution around the periphery of the frame, the frame itself 
may be analyzed for distributions of bending moment, shear force, and normal force, as described in 
Section 5.4. 





23.3 WING RIBS 


Wing ribs perform similar functions to those performed by fuselage frames. They maintain the shape of 
the wing section, assist in transmitting external loads to the wing skin, and reduce the column length of 
the stringers. Their geometry, however, is usually different in that they are frequently of unsymmetrical 
shape and possess webs which are continuous except for lightness holes and openings for control runs. 

Wing ribs are subjected to loading systems which are similar to those applied to fuselage frames. 
External loads applied in the plane of the rib produce a change in shear force in the wing across the 
rib; this induces reaction shear flows around its periphery. These are calculated using the methods 
described in Chapters 16 and 22. To illustrate the method of rib analysis, we shall use the example of a 
three-flange wing section in which, as we noted in Section 22.1, the shear flow distribution is statically 
determinate. 





Example 23.2 

Calculate the shear flows in the web panels and the axial loads in the flanges of the wing rib shown in 
Fig. 23.9. Assume that the web of the rib is effective only in shear, while the resistance of the wing to 
bending moments is provided entirely by the three flanges 1, 2, and 3. m 


Since the wing bending moments are resisted entirely by the flanges 1, 2, and 3, the shear flows 
developed in the wing skin are constant between the flanges. Using the method described in Section 22.1 
for a three-flange wing section, we have, resolving forces horizontally, 


600q12 — 600q23 = 12000N (i) 


G2 





320mm 


Fig. 23.9 
Wing rib of Example 23.2. 
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Resolving vertically 
300q31 — 300q23 = 15000 N (ii) 

Taking moments about flange 3, 

2(50000 + 95000)g23 + 2 x 95000q12 = —15000 x 300N mm (iii) 
Solution of Eqs. (i) through (iii) gives 

qı2 = 13.0N/mm q3 = —7.0N/mm  q31ı = 43.0N/mm 
Consider now the nose portion of the rib shown in Fig. 23.10, and suppose that the shear flow in the 
web immediately to the left of the stiffener 24 is g;. The total vertical shear force S,,; at this section is 
given by 

Sy,1 = 7.0 x 300 = 2100N 

The horizontal components of the rib flange loads resist the bending moment at this section. Thus, 


2 x 50000 x 7.0 
Py =Py2 = ~ 30 = 2333.3 N 


The corresponding vertical components are then 


P, 2 = Py 4 = 2333.3 tan 15° = 625.2 N 


ee P: 2 
7.0 N/mm 50.000 mm? | 300 mm 
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Fig. 23.10 


Equilibrium of nose portion of the rib. 
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300 mm 320 mm 
N 





7.0 N/mm 


Fig. 23.11 


Equilibrium of rib forward of intermediate stiffener 56. 





Thus, the shear force carried by the web is 2100 — 2 x 625.2 = 849.6 N. Hence, 


849.6 
= —— =2.8N/mm 
qi= / 


The axial loads in the rib flanges at this section are given by 
P2 = P4 = (2333.3? + 625.27)" = 2415.6 N 
The rib flange loads and web panel shear flows, at a vertical section immediately to the left of the 
intermediate web stiffener 56, are found by considering the free body diagram shown in Fig. 23.11. At 
this section, the rib flanges have zero slope so that the flange loads P5 and P6 are obtained directly from 
the value of bending moment at this section. Thus, 
Ps = Po = 2[(50000 + 46000) x 7.0 — 49000 x 13.0]/320 = 218.8N 
The shear force at this section is resisted solely by the web. Hence, 
320q2 = 7.0 x 300+ 7.0 x 10 — 13.0 x 10 = 2040N 
so that 
q2 = 6.4N/mm 


The shear flow in the rib immediately to the right of stiffener 56 is found most simply by considering 
the vertical equilibrium of stiffener 56 as shown in Fig. 23.12. Thus, 


32093 = 6.4 x 320+ 15000 
which gives 


q3 = 53.3 N/mm 
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Equilibrium of stiffener 56. 
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Fig. 23.13 


Equilibrium of the rib forward of stiffener 31. 





Finally, we shall consider the rib flange loads and the web shear flow at a section immediately forward 
of stiffener 31. From Fig. 23.13, in which we take moments about the point 3, 


M3 = 2[(50000 + 95000) x 7.0 — 95000 x 13.0] + 15000 x 300 = 4.06 x 10°Nmm 
The horizontal components of the flange loads at this section are then 


4.06 x 10° 
Py, = Py3 = 300 = 13533.3N 


and the vertical components are 


Py) = Py.3 = 3626.2N 
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Hence, 
Pı = P3 = V 13 533.32 + 3626.22? = 14010.7N 


The total shear force at this section is 15 000 +300 x 7.0 = 17 100 N. Therefore, the shear force resisted 
by the web is 17 100 —2 x 3626.2 = 9847.6N so that the shear flow q3 in the web at this section is 


9847.6 
QB = —— = 32.8N/mm 


300 





Problems 

P.23.1 The beam shown in Fig. P.23.1 is simply supported at each end and carries a load of 6000N. If all direct 
stresses are resisted by the flanges and stiffeners and the web panels are effective only in shear, calculate the 
distribution of axial load in the flange ABC and the stiffener BE and the shear flows in the panels. 


Ans. q(ABEF)=4N/mm, g(BCDE)=2 N/mm 


Ppe increases linearly from zero at B to 6000 N (tension) at E 
Pag and Pcp increase linearly from zero at A and C to 4000 N (compression) at B. 


Ds loin | 


J 1000 mm i 2000 mm 


Fig. P.23.1 


1000 mm 





P.23.2 Calculate the shear flows in the web panels and direct load in the flanges and stiffeners of the beam shown 
in Fig. P.23.2 if the web panels resist shear stresses only. 


Ans. qi =21.6N/mm q2=-—1.6N/mm q3 = 10N/mm 
Pc=0 Pp =6480N (tension) Pa = 9480N (tension) 
Pr=0 Pg =480N (tension) Py = 2520N (compression) 
Px in BEG = 2320N (compression) Pp in ED = 6928N (tension) 
Pp in CD = 4320N (tension) Pp in DF = 320N (tension). 
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Fig. P.23.2 


P.23.3 A three-flange wing section is stiffened by the wing rib shown in Fig. P.23.3. If the rib flanges and stiffeners 
carry all the direct loads, while the rib panels are effective only in shear, calculate the shear flows in the panels and 
the direct loads in the rib flanges and stiffeners. 


Ans. qi =4.0N/mm q2 =26.0N/mm q3 = 6.0N/mm 
P2 in 12 = —P3 in43 = 1200N (tension) Ps in 154 = 2000N (tension) 
P3 in 263 = 8000N (compression) Ps in 56 = 12000N (tension) 
P6 in 263 = 6000N (compression). 
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Fig. P.23.3 
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A 
Airframe loads, 379-399 
1 — cosine gust, 394, 395 
aircraft inertia loads, 379-385 
graded gust, 394, 397 
gust alleviation factor, 397 
gust envelope, 398 
gust loads, 393-399 
normal accelerations associated with various types 
of maneuver, 391-393 
correctly banked turn, 392-393 
steady pull-out, 391, 392 
power spectral analysis, 395 
sharp-edged gust, 394-397 
symmetric maneuver loads, 386-391 
general case, 387-391 
level flight, 386-387 
Airworthiness, 373-378 
factors of safety-flight envelope, 373-375 
fatigue, see Fatigue 
flight envelope, 374 
limit load, 373, 375 
load factor determination, 375—378 
proof factor, 373 
proof load, 373 
ultimate factor, 373 
ultimate load, 373 
uncertainties in design/structural deterioration, 
375-376 
variation in structural strength, 376 
Airy stress function, 48 
Anticlastic bending, 432 
Anticlastic surface, 222 


B 
Basic elasticity, 3-41 
Beam-columns, 266-270 
Bending of an end-loaded cantilever, 55—60 
effect of shear strains, 59 
Bending of open and closed section thin-walled beams, 
423-471 
anticlastic bending, 432 
applicability of bending theory, 466 
calculation of section properties, 456-466 
approximations for thin-walled sections, 
461-466 
parallel axes theorem, 456 
product second moment of area, 460, 461 
second moments of area of standard sections, 
457-460 
theorem of perpendicular axes, 457 


deflections due to bending, 441-456 
singularity functions (Macauley’s method), 448-449 
load intensity, shear force, and bending moment 
relationships, 440-441 
symmetrical bending, 424-432 
assumptions, 424 
center, radius of curvature, 425 
direct stress distribution, 425-432 
examples of symmetrical sections, 425 
neutral axis, 424 
neutral plane, 423, 424 
temperature effects, 466-471 
unsymmetrical bending, 433-441 
direct stress distribution, 435-438 
position of neutral axis, 438 
resolution of bending moments, 435 
sign conventions and notation, 433 
Bending of thin plates, see Plates 
Bending rigidity of a beam, 119 
Bifurcation point, 257 
Biharmonic equation, 48 
Body forces, 6 
boundary conditions, 9, 10 
compatibility equations, 24—25 
equations of equilibrium, 7, 9 
Bredt-Batho theory, see Torsion of closed section beams 
Buckling 
columns, see Columns 
plates, see Plates 
Bulk modulus, 31 


C 
Columns, 253-286 
bifurcation point, 257 
buckling load for a pin-ended column, 254-257 
modes of buckling, 255 
critical stress, 255, 256 
definition of buckling load for a perfect column, 254 
effect of initial imperfections, 263—266 
Southwell plot, 265 
effective length, 256 
effective lengths of columns having varying end 
conditions, 256 
eigenfunctions, eigenvalues, 256 
energy (Rayleigh—Ritz) method for the calculation of 
buckling loads, 273-274 
Euler buckling, 253 
flexural—torsional buckling of thin-walled columns, 
274-286 
inelastic buckling, 259-263 
reduced elastic modulus, 260 
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Columns, inelastic buckling (continued) 
reduced modulus theory, 260-262 
tangent modulus, 259 
tangent modulus theory, 262 
primary instability, 253 
secondary instability, 253 
slenderness ratio, 255 
stability of beams under transverse and axial loads 
(beam-columns), 266-270 
Combined open and closed section beams, 529-535 
bending, 529 
shear, 529-532 
torsion, 533-534 
Compatibility equation, 24-25 
Complementary energy, see Energy methods 
Complementary shear stress, 8 
Components of stress, 6 
Composite materials, 33 1-333 
carbon fiber reinforced plastics (CFRP), 332 
glass reinforced plastic (GRP), 331 
Connections, see Structural components of aircraft 
Crack propagation, see Fatigue 


D 


Deflection of thin plates, see Plates 

Deflection of thin-walled beams due to bending, shear 
and torsion, 553-556 

Deflections of beams due to bending, 441-456 

Determination of strains on inclined planes, 25—27 

Determination of stresses on inclined planes, 10-14 

Diagonal tension, see Plates 


E 
Effective length of a column, see Columns 
Elasticity 
basic elasticity, 3-41 
torsion of solid sections, 65—82 
two-dimensional problems, 45—60 
Energy methods, 111—158, 270-274 
bending of thin plates, 241—249 
energy method for the calculation of buckling loads 
in columns, 270-274 
in plates, 293—296 
flexibility method, 141—147 
influence or flexibility coefficient, 151 
principle of superposition, 151 
principle of the stationary value of the total complementary 
energy, 113—114 
application to deflection problems, 114—122 
application to the solution of statically indeterminate 
systems, 122-138 
fictitious or dummy load method, 116 
unit load method, 138—141 
principle of the stationary value of the total potential 
energy, 148-151 


reciprocal theorem, 151-155 
self-straining trusses, 145—147 
strain energy and complementary energy, 111—113 
temperature effects, 156-158 
total potential energy, 147-148 
Euler buckling, 253, see Columns 
Experimental determination of critical load for a thin 
plate, 298 
Experimental measurement of surface strains, 
37-41 
strain gauge rosette, 37 


F 


Fabrication of structural components, see Structural 
components of aircraft 
Factors, of safety flight envelope, see Airworthiness 
Fail-safe structure, see Fatigue 
Failure stress in plates and stiffened panels, see Plates 
Fatigue, 347-348, 403-420 
corrosion fatigue, 403 
crack propagation, 414-419 
crack tip plasticity, 417 
fracture toughness, 417 
modes of crack growth, 415 
rates, 418-419 
stress concentration factor, 414-417 
stress field in vicinity of a crack, 415 
stress intensity factor, 414 
cycle fatigue, 403 
designing against fatigue, 404-405 
fatigue load spectrum, 404 
gust exceedance, 405 
gust frequency curves, 405 
endurance limit, 347 
Miner’s cumulative damage theory, 348, 407 
S-n curves, 347, 376, 377, 406 
fatigue strength, 347 
of components, 405—409 
confidence limits, 406 
Goodman diagram, 407 
scatter factor, 409 
fretting fatigue, 403 
prediction of aircraft fatigue life, 409—414 
ground-air-ground cycle, 414 
gust damage, 411, 413 
safe life and fail-safe structures, 403—404 
stress concentrations, 347, 404 
thermal fatigue, 403 
Fictitious or dummy load method, 116 
Finite element method, see Matrix methods 
Flexibility method, 141—147 
flexibility (influence) coefficient, 151 
Flexural rigidity of a beam, 119 
Flexural-torsional buckling of thin-walled columns, 
286 


Force, 5—6 
body forces, 6 
notation, 5 
surface forces, 6 
Function of structural components, see Structural components 
of aircraft 
Fuselage frames and wing ribs, analysis of, 619—630 
Fuselages, analysis of, 577-585 


G 


General stress, strain and displacement relationships, 
see Shear of beams 

Glass, see Materials 

Glass reinforced plastics (GRP), see Materials 

Goodman diagram, 407 

Gust loads, see Airframe loads, Fatigue 


Hooke’s law, 29 


l 
Inelastic buckling, 259-263 
columns, 259-263 
reduced elastic modulus, 260 
reduced modulus theory, 260-262 
tangent modulus, 259 
tangent modulus theory, 262 
thin plates, 296-298 
Instability of stiffened panels, 300-301 
failure stress, 302-304 
interrivet buckling, 301 
wrinkling, 301 
Inverse and semi-inverse methods for elasticity problems, 
48-53 


L 


Laplacian operator, 67, 229 

Load intensity, shear force and bending moment relation- 
ships for a beam, 440—441 

Loads on structural components, see Structural components 
of aircraft 

Local instability in plates, 299 


M 
Macauley’s method (singularity functions), 448—454 
Materials of aircraft construction, 327—348 
aluminum alloys, 327—329 
composite materials, see Composite materials 
creep and relaxation, 346-347 
fatigue, see Fatigue 
glass, 331 
maraging steels, 330 
plastics, 331 
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properties of materials, see Properties of materials 
steel, 327, 330 
strain hardening, 345 
stress-strain curves, 341—345 
testing of engineering materials, see Testing of engineering 
materials 
titanium, 330 
Matrix methods, 169-210 
application to statically indeterminate frameworks, 183 
finite element method, 193—210 
stiffness matrix for a beam element, 194—198 
stiffness matrix for a quadrilateral element, 205-210 
stiffness matrix for a triangular element, 198—205 
flexibility (force) method, 169 
matrix analysis of pin-jointed frameworks, 176-183 
matrix analysis of space frames, 183—185 
notation, 170-171 
stiffness matrix, 170 
idealization into beam elements, 188—189 
for an elastic spring, 171—172 
for two elastic springs in line, 172-175 
for a uniform beam, 185—192 
stiffness (displacement) method, 169 
Membrane analogy, 77-79 
Modulus of elasticity (Young’s modulus), 29 
Modulus of rigidity (shear modulus), 30 
Mohr’s circle of strain, 28 
Mohr’s circle of stress, 16 


N 
Neuber beam, 513—514 
Neutral axis, 424, 426 
Neutral plane 
of a beam, 423, 424 
of a plate, 219 


P 


Parallel axes theorem, 456 
Perpendicular axes theorem, 457 
Plane strain, 25 
Plane stress, 9 
Plates, thin, 219-250 
bending and twisting of, 223-227 
principal curvatures, 225 
principal moments, 225 
bending of plates having a small initial curvature, 240-241 
buckling of plates, 293-296 
buckling coefficient, 295, 296 
combined bending and in-plane loading of a rectangular 
plate, 236-240 
governing differential equation, 239 
energy method, 241—249 
potential energy of a transverse load, 243 
potential energy of in-plane loads, 244-248 
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Plates, thin, energy method (continued) 
Rayleigh-Ritz method, 241, 248 
strain energy due to bending and twisting, 241—243 
experimental determination of critical load (Southwell 
plot), 298 
failure stress in plates and stiffened panels, 302-304 
inelastic buckling of plates, 296-298 
buckling coefficients, 297 
instability of stiffened panels 
interrivet buckling, 301 
wrinkling, 301 
local instability, 299 
pure bending, 219-222 
anticlastic surface, 222 
flexural rigidity, 221 
neutral plane, 219 
synclastic surface, 222 
subjected to a distributed transverse load, 227-236 
built-in edge, 231 
differential equation for deflection, 227, 232 
Fourier series for deflections and loads, 232—233 
free edge, 231-235 
Laplace operator, 229 
simply supported edge, 230 
tension field beams, 304-320 
complete diagonal tension, 305-311 
diagonal tension factor, 311 
incomplete diagonal tension, 311-314 
loading or buckling stress ratio, 312 
post buckling behaviour, 314—320 
Point of zero warping in an open section beam, 518, 519 
Poisson’s ratio, 29 
Potential energy, see Energy methods 
Primary instability, 253 
Primary warping in an open section beam, 516 
Principal strains, 27, 28 
Principal stresses, planes, 14, 16 
Principle of superposition, 151 
Principle of the stationary value of the total complementary 
energy, 113—114 
application to deflection problems, 114-122 
application to the solution of statically indeterminate 
systems, 122-138 
Principle of the stationary value of the total potential energy, 
148-151 
Principle of virtual work, 87 
Principles of stressed skin construction, 327—348 
materials, see Materials 
Product second moment of area, 460—461 
Properties of materials, 333—348 
anisotropic materials, 334 
brittleness, 333 
creep and relaxation, 346-347 
ductility, 333 
elastic materials, 333 


fatigue, see Fatigue 
isotropic materials, 334 
orthotropic materials, 334 
plasticity, 334 

strain hardening, 345 


R 

Rayleigh-Ritz method, 241, 248, 270-274 

Reciprocal theorem, 151-155 

Reduced modulus theory, 260-263 
reduced elastic modulus, 260 


S 


Safe life structures, see Fatigue 
Second moment of area, 456—466 
Secondary instability, 253 
Secondary warping in an open section beam, 516 
Self-straining trusses, 145-147 
Shear center, see Shear of beams 
Shear flow, see Shear of beams, Torsion of beams 
Shear of beams, 479—496 
center of twist, 482—483 
general stress, strain and displacement relationships, 
479—483 
shear flow, 480, 483, 484 
shear of closed section beams, 488—496 
shear center, 493—496 
shear flow, 490—491 
twist and warping, 491—493 
shear of open section beams, 483—488 
shear center, 483, 486—488 
Singularity functions (Macauley’s method), 448—454 
Slenderness ratio for a column, see Columns 
Southwell plot, 265, 298 
St. Venant’s principle, 53-54 
Stability of beams under transverse and axial loads 
(beam-columns), 266-270 
Strain, 20-23 
determination of strains on inclined planes, 25—27 
longitudinal (direct) strain, 21 
Mohr’s circle of strain, 28 
plane strain, 25 
principal strain, 27, 28 
shear strain, 21—23 
Strain energy, 111, 112 
in simple tension, 112 
Strain gauge rosette, 37 
Stress 
complementary shear stress, 8 
components at a point, 6 
definition, 4 
determination of stresses on inclined planes, 10-14 
direct (normal) stress, 4 


maximum shear stress at a point, 15 
Mohr’s circle of stress, 16—20 
notation for stresses, 5—6 
plane stress, 9 
principal stresses, planes, 15, 16 
resultant stress, 5 
shear stress, definition, 4 
Stress analysis of aircraft components, 561-574 
fuselage frames and wing ribs, 619-630 
fuselage frames, 624—625 
principles of stiffener/web construction, 619—624 
wing ribs, 625—630 
fuselages, 577-585 
effect of cut-outs, 584—585 
in bending, 577-578 
in shear, 578-581 
in torsion, 581—583 
wing spars and tapered box beams, 561-574 
beams having variable stringer areas, 570-574 
open and closed section beams, 565—570 
tapered wing spar, 561-565 
wings, 587—612 
bending of, 588—589 
cut-outs in wings, 605—612 
deflections, 603—604 
shear, 593—599 
shear center, 599 
tapered wings, 599—602 
three-boom shell, 587-588 
torsion, 590-593 
Stress functions, 47-48 
Stress-strain relationships, 28-36 
Structural components of aircraft, 351-370 
connections, 363-370 
eccentrically loaded riveted joints, 367-369 
group riveted joints, 366-367 
joint efficiency, 366 
simple lap joint, 363-366 
use of adhesives, 369-370 
fabrication of structural components, 359-363 
integral construction, 361 
sandwich panels, 361, 362 
subassemblies, 360 
function of structural components, 354-360 
fuselages, 355 
monocoque structures, 354 
semi-monocoque structures, 354 
tailplanes, 355 
wings, 355 
loads on components, 351-354 
aerodynamic center , 353 
body forces, 351 
center of pressure, 352 
drag, 352 
ground loads, 351 
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surface forces, 351 
wing lift, 352 
Structural idealization, 537-556 
effect of idealization on the analysis of open and closed 
section beams, 541—552 
alternative method for shear flow distribution, 551-552 
bending of open and closed section beams, 541—542 
deflections of open and closed section beams, 553-556 
shear of closed section beams, 548-551 
shear of open section beams, 542-548 
torsion of open and closed section beams, 552 
idealization of a panel, 538-540 
principle, 537-538 
Structural instability, 253-286 
columns, see Columns 
thin plates, see Plates 
Surface forces, 6 
Symmetric maneuver loads, see Airframe loads 
Symmetrical bending, see Bending of open and closed section 
thin-walled beams 
Synclastic surface, 222 


T 


Tangent modulus theory, 262 
tangent modulus, 259 
Temperature effects, 34-36, 156-158, 466-471 
in beams, 466-471 
mechanical strain, 34 
thermal strain, 34 
total strain, 34 
Tension field beams, see Plates 
Testing of engineering materials, 334-340 
bending tests, 336-338 
modulus of rupture, 337 
compression tests, 335 
hardness tests, 338, 339 
impact tests, 339 
shear tests, 338 
stress-strain curves, 340 
aluminum, 342, 344 
brittle materials, 344 
composites, 344-345 
mild steel, 341 
tensile tests, 334 
actual stress, 335 
nominal stress, 335 
Torsion of beams, 503—521 
of closed section beams, 503—514 
condition for zero warping (Neuber beam), 513-514 
displacements, 504—513 
mechanics of warping, 511-513 
rate of twist, 506 
shear flow (Bredt-Batho theory), 504 
warping, 506-514 
warping in a rectangular section beam, 507-513 


638 Index 


Torsion of beams (continued) 
of open section beams, 514-521 
point of zero warping, 518 
primary warping, 516 
rate of twist, 514 
secondary warping, 516 
shear lines, 515 
shear stress distribution, 514 
torsion constant, 514 
warping of cross-section, 515-516 
Torsion of solid sections, 65-82 
membrane analogy, 77-79 
torsion of a narrow rectangular strip, 79-82 
warping of a thin rectangular strip, 81 
Prandtl stress function solution, 65—75 
Laplacian operator, 67 
lines of shear stress, 71 
polar second moment of area, 73 
torsion constant, 71 
torsion of a circular section bar, 72 
torsion of an elliptical section bar, 73, 74 
torsional rigidity, 71 
warping displacement, 70 
St. Venant warping function solution, 75—77 
torsion constant, 77 
warping function, 76 
Total potential energy, 147-148 
Twist and warping in closed section beams, 491-493 
Twist and warping in open section beams, 514-521 
Two-dimensional problems in elasticity, 45—60 
bending of an end-loaded cantilever, 55—60 
biharmonic equation, 48 
displacements, 54-56 
inverse and semi-inverse methods, 48—53 
St. Venant’s principle, 53-54 
stress functions, 47-48 


U 

Unit load method, 138-141 

Unsymmetrical bending, see Bending of open and closed 
section thin-walled beams 


V 
Virtual work, 85—107 
applications of principle, 99-107 
principle of virtual work, 87—91 
for a particle, 87-88 
for a rigid body, 88-91 
use of virtual force systems, 98 
virtual work in a deformable body, 91 
work done by external force systems, 97—98 
work done by internal force systems, 92—97 
axial force, 92—93 
bending moment, 95—96 
hinges, 96 
shear force, 94 
sign of, 96-97 
torsion, 96 
work, definition, 85, 86 


W 
Warping 
in a closed section beam, 491—493 
in a solid section beam, 70 
in an open section beam, 515-516 
of a thin rectangular strip, 81 
St. Venant’s warping function, 75—77 
Wings, analysis of, 587-612 
Wings, spars and box beams, analysis of, 561-574 
Work, definition, 85, 86 


Y 


Young’s modulus, 29 
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